Final Exam Spring 2005

Insfructor: Qana. Veliche
Time: 2 hours

NAME:

ID#:

INSTRUCTIONS

(1) Fill in your name and your student ID number.
(2) Justify all your assertions.

(3) No books, notes or calculators may be used.
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Problem 1. Consider the following symmetric matrix:
5 3]
5=[2 8]
(a)(5 points) Find the eigenvalues of B.
2z 4
£ (& = A"— lox + (a5 -9)
A
-~ AF—loA +l6
= (X-2) (A—3)
A =8
N =2

(b)(10 points) Find an eigenbasis for the matrix B.

=a - ke [31]) =[]
- ([ [4])

(c)(5 points) Find an orthonormal eigenbasis for the matrix B.

v G015




(c)(10 points) Diagonalize the matrix B. Check your answer!

5 — ad< g/[**]

det £ = —2

o

1

P
ST =[8
L e R

B I g+ +t¢——\x
- G—) 4 ! }

(d)(5 points) Using (c} diagonalize the matrix ' =

¢ = B — KXILa

0 — sDS -288
= s( p-aT)s

— 16 o© il '
Sl@@&g S < =
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Problem 2. Let L: R? — R? be the linear transformation given by L(Z) = AZ, where
2 2
A= [ 2 } .
(a)(5 points) Find the singular values of the matrix A. Hint: remark that AT A = B, from Problem 1.

N -———\mﬂ&tlﬁ
(f&:ﬁ‘zﬁ&

(b)(10 points) Find a singular values decomposition of the matrix A.

— TR 27T
AT, = L"? 4][ ‘]

[C \ = iz Ve
271 — 4 —+ —L
— . - M = 0 n > Ve

A
— a2 27| V=
Ar\r\z‘ = _!2{ *’”_—wL
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(c)(10 points) Draw the image of the unit circle © under the transformation L and find the area of L(92).

L ( ot W+ Lt TL)

— ot L) + sont L(T)
— ot W, + At W

—

{
oa

i
(‘ v - o — _
Te

-
=4

L.f :.«1 “r

Problem 3. (a)(10 points) Let B be the matrix from Problem 1. Show that the quadric ¢(Z) = - BT is
not indefinite (remark that B = AT A with A from Problem 2).

Q@ = MU+ Xale wih  X=3, h=2
= g@ o Leral X inRY = gG) dos nottake
M%cu\wa valing, | «-._.—;Z i nel- (naepnik -

(b)(5 points) Explain why a quadric ¢: R™ — R given by
@) =7+ (ATA)E

is never indefinite for any choice of an n X m matrix A7
m MC/V\VW of A A arc a&wa% dboiijw“t"(’ :
D 9> = Ay e+ An Gl = o
=) 2 don ot dake g ahe VaLie,

= g 18 ot inolfnik
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;\/_§ —k2
= 2
Problem 4. Let A 1 V3
4 2
(a)(10 points) Find all £ such that 0 is a stable equilibrium for the dynamical system Z(¢ + 1)

B e o sabl gudiboum i () and 1h) <Vl

2 A -4k
Z

} where k is a real number.

= AZ(t).

' T
f (™= @ %0@ +_%_L-_:o -

> A2 rek Rl Q@w"
(= _‘%‘f'»cig = K< L (= U“»JU

b)(10 points) Find the real closed formula for the trajectory (¢ + 1)

<

= AZ(t) with k = 1 and £(0) =

(
1
Hi
+ | coolet) —sifee)
“'/\ Yb S %} S‘ ’3(0 S = m\?]
SinG ) Cm%’%)
| e
= o | % = A A
R S "’"S‘W’([ﬁ] M
i q < 0 1:
%F)*\‘SW\(EB yr= g = K:i;’: O]

s L) eon V‘"’f\

Y T R A@@}D =
= [ ;XK%B 9. n@ — sin(

S g Il s el

2 OU,(E;I) —23in(Es




Probiem 5.(10 points) Using Cramer’s rule solve the following system:

ls + v = 2|
z + z =0
y + z = 0
i A O
— 0|
AN=1g 0 4 —-,.—.:)OQ&(A)-—)H{ “9\\
o 4 1
= "—‘—""\«—-\c‘:wb
YIRS Y )
— L —
f XL O
};W g o | "':_‘Q@u% o | _ |
— — 7 -
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Problem 6. Let P; be the space of all polynomials of degree < 1 and consider the function:
<,>:PxP >R

given by the formula:
1 _
< f9>= 5[/ (0)g(0) + F(1)g(1)] + &
for some k in R.

(a)(5 points) Show that < , > is not an inner product if &k # 0.

<O)@> "‘:_iioe&&::o - k=0,

(b)(10 points) Find an orthonormal basis of P; with the inner product

< f,9>= 1F(0)9(0) + F(Dg(1)]

B = Cht) bams f P —

‘{‘)1> “’—‘"féz C' +\>

Lhty= —;—;(A 0 + 4:»\)




Problem 7. Let A be an n x n matrix with all the entries integers.

a)(5 points) Show that if | det( Ji = 1, then A~! has also all the entries integers.
(a)(5 Show that if | det(A4)] = 1, then A~* has also all th g

st ()

ad&" (A) Jron Cndeger enpns,

A () =2

(b)(5 points) Show that if A2+ 4 + I, = 0, then |det(4)| = 1.
NS
ACA=TL) = Tu
ot () - duke (A =T = det (—T) :Q()V\@éuéjz,
=y
= ldeee |- ldet (a <)) =

e~
N /\/’—_
“’k{;}e{ (f\}'(‘g’%/ ‘

=) \&/ue—(-m\ — | .
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Problem 8. Let A be an 3 x 5 matrix.

(a)(5 points) Show that if 7 is a vector in im(A) N ker(AT), then 7 =’3

A
Rer CATY = Im (A)

Vavt=2%3y ¥ Rl

I

57 —

Al =

};> AAT <o = 3 e ke R4

o =

(b)(10 points) Compute nullity(AT) if rank(A) = 2.

A 3 xs makix = R—‘\Tx 3W\QMX', : zxé: |

Oty (K7) « mnk(R) =3

| o ety ) =t
rank (A) | |
l Lt




. RZ s B2 g T = z+y |
Problem 9. Let T: R* > R gwenbyT(iy})“{x—ay—kb}'

(a)(5 points) Find all ¢ and b such that 7' is a linear transformation.

- [2)- 1] ==

@a\ s batr \

@) 095

(b)(5 points) Find all a and b such that 7 is an orthogonal transformation.
T is ovdhogonal (LHL da columnv teckons are ovionovimad
\A‘V\ vk~ ] i .
“ .!ﬁsar&\cow:vr u [\M —
l

2 Conhadrch e .

M 5 MHuee are no cuckh  a andi,
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Problem 10. Let V be the linear space of 3 x 3 skew-symmetric matrices.

(a)(5 points) Find a basis of V.

(b)(5 points) Prove that what you found in (a) is a basis of V.

o , —) = . o o 4 - .
\[VS\;a/mml‘f”‘@) ‘ —o. O c]:Q4+B?L+C?z
— & —-C ©
&

’—{Q 17\1 \"‘:15 are lin \‘f\de(a(nolee'\4~;

) —_— — “
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) (c)(5 points) Display a basis of P, the set of all polynomials of degree <k (k is a non-negative integer).

(-33‘7:—" Ci) "E)f"’)'tk—)

(d)(5 points) Find k such that V' is isomorphic to Px.

Cbxm“)k_ = k|
=) k=1
g V = 3

(e)(5 points) Display an isomorphism between V' and P.
[ - \/ —_— P@/

TC fa% ’%D B

—fp —C_ O

(f)(5 points) Prove that what you found in (d) is an isomorphism.

IV = demP. = 3

IU’"@> = 0 = T is an Lomdphilim,
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Problem 11.(5 points) Let A = [0) ¥ U3 U] be a matrix in R®** with linearly independent columns and
let 7 be a vector not in im(A). Show that rref(B) = I5, where B = [t U2 U3 U4 7).

Yref(B) =T < all cdumn ceckon are (TN t‘nca(e,(md_@ﬂ_p )
Sina_+he Lok Jowe are [0 'ndepencent , i+ i enougle
4o shoy et L i nob gigqn (Tfk)q . T}Lq)

Pout S%anw\(\)‘)\ - »—S\L,) _— ‘:S"m(%a) and W oic netk ‘n Imia

Theelod, hceed  mref (R) = T,

Problem 12.(10 points) Find the reflection matrix A that transforms [ i } into [ _5 ] .

A’s A & G{L-&‘Q{Lz’—i
o
_ ﬁQ%ﬁé - =T
o L X _ [ T} -5 =

50 = —5 4+ 3V =30 = J@Lt% j
g
= a=3-2
OK?%-@L—&\ r
o




