Math 1210-23 Notes of 1/29/24

e So far we know these differentiation rules:

Power Rule:

here n is a positive integer.

(f+g9)=f+4

e Constant Multiple Rule:

(kf) = k(f")

where k is a constant.

e With the above we can differentiate any poly-
nomial!

e We also have these two miscellaneous rules:

d 1
@\/5_2\/5

and
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d1 -1

dx x x2

e But we need more rules!
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More Differentiation Rules

The Product Rule

e The derivative of the product does not in gen-
eral equal the product of the derivatives!

e Instead:

or, more briefly

(uwv) = v'v + uv’

e One way to remember the product rule is to
note that each of the two term can be ob-
tained by considering one of the factors con-
stant.
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e Example: Compute

d o 3
E(x +2)(x° + 1)

in two different ways:

2
£ (x2+ z)(x3+ ) = ZY(Xg*f) + (XQQ) 3,2’(
o = 2x7+2x+9"(q+6x
. Gxlrexbrex ,
:Lé((xs»‘ZxB"’" +2)

= sxH46K° €K

e Example: Compute

d 2 -
@(ﬂﬂr Vo) (z©+z) =

- HJF’ (x?+x +(x+f;7)(2x+v)
YAES

%

o (s ioda kb2 HK
3 e ! 12x + X
;[)/(+><'l' 2 fz;( 1%

e 3
-
= Iy 42x+ gxh’*;v’d

v
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e Why does the product rule work?

e We go back to the definition of the derivative
and apply the Main Limit Theorem (the limit
of the sum is the sum of the limits, etc.).

d . fle+h)glx+h)— fx)g()
af(@")g(x) = hlino A
=l (7o Rgta ) = Fdglo+ )

+ﬂmmx+m—f@mw0

_ iy L@t Mgz +R) — fla)g(z +R)
h—0 h
© lim f(x)g(xz+h) — f(z)g(z)
h—s0 h
0 fot hf)a — 1 8 hh—n>1()g(gj +h)
+ fla) lim g(x + h})L —g(x)

= f'(x)g(x) + f(z)g'(x)

e We’ll see much more of the product rule when
we learn how to differentiate functions other
than polynomials.
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The Quotient Rule

e The quotient rule is:

e Examples:

de 1427 7 (e s2) (1+52)%
o y
d o1 X —=(x-D2x _ |-X +2x
£1+$2 o [“,xZ)} [(fxl)b
P X +d - (x+3) - /
de z+4 — ( x+4)* ()
D( ’ _ "xn-l -vzx”"
TR el v B e
. de dx X (Xx") XM
(lr['ég"'/ )
w-—I -2n v-1 9
= -nx - X S -eny
e Why does the quotient rule work? _ -p X~M"

e Again, we do algebra, and apply the main

limit theorem. _ -5
é y = - l'/ ¢
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flz+h)  f(x)
f(x) i 9@ 9@

d fl=z)
dzx

g(zr) h—0 h

_ iy, L@+ h)g(@) — f(@)g(z + 1)
h—0 hg(a: + h)g(:v)

= lim L
=0 g(z + h)g()

fle+h)g(z) — f(x)g(x) + f(x)g(z) — f(x)g(x + h)

X lim
h—0 h

= lim L
20 g(e + Mg (@)

flz+h)g(x) — flx)g(x)
h

flx)g(x) — fx)g(z + h)
h

1
+ h)g(x)
Xhm(ﬂx+m—f@»ﬂ@

h—0 h

><Mnf@ﬂm@—g@+hﬂ
h—0 h

X lim
h—0

X lim
h—0

= lim
h—0 g(x
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Derivatives of Trig Functions

e Can you guess the derivative of the sin func-
tion?

15"
Figure 1. The Sine Function.

e Recall the graphs of sine and cosine:

15"

Figure 2. Graphs of sine and cosine.
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e Yes indeed!

d .
— sinz = cos .

dz

Need trig identity:

sin(x + h) = sinx cos h + cos x sin h.

e Also remember these limits:

) cosx — 1 , sin &
lim —— =0 and lim
h—0 xT h—0 X

= 1.

e Again, we go back to the definition and use
the main limit theorem:

d sng = lim sin(x 4+ h) — sin(x)
X h—:0

sinxzcosh +cosxzsinh —sinx

- hlglo h

) ) cosh —1 _ sin h
= lim sinx X —— 4+ lim coszx
h—0 h h—0

) ) cosh —1 _ sin h
=sinx lim —— 4+ cosx lim
h—0 h h—0 h

7
"~ ~~

7

— COS T.
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e Proceeding similarly (Textbook, page 115) we
get

d :
— cosT = —sinz.

dzx

e More examples:

. Z
%xzsinxz Ix stnk + X cosk

g@ [lbl—)( (Sr W()(s;wzy = @0 5;%5( ,1,() J'ém%oﬁ\

- (z;m& cosk

A 2 e

—X = 7 S(NS

dx 2K =(>' £ .
ditanm = 5(UX OSK = cos<HAP<

. 2 . Z
S(UX Sthx
I/L/\/-—L{V’ _ d _ COSSe <+

2 = 2
: _ (

COS* s
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e Recall

d SN 25
— sin®z = 2sinx cos . COs 2K
L z

05X

@ What about

d %

asinaz2 = 25(005 X

o We’ll discuss tomorrow. . .
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