Biv ariate Spline Spaces and Minimal Determining Sets

b y

P eter Alfeld,

Departmen t of Mathematics,

Univ ersit y of Utah,

Salt Lak e Cit y , Utah 84112, U.S.A.

alfeld@math.utah.edu,

http://www.math.utah.edu/~alfeld/

Abstract

The pap er describ es biv ariate spline spaces and minimal determining sets, sho ws ap-

plications of these concepts, presen ts t w o new triangular finite elemen ts, describ es public

domain soft w are for the analysis of spline spaces, and concludes with a concise history of

these sub jects. The soft w are describ ed in this pap er is a v ailable on

http://www.math.utah.edu/~alfeld/MDS

That page also con tains links to colored v ersions of the Figures in this pap er.

1. In tro duction

A large role in Larry Sc h umak er’s and m y o wn w ork, join tly and separately

, has b een

pla y ed b y the concept of a minimal determining set. In this pap er, w e define that concept,

illustrate its utilit y , and describ e a Ja v a based piece of soft w are that is a v ailable on the

w orld wide w eb and can b e used b y an yb o dy for teac hing or researc h purp oses.

T o understand this pap er familiarit y with the Bernstein-B ´ ezier form of a biv ariate p oly-

nomial is essen tial. The concepts are standard and describ ed and defined in man y of

Sc h umak er’s pap ers, e.g., [24], and a forthcoming monograph b y Lai and Sc h umak er, [19].

T o help mak e this pap er self con tained the remainder of this section con tains a brief

statemen t of the relev an t definitions.

Definition 1. Let T denote a non-degenerate triangle with v ertices V

1

, V

2

, V

3 and x 2 I R

2

a p oin t. The b aryc entric c o or dinates b

1

, b

2

, b

3 of x (with r esp e ct to T ) are defined b y

x =

3

X

i=1 b

i

V

i

;

3

X

i=1 b

i

= 1: (1)

The Bernstein-B ´ ezier form of a p olynomial p of degree d is giv en b y

p(x) =

X

i+j +k =d d !

i!j !k !

c

ij k b i

1 b j

2 b k

3

: (2)

The c

ij k are the B ´ ezier or dinates of p, and the p oin ts

P

ij k

= iV

1

+ j V

2

+ k V

3

d

(3)

its domain p oints. The p oin ts

(P

ij k

; c

ij k

) ; i + j + k = d (4)

are the c ontr ol p oints of p .

Definition 2. Let

V =

Φ

V

i

2 I R

2

; i = 1; 2; : : : ; V

Ψ

(5)

b e a giv en set of vertic es. A set of triangles

4 = f T

i

; i = 1; : : : ; N g (6)

is a triangulation of V pro vided

1. The in teriors of all triangles in 4 are pairwise disjoin t.

2. Eac h edge of a triangle in 4 is either a common edge of t w o triangles in 4 or else it is

on the b oundary of

Ω =

[

T 24

T : (7)

3. Ω is homeomorphic to the square.

With ev ery triangulation 4 w e asso ciate the follo wing parameters:

V

B

= the n um b er of b oundary v ertices of 4

V

I

= the n um b er of in terior v ertices of 4

V = V

B

+ V

I

E

B

= V

B

= the n um b er of b oundary edges of 4

E

I

= V

B

+ 3V

I

Γ 3 = the n um b er of in terior edges of 4

E = E

B

+ E

I

N = V

B

+ 2V

I

Γ 2 = the n um b er of triangles in 4

(8)

The equalities in (8) can b e easily v erified b y induction in N , see also [13].

The follo wing definition in tro duces the cen tral ob ject of this pap er:

Definition 3. Giv en a set V of v ertices and a triangulation 4 of V ,

S r

d

(4) = f s 2 C r

(Ω) : s j

T

2 P

d

8T 2 4 g (9)

`´ where P

d denotes the

Γ

d+2

2

Δ

dimensional space of biv ariate p olynomials of degree d. The

elemen ts of S r

d

(4) are called (biv ariate) splines.

Th us S r

d

(4) is the linear space of all functions that on eac h triangle can b e represen ted

as a biv ariate p olynomial of degree d and that are r times differen tiable ev erywhere on the

domain Ω. This is the natural generalization of the concept of smo oth piecewise p olynomial

functions used ubiquitously in n umerical analysis for the solution of problems in v olving

univ ariate functions (of one indep enden t v ariable).

When statemen ts apply to an y triangulation or there is otherwise no confusion w e omit

the triangulation and simply use the notation S r

d

.

Tw o p olynomials defined on neigh b oring triangles will join c ontinuously iff the t w o sets

of con trol p oin ts on the common edge coincide. W e will th us alw a ys iden tify con trol p oin ts

on shared edges. With that iden tification the con trol p oin ts uniquely define and are defined

b y a giv en spline in S

0

d

. The dimension of that space is

ffi := dim S

0

d

= V + (d Γ 1)E + d Γ 1

2

N : (10)

Of crucial imp ortance is the dimension of S r

d

. An y function in S r

d can b e though t of as

a function in S

0

d that satisfies additional homogeneous smo othness c onditions.

Let T denote a triangle with v ertices V

1

, V

2

, V

3

, as b efore, and let

~

T denote a triangle

with v ertices V

2

, V

3

, and V

4

. W e write a p olynomial p on T in its Bernstein-B ´ ezier form

(2), and a p olynomial ~ p on

~

T similarly

, with v ertex V

4 replacing V

1 and the barycen tric

co ordinates and B ´ ezier ordinates distinguished b y tildes. Let fl

1

, fl

2

, and fl

3 denote the

barycen tric co ordinates of V

4 with resp ect to T . Then, in order for p and ~ p to join r times

differen tiably across the common edge V

2

V

3 w e m ust ha v e that

~ c

æj k

Γ

X

¯+˚ +ˇ=æ æ !

¯!˚ !ˇ!

c

¯;j +˚;k +ˇ fl

¯

1 fl

˚

2 fl

ˇ

3

= 0; (11)

for all æ ˇ r and j + k + æ = d .

The smo othness equations (11) for all pairs of triangles sharing an in terior edge can b e

collected in to a homogeneous linear system

Ac = 0 (12)

where A is an s Θ ffi matrix with

s = r (2d Γ r + 1)

2

E

I

: (13)

The en tries of A are rational functions of the co ordinates of the v ertices of 4.

Th us the dimension of S r

d is giv en b y

dim S r

d

= ffi Γ rankA: (14)

Let M denote the set of domain p oin ts of a spline in S

0

d

, and c

P the B ´ ezier ordinate

corresp onding to the p oin t P 2 M .

Definition 4. A subset D of M is a determining set for S r

d if

c

P

= 0 8P 2 D = ) c

P

= 0 8P 2 M : (15)

D is a minimal determining set if there is no smaller determining set.

The significance of minimal determining sets is captured in the follo wing prop erties

whic h follo w from elemen tary linear algebra and are stated here without pro of:

1. The dimension of S r

d equals the n um b er of p oin ts in a minimal determining set D .

2. Giv en a minimal determining set D , a basis of S r

d is giv en b y the set

B = f s

P

2 S r

d

: P 2 D ; c

P

= 1; c

Q

= 0 8 P 6 = Q 2 D g : (16)

The splines in B are often called c ar dinal splines.

W e conclude this section with some remarks:

Remark 5. The crucial difference b et w een univ ariate and biv ariate (or, more generally ,

multivariate ) splines is that the dimension of S r

d ma y c hange as the lo cation of the v ertices is

p erturb ed b y an arbitrarily small amoun t. By con trast, in the univ ariate analog (of smo oth

piecewise p olynomial functions defined on the partition of an in terv al) the dimension of

spline space dep ends only on the numb er of subin terv als. The dep endence of the dimension

of biv ariate spline spaces on the geometry of the triangulation w as first observ ed in [20].

Remark 6. Ev ery spline space S r

d

(4) p ossesses a generic dimension G whic h is suc h that

if dim S r

d

(4) 6= G then

ffl dim S r

d

(4) ¿ G , and

ffl there exists a triangulation 4

Λ

whic h can b e obtained from 4 b y an arbitrarily small

p erturbation of the lo cation of the v ertices of 4 suc h that dim S r

d

(4

Λ

) = G :

Remark 7. Similarly as the dimension, the solvability of an in terp olation problem ma y

dep end on the lo cation of the v ertices.

Remark 8. Explicit minimal determining sets (and hence bases of the underlying spline

space) ha v e b een constructed for the follo wing cases:

1. Cells, i.e., stars of v ertices [23].

2. S r

d

(4) for general triangulations 4 in the case d ˘ 3 r + 2, [16], [18].

3. S r

d

(4) for almost all triangulation in the case d = 3 r + 1, [6].

4. S

1

4

(4) for all triangulations 4, [5].

By con trast, if d ˇ 3r v ery little is kno wn. The follo wing t w o conjectures pro vide

extremely c hallenging researc h problems. Their confirmation (or refutation) has withsto o d

determined efforts b y a large n um b er of p eople (including Larry Sc h umak er and this author)

since Gilb ert Strang first recognized the problems in 1973, [25].

Before stating the conjectures w e need to define the concept of a singular vertex. A

singular v ertex is an in terior v ertex with four edges attac hed whic h form t w o parallel

pairs, [20]. Let œ denote the n um b er of singular v ertices of a triangulation 4.

Conjecture 9.

dim S

1

3

(4) = 3 V

B

+ 2V

1

+ 1 + œ

: (17)

Remark 10. It is kno wn, [21], that

dim S

1

3

(4) ˘ 3 V

B

+ 2V

1

+ 1 + œ

: (18)

Conjecture 11. Giv en a triangulation 4 and n um b ers F

i

, i = 1 ; 2 ; : : : ; V ; there exists a

function s 2 S

1

3 suc h that

s(V

i

) = F

i

; i = 1 ; 2 ; : : : ; V : (19)

(In other w ords one can alw a ys in terp olate function v alues at the v ertices of a triangulation

with S

1

3

.)

2. Examples of Minimal Determining Sets

W e illustrate minimal determining sets with some examples.

1. A generic 4-star.

12, a singular v This example

first tioned [20]. Consider the S the star of an in v of degree 4. Figure 1 sho a minimal determining

in

in terior v ertex is at least 3. The p ts

thedetermining are ed signs circles. The remaining p ts are mark with solid circles.

their ´ ezier ordinates implied y B ezier ordinates corresp to the determining By comparison, if the terior ertex singular, indicated in Figure 2, the dimension of S

8, it

onethan dimension. This phenomenon

b explained using fact quadrilaterals formed b t neigh triangles has degenerated in a triangle.

2. A singular V ertex.

3. The generic Morgan-Scott Split.

split. This example is also tak from [20] where the of S considered. Consider the generic partition of a triangle in to sev en subtriangles,

indicated in Figure 3. The dimension of S this split is 6. Ho if

4. The symmetric Morgan-Scott Split.

Diener, this happ when d =

Figures 3

4minimal sets.

o define symmetry in this con consider the three lines from the v of the outer

The split is symmetric if and only if

three lines all in in the same p The degeneracy this cannot explained in terms of a single v star. F or examples of more complex triangulations lead to non-generic dimensions see [2].

Confinable ertices. In [5] to estigate the of circumstances one can in with S the b v of a v star.

this p the said b c

W e found just one example a v a hexagon. Figure 5 that The dimension of S this triangulation is 9, but no minimal determining set

that

allb v The non-confinabilit y is more subtle than one first exp It is not simply caused b the the in edges forming three parallel Rather it is also necessary that all six angles are equal, or else the triangulation is b applying the same affine transformation to all v of a hexagon with six angles.

5. A non-confinable V ertex.

15, C elemen

illustrates a C elemen t defined

double o her split. This sc heme is sup to the one prop in [1].

[8]. The elemen w first disco

the soft describ b Figure 6 sho ho the macrotriangle is split in 9

On this triangulation consider that subspace of S all functions that are

times differen at the cen of the macrotriangle. P mark with plus in circles denote B ezier ordinates that are determined b in to function, and Hessian v alues at the v of the macrotriangles. P oin mark with circles indicate B ezier ordinates that are c so as to ensure C

neigh macrotriangles. B ezier ordinates at p mark with hollo b c hosen to in to function v

at the cen troid and the sub The three ezier ordinates tat the p mark with filled b are c so as to in certain order atv of macrotriangle. B ´ ezier ordinates remaining mark with dots, are implied y smo conditions. resulting sc heme is piecewise quin tic, globally and it repro quin tic functions

. 16, a C

Figure 7 sho a similar C of p degree

whic will also b discussed in [8]. Constructing a Minimal Determining Set minimal set tan to a and

to the analysis of spline spaces. Ja v a [17] based soft are is a on

6. A double Clough-T o her C

Elemen

y can use to construct a minimal determining set in b adding and p from a gro set that ev will turn in a minimal determining

Y ou simply

k appropriatep ts the w will mark those p

´ ezier co ts

implied y p ts ouv already c (Y ou can dra analyze spline spaces on a n of built-in triangulations, or design

edit y o triangulations.) section describ some of the mathematical basis of the soft T o appreciate

section it is b to link (with a Ja

enabled the v use the soft w Simply clic on applet then the of spline that app in windo on our The w eb has umerous to including detailed Guide.

or serious w it is preferable to do the soft w

minimal determining set requires an analysis of the linear system (12).

7. A double Clough-T o her C

Elemen

attributes

theofsystem thecertain of conditions. Analyzing suc dep requires Gaussian Elimination. F or our apthis is

imp in psince spline are particularly in in geometric degeneracies, corresp to increased rank

of A that are easily obscured b inexact computations. the sp nature of (12) allo an alternativ approac The v of the

pixels, the the are

. Th the tries ininnaturalare The system is made in b m of the tegers es,h gro quite inpro of the residuals the resp to or prime n Usually there is just one suc n sp , =

= 147 483 647 (20)

is the largest prime n that can b expressed as a long in in Ja

residual of n mo p is the remainder of n=p If a n b (suc as the determinan a square

isthewill On the other hand, the residual is

Th the rank of A will nev b o but

is Because of the size of p the lik of an acciden residual slim. F or a single n um assuming

, it is 1

. one sho via inequalit and Chinese Theorem, that themo sufficien tly man y primes can no en of the system is mistak for zero.

or a more detailed discussion of residual arithmetic see the appropriate link on the home page. F or simplicit

, in the remainder of this section w describ the analysis

co builds minimal set adding one attime. F or researc and teac purp it is useful not just to add and but also to subtract from

gro set. A t ev ery c hange the co up the displa y and marks whose B ezier ordinates are implied b the already c p in the minimal set, and unmarks an p that are no longer implied. pro is ery to Simplex for linear

[15]. b consider

system where isnsmo conditions the

n um domain (As a matter p in of thatnot tery They giv e rise to zero As assume the en of A are inte division free v of Gaussian Elimination (ignoring for the momen the need to is giv b this algorithm:

or k =

: : : ; s Γ 1 or i =

: : : ; ffi =

0

or j =

: : : ; ffi a

this giv a

0. Since the pro do not in olv an divisions it can alw a

carried out. Ho w er, if then the i ro w will b replaced with a m ultiple of

k ro and w lose one of the equations. Th us w e still to that

0 (22)

it is no longer necessary to piv for stabilit

, i.e., the first non-zero piv ma b

e b b y using this v

of Gaussian Elimination with ro op and column to transform A in a new matrix Γ !

A

0

D is an m Θ m diagonal matrix and A an m Θ ( Γ m matrix with in teger

W e denote the (

i try of y d i.e.,

=

Δ

0

Δ Δ

d dimension of S S ffi Γ

(25) p corresp to columns of A a minimal determining set.

e no think of I and M as eac b comp of t sets: =

M

M the set of p w ha already pic to b in the minimal determining

and M a set of p whose status is as y unkno Initially M empt and

M .

, w write I

I

I the set of p that w kno to b determined b our gro minimal

set M and I a set of p ts whose status w e do not y et kno w. Initially ,

empt

, and I

I .

e think of the ro of A lab b y the indices in I and the

b the

. F or p p 2

and q 2 M the notation a the en in M in the lo

j where i j the ph ro and column indices asso with p and q

A p p 2

is in the ro of M to p is zero.

” direction is ob The “only if ” direction follo from the observ b if that ro in M non-zero then w can add p to our gro minimal determining

e consider the follo cases:

W e pic p 2 M b a new p in the minimal determining set.

e transfer p from M

M and c if this implies an additions to I seeing

w ha an new zero ro in the reduced M

D. Hong, 1991; Sp

; J.

x. 7 56–75.

C.S. Horstmann and G. Cornell, 1997; Cor

; Sun Microsystems

A. Ibrahim and L.L. Sc 1991; Sup

ac of smo othness r and de gr e ˘ + 2; Constructiv e Appro ximation 7 (1991), 401–423.

M. Lai and L.L. Sc 2000; Splines riangulations ; in preparation.

J. Morgan and R. Scott, 1975; A

˘

Math. Comp. v. 29, 736-740.

L.L. Sc 1979;

dimension sp es pie ewise olynomials two ; in Multiv ariate Appro Theory

, W Sc and K Zeller (eds), auser V erlag, Basel, 157–182.

L.L. Bounds on

dimension spofpie

; Ro Moun J. of Mathematics 14, 251-264.

L.L. Sc 1988; Dual

el ; Comp. Aid.Geom. Design,

L.L. Sc h er, 1994; Applic ations ; Pro of

Applied Mathematics, v. 48, AMS, 177-203.

G.

1973;

pand the finite element metho

; Bull.

So 79 1128–1137.

W. Whiteley

, 1991;

; in in ximation P

. Nev ai