
Maximally symmetric stable curves IIMichael A. van Opstall, R�azvan VelicheAugust 31, 2006AbstractWe determine a sharp bound for the automorphism groups of stable curves of genus g with exactly3g � 3 nodes.1 IntroductionIn a previous article [1], we determined a sharp bound for the automorphism group of a stable curve ofgenus g and described all curves attaining the bound. Aaron Bertram asked us if we could �nd the boundfor those curves in the zero dimensional strata of Mg, that is, those stable curves which have exactly3g � 3 nodes (and thus have all rational components). We answer this question and also �nd a sharpbound for the automorphism groups of such curves whose components are smooth and rational in thisarticle. To state the result, we need a de�nition.De�nition 1.1. For a natural number g, de�ne b(g) to be the number of 1s in the binary expansion ofg, and k(g) = g � b(g). Also set h(g) = dg=2e � b(g).Main Theorem. Let g � 2 and let C be a stable curve of genus g with 3g � 3 nodes.1. jAut Cj � c � 2g+k(g). The value of c for which this bound is sharp is:(a) c = 3 if g = 3 � 2m for some m � 0.(b) c = 32 if g = 3 � 2m + 1 for some m > 0, or if g = 3(2m + 2p) for some p � 0, m > p+ 1.(c) c = 1 otherwise.2. Suppose g � 8. If C has only smooth components, then a bound for its automorphism group isgiven by c � 2g+h(g). The value of c for which this bound is sharp is(a) c = 3 if g = 3 � 2m or g = 3(2m + 1) for some m > 1(b) c = 32 ifi. g = 3 � 2m + 1 for some m > 1,ii. g = 3 � 2m + 2 for some m > 1,iii. g = 3(2m + 2p) with p > 0 and m > p+ 1,iv. g = 3(2m + 2p + 1) with p > 0 and m > p+ 1,(c) c = 1 otherwise.The optimal graphs for g < 8 in the second case do not follow a clear pattern, but can be found byexhaustive search. A graph whose automorphism group has greater order than the bounds given abovefor c = 1 will be called special.
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2 PreliminariesRecall that a stable curve is a connected projective curve with at most nodes as singularities and �niteautomorphism group. The genus is computed as e� v + 1, where e is the number of nodes and v is thenumber of irreducible components.To each stable curve with rational components, one may associate a graph knows as the dual graph ofthe curve. The graph has one vertex for each component, and two vertices are joined by an edge if andonly if the corresponding components meet. If a component is nodal, it meets itself, resulting in a loopin the graph. It is clear that a stable curve of genus g with 3g � 3 nodes has a trivalent dual graph with2g � 2 vertices.Since the graphs are trivalent and the automorphism group of P
1is three-point transitive, the auto-morphisms of the curve are the same as the automorphisms with the graph with a slight modi�cation:we allow a non-trivial automorphism to �x all the vertices in the graph. More concretely, following whathappens for the curves, a loop or a double edge contributes a factor of two to the order of the automor-phism group. The graph consisting of two vertices joined by a triple edge has automorphism group oforder twelve. Although this is not the usual use of graph automorphism, it is the natural notion comingfrom the problem, so it is what we will use. One may easily compute the order of the automorphismgroup of these graphs in the usual sense from our formulas. From this point on, we will forget aboutthe curve, and treat the problem as a problem about graphs. Furthermore, all graphs will be assumedconnected unless otherwise stated.Our goal is to produce graphs which are as close to being trees as possible. De�ne a cone as the graphwhich is a triangle with one edge doubled. This graph is cubic except for one vertex of valence two, whichwill be used to attach it to other graphs.A tree has a unique vertex or edge which is common to all maximal length geodesics. Call this theroot. If H is a graph with valence three at all vertices but two, a pseudocycle of Hs is a graph obtainedby replacing each vertex in a cycle by a copy of H .Our proof will proceed by induction. We de�ne the pinching of a simple edge e in a graph as follows:replace e with two edges meeting in a single vertex. This new vertex is valence two. We will use it toattach the pinched graph to other graphs. Attaching will always be done in such a way that the resultinggraph is trivalent. For example, if two pinched trivalent graphs are to be attached, a new edge must beintroduced to join the pinched points.Sometimes we will want to pinch a double edge. Here we will remove the double edge and join thefreed vertices. To this new vertex, attach a simple edge, to which the double edge is attached. See Figure1. For completeness, a pinched triple edge is a cone.r t t r - r r rttFigure 1: Pinching double edges.We refer to the star on four vertices simply as a \star", since we consider no stars with more vertices.Loops and double edges will be considered cycles of length one and two in what follows. We will sometimesuse the word \edge" to refer to the graph which is two vertices joined by a single edge. This should notbe confusing. O(e) will denote the orbit of an edge e in a graph G under the action of the automorphismgroup of G.Let Aut0eG denote the group of automorphisms of the graph obtained by pinching an edge (possiblymultiple) e of G.
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De�ne functions �(g) = max jAut Gj2g+h(g)�1(g) = max jAut0eGj2g+h(g) ;the maxima taken over all cubic graphs G of genus g and all edges e in G. The value of �(g) is theconstant c in the statement of the Main Theorem. In fact, �1 is always equal to one. Finally, de�neM(G) to be the number of edges in a minimal edge orbit in G.At some stages in the proof, it will be most convenient to quote the results of [2]. The method ofproof used in that article is nearly identical to this, so hopefully this lack of self-containment will actuallyshorten the technical proofs and make this article easier to read.De�nition 2.1. For a natural number g, de�ne the functionsl(g) = minfk : g = kXi=1 ai � 2ni ; ai 2 f1; 3ggo(g) = g � l(g):Theorem 2.2. Let G be a simple cubic graph with g � 9, where g is one more than the di�erence betweenthe number of edges and number of vertices.� If g = 9 � 2m + s (s = 0; 1; 2) (m � 0) except g = 10; 11; 19; 20; 38, then jAut Gj � 3 � 2o(g).� If g = 3 �2m+s (s = 0; 1; 2) (m � 2), or g = 9(2m+2p) (with jm�pj � 5) or if g = 10; 11; 19; 20; 38,then jAut Gj � 32 � 2o(g).� If g = 5 � a � 2m + 1 (where a = 1 or 3, m � 2), then jAut Gj � 54 � 2o(g).� Otherwise, jAut Gj � 2o(g).Moreover, these bounds are sharp.3 The candidatesDe�nition 3.1. For every natural number n > 2 we de�ne a tree Tn according to these rules:1. Place n vertices in a row. This is called level one.2. Assume level k has been formed. In level k + 1, place a vertex and connect it to each of the �rsttwo vertices in level k. Continue likewise until all pairs of level k are exhausted. There may be avertex in level k not connected to any vertex in level k + 1.3. If there is an unpaired vertex in level k and one in some level l < k, place a vertex in level k + 1and connect these two vertices to it.4. If at some stage there are only two vertices left unpaired, connect them with an edge.5. If at some stage there are exactly three vertices left, connect all three by edges to a new vertex.De�ne T2 to be two vertices joined by an edge. Tn is trivalent at all interior vertices, and has n leaves.For example, this construction produces a binary tree when n is a power of two. Figure 2 shows thegraph T5.The following proposition is a straightforward computation:3



r r r r rA�r A�rHHr �� r r r rA�r A�rHHr t t rFigure 2: The tree T5 and the core of C 011.Proposition 3.2. The order of the automorphism group of Tn is 2k(n), unless n is of the form n = 3 �2m,where the automorphism group has order 3 � 2k(n).De�nition 3.3. For each g > 2, de�ne Cg to be the graph constructed as follows:� If g 6= 3 � 2m + 1 for m > 0, and g 6= 3(2m + 2p) for p � 0, m > p+ 1, Cg is the graph formed byplacing a loop at each tail of Tg.� If g = 3 � 2m, then the last stage in the construction of Tn is connecting three vertices to a newvertex. Cg+1 is the graph formed by following the construction of Tn up until this last step, joiningthese three vertices in a triangle rather than a star, and then placing a loop on each tail.� If g = 3(2m + 2p) for p � 0, m > p+ 1, attach a binary tree with m leaves and a binary tree withp leaves to the leaves of a binary tree with two leaves. Arrange three copies of this con�gurationaround a star, and then place a loop on each tail. This graph is Cg .Again, it is easy to see:Proposition 3.4. The order of the automorphism group of Cg is1. 3 � 2g+k(g) if g = 3 � 2m for some m � 0,2. 32 � 2g+k(g) if g = 3 � 2m + 1 for some m > 0 or if g = 3(2m + 2p) for p � 0, m > p+ 1,3. 2g+k(g) otherwise.Now for the candidates for the case of all components smooth.De�nition 3.5. Suppose g > 3.� If g = 3 � 2m for some m > 0, C 0g is three binary trees with 2m�1 leaves, connected with a star, witha cone attached to each leaf.� If g = 3 � 2m + 1 for some m > 0, C 0g is obtained from C 0g�1 by expanding the central vertex to atriangle.� If g = 3 � 2m + 2, C 0g is obtained from C 0g�2 by expanding the central vertex to a K2;3.� If g = 3(2m+1) for some m > 1, C 0g is obtained from C 0g�3 by inserting a double edge in the middleof the edges of the central star.� If g = 3(2m+2p) for p > 0 and m > p+1 we construct C 0g as follows: attach two binary trees with2m�1 and 2p�1 leaves at their roots. Now attach three copies of this con�guration to the ends of astar.� If g = 3(2m+2p+1) for p > 0 and m > p+1, C 0g is obtained from C 0g�3 by inserting a double edgein the middle of the edges of the central star.� Otherwise,{ if g is even, C 0g is Cg=2 with the loops replaced by cones;4



{ if g is odd, the formation of Tbg=2c ends with joining two vertices by an edge or joining threevertices by a star. In the �rst case, insert a double edge in the center of the last edge added,and place a cone at each leaf of the resulting graph to construct C 0g. In the other case, since gdoes not have any of the special forms above, at least one of the graphs being attached to thestar is not isomorphic to the others. Insert a double edge in the center of the edge of the starconnected to this graph, place a cone at each leaf, and the result is C 0g .De�ne C 02 to be a cone and C 03 to be a cone with a double edge attached to the free vertex by an extraedge. Note that C 02 and C 03 are not trivalent.Although the graphs constructed in the \otherwise" part of this de�nition are not optimal in theexceptional genera, they have the important property that �1 is one for these graphs. De�ne Dg for anyg to be the graph constructed in this last part.Schematic diagrams for many of these cases are shown in Figure 3.
���� r�������� ����r r�� AAr�������� ����t t r t t ����tt����3 � 2m 3 � 2m + 1 3(2m + 1)
����r r r ����r���� ����t t ���� rttrA�t t3(2m + 2p) g odd; bg=2c even g odd; bg=2c oddFigure 3: Schemata of the candidate graphs.The following two propositions are easy.Proposition 3.6. The order of the automorphism group of C 0g is1. 3 � 2g+h(g) if g = 3 � 2m or g = 3(2m + 1) for some m > 1.2. 32 � 2g+h(g) if g = 3 � 2m + 1 or g = 3 � 2m + 2 for some m > 1.3. 32 � 2g+h(g) if g = 3(2m + 2p) or g = 3(2m + 2p + 1) with p > 0 and m > p+ 1.4. 2g+h(g) otherwise.Proposition 3.7. jAut Cg+1j � jAut Cg j, with strict inequality unless g = 3 � 2m. The same statementis true for C 0g.The proof of the Main Theorem for graphs with loops is similar to that for graphs without loops, buteasier. We will only prove the more di�cult result here. However, the following proposition is useful insorting out the loop case, so we record it here.Proposition 3.8. If G is a cubic graph of genus g � 3 with multiple edges, there exists a cubic graph ofthe same genus without multiple edges whose automorphism group is at least as large as that of G.5



Proof. There is a unique cubic graph with a triple edge. Its automorphism group has order twelve. Onthe other hand, there is a unique cubic graph on two vertices without multiple edges. Its automorphismgroup has order eight. So we may focus on double edges.A double edge is adjacent to two simple edges. If these edges have a common endpoint, we havea cone. Replace the cone with a binary tree with two leaves, with a loop attached to each. This newcon�guration has strictly more automorphisms than the old.If the two simple edges do not meet, then the double edge may be contracted to a vertex, and a loopattached to an edge may be attached to this vertex, not a�ecting the automorphism group.4 Small genus casesIt follows from the results of our article [2] that the curves here have more automorphisms than any curveof the same genus whose dual graph is simple.There is another series of graphs that is easily de�ned. In genus g, de�ne C 00g as a 2(g � 1)-gon withevery other edge double. We have jAut C 00g j = 2g(g � 1).There are no simple cubic graphs on two vertices. A stable curve of genus two with all componentssmooth and rational is unique, corresponding to the graph which is two vertices connected by a tripleedge, for six automorphisms.In genus three, the curve whose dual graph is a tetrahedron has 24 automorphisms. The best thatcan be obtained with double edges corresponds to the graph which looks like a square with one pair ofopposite edges doubled. This has only 16 automorphisms.In genus four, the graph K3;3 has 72 automorphisms. This is better than C 04 and C 004 , indeed, betterthan any non-simple graph.In genus �ve, the optimal simple graph is a cube, which has 48 automorphisms. This is beaten by C 05(64 automorphisms), which in turn is beaten by C 005 (128 automorphisms).In genus six, the Petersen graph is the optimal simple graph, with 120 automorphisms. It is beatenby C 006 (5 � 26 automorphisms), which is then beaten by C 06 (6 � 26 automorphisms).There is no question that simple graphs are always beaten after genus six. In genus seven, C 007 is thewinner. In genus eight, C 08 is optimal. In genus nine, C 09 and C 009 have the same number of automorphisms.The following table of values of these functions for low genus g will be useful.g 2g+h(g) � graph attaining � �1 graph attaining �12 4 3 triple edge 1 triple edge3 8 3 tetrahedron 1 C 0034 32 94 K3;3 1 C 045 64 2 C 005 1 C 056 128 3 C 06 1 D67 256 3 C 007 1 D78 2048 1 C 08 1 C 089 4096 1 C 09; C 009 1 C 09Figure 4: Table of small genus cases.5 Structure of the proofFor the remainder of the article, we will assume all results to be proved hold for genus h less than thegenus g under consideration. Call a double edge free if it does not occur as part of a cone.Lemma 5.1. Let e be an edge of G such that O(e) has minimal order among all orbits of edges of G.Then only the following possibilities occur: 6



� G = O(e);� O(e) is a disjoint union of stars;� O(e) is a disjoint union of edges;� O(e) is a disjoint union of cycles; two such cycles are at distance at least two from each other.Proof. If is easy to see that if two stars in O(e) have a common edge, then G = O(e). Similarly, if twostars in O(e) have a vertex in common, then either G = O(e) or the third edge at that vertex will havean orbit of order smaller than that of O(e) (which would be a contradiction to the choice of e).Thus, if there is a star in O(e), one of the �rst two possibilities occurs for G.If no three edges in O(e) share a common vertex, then either all edges in O(e) are disjoint, or thereare two edges e1 (which may be assumed to be e, as O(e) is acted upon transitively by Aut G) and e2 inO(e) with a common vertex v. Denote by f the third edge of G at v; f is then not in O(e). Denote byw the other end of e.If v and w are not in the same orbit of Aut G, then we see that jO(e)j = 2jO(v)j > jO(v)j � jO(f)j,so we reach a contradiction to the choice of e. If however, w 2 O(v), then the existence of a cycle madeof edges in O(e) is immediate. Moreover, since f =2 O(e), these cycles are disjoint.Note that jO(f)j � jO(e)j = jO(v)j, with equality if and only if the ends of f are not in the sameorbit; in particular two cycles in O(e) cannot be at distance one from each other (the edge between them,necessarily in the orbit of f , would have both endpoints in the same orbit).Note 5.2. If the fourth situation above occurs, we will actually choose the edge f and work with it inthe arguments that follow; this is possible since O(f) is also minimal, and may only be either a disjointunion of stars, or a disjoint union of edges. f (or more precisely, its orbit) in this case will be calledwell-chosen.De�nition 5.3. A graph of genus g is optimal if its automorphism group has maximal order among allautomorphism groups of genus g graphs. A graph G is strictly optimal if in addition, the minimal orderof the orbit of a well-chosen edge is smallest among those of all such optimal graphs, and among suchgraphs with smallest minimal orbit, G has the fewest double edges.We will need to make some modi�cations to graphs in the course of the proof. When we perform sucha modi�cation to an edge, vertex, or more generally, any subgraph, we repeat the same construction atevery other subgraph in the order of the original. This ensures that we lose as few automorphisms aspossible.In what follows, given a graph G, we will choose (well) an edge e whose orbit is minimal and removethe orbit, resulting in a graph G0. G0 will not be cubic. There are two possibilities for the componentsof G0, since e is well-chosen: they are either of genus one or higher genus. For higher genus components,there is a process of stabilization, which replaces every path whose interior vertices have valence twoand endpoints valence three with a simple edge joining the endpoints. If the beginning and end of thepath coincide, this procedure could lead to loops. Since this takes us outside of the class of graphs underconsideration, it would be useful to limit how often this can happen, so we can work inductively.First, note that these loops happen only when n�1 endpoints of edges in O(e) are arranged around ann-cycle. It is not hard to see that e could not have been minimal unless n � 3. The following propositionlimits the number of double edges that could lead to this problem.Lemma 5.4. A strictly optimal graph of genus g � 10 does not contain a path of alternating simple anddouble edges with two or more double edges.Proof. If there is a path of double edges alternating with simple edges (some in a minimal orbit), letk > 1 be the number of double edges in this path. If the beginning point and end point of this path arethe same vertex, either the whole graph is a pseudocycle, which is non-optimal for g � 10, or the pathbegins and ends with simple edges. In this case, remove the entire path and attach a copy of C 0k to the7



free vertex resulting. If the path has distinct endpoints, replace the path with a simple edge, then pinchthis edge. To the pinched edge, attach a copy of C 0k. Usually, these two constructions increase the orderof the automorphism group. In any case, the attaching edge can be chosen as an edge with minimal orbit.This new orbit is smaller than the original, unless there were exactly two double edges, in which case thenew graph has fewer double edges.Proposition 5.5. There are fewer than eight free double edges in a strictly optimal graph G of genusg > 9.Proof. Suppose there are k free double edges in G. Then form a new graph �G by replacing each con-�guration of a double edge with its two adjacent edges by a single edge (this is lawful by the previouslemma). �G has genus �g = g � k and the automorphism group has dropped by a factor of 2k, so we havejAut Gj = 2kjAut �Gj:By induction (and the low genus table), the right hand side is smaller than c � 2g+h(�g) for some c � 3.Therefore, by our list of candidates, G was not optimal if h(g) � h(�g) � 2. One may check that this isthe case as soon as k � 8.The process of replacing double edges with simple ones (as in the above proof) will be called 
attening.In cases of cycles of length three, one simply chooses the class of edges f left adjacent to each triangleafter removing O(e). The orbit of f is smaller or equal in size to that of e, and removing it and stabilizingleads to double edges, but not loops.Remark 5.6. When we remove a well-chosen minimal orbit of edges from a graph G of the type weconsider here, it is conceivable that when trying to stabilize the various components of G0 one is led toloops instead of just double edges. This happens in two cases only:1. when a free double edge is incident at one vertex only to an edge in O(e)2. when a free double edge is incident at both vertices to edges in O(e); in this case at least anisomorphism class of components of G0 is made up of free double edgesThe second situation will be discussed separately, as it cannot be avoided even in the strictly optimalgraphs.However, we claim that the �rst situation is of no concern. Denote by v and w the vertices of a givenfree double edge, and assume that an edge e in O(e) is incident at v; denote by u the vertex of G atdistance one from w, di�erent from v; when e is removed, enclose the double edge in the component it ispart of in place of u in the obvious way (see Figure 5) as to give a cubic graph. Except in a few cases(outlined below) the component such obtained is stable, and the estimates used in the \regular" cases(when no such manipulations were necessary) may be used to lead to the same restrictions on the numberof edges in O(e) and the structure of G overall.This construction should be done in a strictly optimal graph G; thus u cannot be an end of a doubleedge by earlier remarks. However, it is possible that two or three double edges are adjancent to edgeshaving u as their endpoint, and this could lead to con
icts.u can be the merging point of three free double edges only when the component of G0 containing uhas genus three and is made up of a star with three double edges attached at its tails. Denoting by sthe number of these components, we see that removing them and joining the three edges in O(e) to acommon vertex produces a graph �G with at most double edges (no triple edge is possible, as e would beincident to two free double edges, which is not happening in a strictly optimal graph). Then by inductionjAut Gj � jAut �Gj � 23s � 3 � 2g�3s+h(g�3s)+3s � 2g+h(g). We are interested in the last inequality beingstrict. Since h(g)�h(g�3s) � h(3s) � 2 for s � 2 (using 6.1), we see that such a G could not be optimalfor s � 2. For s = 1, we may change the minimal orbit to be that made up of the star itself, and thenthe above merging problems will not occur (since there are only three isolated edges incident to the newO(e)). 8



u can be the merging point of two free double edges; in this case, the third edge at u will have an orbitof order at most that of O(e) (with equality possible only if e sits between two free double edges, whichshould not happen in a strictly optimal graph G). Thus the strict optimality of G and the minimality ofO(e) prohibit this situation. �@re t t r�@ - �@r tt@�Figure 5: Stabilizing free double edges.6 Proof of the Main TheoremWe will repeatedly use an exhausting subgraphs argument. This entails choosing a connected component(star or edge) in O(e), �xing its orientation (when the endpoints are in the same orbit) and then graduallyenlarging the subgraph gotten at a certain stage by choosing one of its tails and adding whole componentseither of O(e) or of G0 reached by that tail. When a component of G0 will be added, we will include inthe new subgraph only the edges of O(e) incident to it, and of these, in case O(e) is a union of stars,only those that do not lead to stars whose center is already a vertex of the previous subgraph (in orderto avoid cutting unnecessarily the number of tails).At each step we look at the relative gain in the automorphism group. If a star is included at thatstep, then one of its edges is already �xed by the initial subgraph, then there could be at most a twofoldincrease in the order of the automorphism group at such a stage; moreover, such an increase occurs onlywhen none of the vertices of the star was part of the subgraph at the beginning of the stage.If however, a component is included at a certain step, then one of its vertices (which has valence two inG0) is already �xed, and that limits its symmetry; in other words, the automorphisms of the new subgraph�xing the previous one are precisely those �xing the incidence point. Once all these automorphisms aretaken into account, all the edges incident to that component do not have extra freedom (they move wheretheir incidence point moves), so may be added without further increase in the order of the automorphismgroup of the subgraph.Unless otherwise noted, we will always expand the subgraphs by including whole components of G0 ifthe possibility exists (i.e. when not all tails of the subgraph gotten so far are centers of stars in O(e)).When the exhausting �nishes, we will have an estimate for the order of the automorphism group of thegraph, which can be compared to the order of the automorphism group of the appropriate candidategraph.We start by noting that:� if g = 2u, then g + h(g) = 3u� b(2u) = 3u� b(u), while� if g = 2u+ 1, then g + h(g) = 3u+ 2� b(2u+ 1) = 3u+ 1� b(u)Lemma 6.1. The following inequalities hold:1. b(uv) � b(u)b(v); b(u+ v) � b(u) + b(v);2. h(u+ v) � h(u) + h(v);3. h(uv + 1)� uh(v) � u+12 for u � 4;4. h(uv)� uh(v) � du�12 e for all u � 1, v � 2.Proof. The proof is omitted, as the assertions are easy to check.9



Lemma 6.2. Assume that a graph G has a minimal orbit of edges O(e) made up of stars, and such thatremoving O(e) leaves only cycles of length two (free double edges). Then G cannot be optimal.Proof. Let k = jO(e)j.Flattening the free double edges and stabilizing the resulting graph leads to a graph �G; this is eitherof genus two, or is a simple cubic graph, which is moreover edge-transitive; moreover the genus �g of �G isk2 + 1. This 
attening implies jAut Gj = 2k � jAut �Gj. From (2.2) we know that jAut �Gj � 9 � 2�g�l(�g), sowe get jAut Gj � 9 � 2 3k2 + k2+1�l( k2+1) = 9 � 22k+1�l( k2+1). We compare to 2g+h(g) = 23k+1�b(k). Then theinequality to study is 9 � 2k+l( k2+1)�b(k), or, since k = 2u (even), 9 � 22u+l(u+1)�b(u). Now u � b(u) sothe inequality is clearly strict for u � 4; one may check directly that the inequality is also strict for u = 2; 3.In case u = 1, k = 2 and �G is a triple edge, and g = 5; in this case jAut Gj = 12 � 23 < 8 � 24 = jAut C 05j,so again G is not optimal.Lemma 6.3. Assume that a graph G of genus g � 10 has a minimal orbit of edges O(e) made up ofisolated (simple) edges, and such that G0 is made up of cycles only. Then G is not optimal.Proof. Let k = jO(e)j.If all cycles in G0 have length at least three, the graph is simple cubic, and (2.2) shows that this couldnot be optimal.Consider �rst the case in which G0 has two isomorphism classes of cycles.If one class of components is made up of double edges (cycles of length two) and the other of cyclesof length three and higher, then we may 
atten the double edges and stabilize the resulting graph to �G;this is a simple cubic graph of genus �g = g � k; moreover, its minimal orbit of edges, has half the orderof O(e). We have jAut Gj = 2k � jAut �Gj and (2.2) shows that �G could not have been optimal (for simplecubic graphs) anyway. Then we get jAut Gj < 3 � 2g�l(g�k) and would like to compare this to 2g+h(g); westudy then 3 � 2d g2 e+l(g�k)�b(g) � 21+d g2 e�b(g); this is easily seen to be strict for g � 4, and a moment'sthought shows that such a graph cannot exist for g � 3.The only case to consider is that in which all connected components (assumed to be cycles) of G0 areisomorphic of length two. Then G must be a pseudocycle formed of k double edges and k simple edgesjoining them. Then jAut Gj = 2k � 2k, g = k + 1 and comparing to 2g+h(g) leads to k � 2d k+12 e�b(k+1),which is strict for k � 9 (with equality for k = 8).Remark 6.4. The di�erence between strict and non-strict optimal graphs in genus d becomes importantonly in genera g > d; more precisely, if two graphs have the same number of automorphisms and one hasa minimal orbit with more edges than the other, their �1 will be di�erent (if need be we may use thelemma on the ratios of the orders of edges in a cubic graph to see that �1 < 1 means �1 � 12 ). In theinduction step we determine which graph can reach or surpass the bound 2g+h(g), assuming that �1 = 1for all components involved; as soon as one of these �1 is strictly below one, the graph whose structurewe analyze cannot possibly be optimal. Thus, whenever we will encounter graphs that could be optimalbut not strictly optimal, we will check and mention explicitly the value of �1 so that the next inductionstep is prepared.Proposition 6.5. If the minimal orbit of edges in G is made up of stars, then it is made up of atmost one star; moreover, the possible optimal graphs are only the C 0g with g = 3 � 2m, g = 3(2m + 2p),g = 3(2m+2p+1) and g = 3(2m+1). In particular, the Main Theorem holds in these cases. Furthermore,for these genera, �1(g) = 1.Proof. Let k be the number of stars in O(e).We may stabilize the components of G0 according to (5.6), in light of the previous two lemmas.If G0 is connected, then jAut Gj � jAut G0j � 3 �2g0+h(g0); since g0 = g�2k � g�2 and since g+h(g)is strictly increasing (6.1) we get 3 � 2g0+h(g0) < 2g+h(g), so G could not be optimal.We concentrate then on the case when G0 is disconnected.Let t be the number of edges in O(e) incident to a given component; we have 3k = st. Using anexpanding subgraphs argument, we get a bound for jAut Gj as 6k �2a �2s(d+h(d)) (assuming, by induction,10



that �1(d) � 1 for all d < g) where d is the genus of one of the s isomorphic components of G0 = GnO(e),and a is the number of times we have no choice but to increase the subgraphs at a tail that is part of astar, and with the further restriction that the other edges in that star lead to components not incidentto the subgraph obtained up to that point. We have s � 3 + 2a. Also, g = s(d � 1) + 1 + 2k. We arecomparing the size of jAut Gj to 2g+h(g). Thus the inequality we are studying becomes:6k � 2b s�32 c � 2s(d+h(d)) � 2g+h(g) = 2s(d�1)+1+2k+h(sd�s+2k+1)which is implied by 6k � 22k+1�s+h(2k+1�s)+h(sd)�sh(d)�b s�32 c:We remark that t = 1 if and only if k = 1 (a star and the components to which it is incident wouldgive the whole connected G) and that s = 1 or s � 3 (s = 2 would force a star to have at least twoedges incident to a component, therefore all three edges would be incident to that component, thereforea component and the stars incident to it would give the whole graph; G0 would then be connnected,contradicting s = 2).We will simply sift the special cases through the �lter of 2g+h(g); each time a strict inequality isobtained, G cannot be optimal, and we study the cases where the inequality fails separately.If t � 2, then s � 3k2 and the inequality is implied by 6k � 2d k2 e+h(d k2 e+1)+2 when s � 4; this isalways a strict inequality. When s = 3, easy manipulations of the desired inequality show that it is strictas long as k � 3. When s = 3 and k = 2 we have three connected components, each incident to twostars. Working with the inequality shows that it fails to hold only when d = 2m (m � 1). But theng = 3 � 2m+2, and C 0g in these genera has a minimal orbit of three edges, so G in this case is not strictlyoptimal. In fact, such a G is not even optimal, but we do not need this, so the proof is omitted.Therefore t = 1, which implies k = 1, so there is at most one star. In this case, we have s = 3, v = 1,so the initial inequality becomes:6 � 23(d�1)+1+2+h(3d)�3d�3h(d) = 2d�2dd2 e+3b(d)�b(3d):The last exponent is at least b(d)� 1; so b(d) � 4 leads to strict inequality.If b(d) = 3 and d is even, then again the inequality is strict; however, if d is odd, then b(d) = 3 andb(3d) = 6 make the inequality fail. This may only happen when d = 2m +2p +1 with m > p+1 > 2. Inthis case we obtain the exceptional C 0g for g = 3 � (2m + 2p + 1).If b(d) = 2 and d is even, the inequality is strict if b(3d) � 3, and fails for b(3d) = 4. But b(d) = 2and b(3d) = 4 for d even force d = 2m + 2p with m > p + 1 > 1; this leads to the exceptional C 0gfor g = 3(2m + 2p). If b(d) = 2 and d is odd, then the inequality is strict for b(3d) � 2, and fails forb(3d) = 3; 4. Then d = 2m + 1 and b(3d) = 3 cannot occur, while b(3d) = 4 forces m > 1; this leads tothe C 0g with g = 3(2m + 1).If b(d) = 1 and d is odd, then d = 1, which cannot happen for a cubic graph with a single star as aminimal orbit. If d is even, then d = 2m with m � 1 and then the inequality fails, revealing the graphC 0g with g = 3 � 2m for m � 1.We note that all these graphs have M = 3, and � � 3, therefore �1 � 1 (necessary for the inductionstep).Proposition 6.6. If the minimal orbit of edges in a strictly optimal graph G is made up of isolated(simple) edges, then1. There are at most three edges in that minimal orbit.2. �1(G) � 1.3. If g = 2m or g = 2m + 1, then G must be C 0g. of genus g other than G.Finally, the Main Theorem holds in all cases not covered by the previous proposition.11



Proof. By (5.6), we may assume there are no problems stabilizing G0 when G0 is connected. Theng0 = g � k and jAut Gj � jAut G0j � 3 � 2g0+h(g0) < 2g+h(g) for all k � 2, so G could not be optimal.Moreover, when k = 1, �(G0) � 1 implies immediately that G is not optimal, while �(G0) > 1 implies,by induction, that M(G0stab) � 3; but the marking inherited from stabilizing the two endpoints of theremoved edge of O(e) forces M(G0stab) � 2, so again G could not be optimal.We may now assume G0 is disconnected.Case I: Suppose all the components of G0 have genus at least two.Case I.1: Further suppose G0 has two isomorphisms classes of components: one with s1 componentsof genus d1 � 2, each with n1 neighbours, each component connected to its neighbour by t edges; similarlyfor s2; d2; n2. We have s1n1t = s2n2t = k, g = s1d1 + s2d2 + k + 1� s1 � s2.An expanding graph argument gives: jAut Gj � k�2s1(d1+h(d1))+s2(d2+h(ds)); comparing this to 2g+h(g))yields: k � 2k+1�s1�s2+h(s1d1+s2d2+k+1�s1�s2)�s1h(d1)�s2h(d2) (1)which is implied (using (6.1)) byk � 2k+1�s1�s2+h(k+1�s1�s2)+h(s1d1)�s1h(d1)+h(s2d2)�s2h(d2) (2)� If t � 2 and max(n1; n2) � 2, then min(s1; s2) � k4 and max(s1; s2) � k2 , also, k � 4; then theinequality (2) is implied by k � 21+d k4 e+h(1+d k4 e)+1 (the last one in the exponent comes from theinequality h(sidi) � sih(di) + 1 for at least one i). This is strict for all k.� If t = 1 and min(n1; n2) � 3 then si � k3 so the inequality (2) is implied by k � 21+d k3 e+h(1+d k3 e)which is strict for all k.� If t = 1 and n1 = 2 < n2 (similarly for n2 = 2 < n1) then 2 � s2 � k3 ; s1 � k2 and the inequality(2) is implied by k � 21+d k6 e+h(1+d k6 e)+1 which is strict for all k.� If t = 1 and n1 = n2 = 2 then 2 � si = k2 and writing k = 2u (u = si � 2) the inequality (2) isimplied by 2u � 21+h(ud1)�uh(d1)+h(ud2)�uh(d2). Since d1; d2 � 2, this is implied by u � 2u+12 whichis strict for all u.� If t = 1 and n1 = 1 then s1 = k; s2 = 1 so the inequality (2) (or directly (1)) becomes k �2h(kd1)�kh(d1) which is implied by k � 2d k�12 e. The latter inequality is strict for k � 6, while directcomputation shows that the former is also strict for k = 4; 5 and for all k as soon as b(d1) � 3. Ifk = 1 the inequality cannot possibly fail.Thus only the following subcases are left to analyze in detail:� t = 2; s1 = s2 = 1 - one sees that this cannot occur for strictly optimal G.� t = 1; s2 = 1; s1 = k � 3; b(d1) � 2. When k = 2, again, it is not hard to see that G cannot bestrictly optimal. The case k = 3 is actually interesting.{ If b(d1) � 3, or b(d1) = 2 with d1 even, strict inequality is obtained.{ If b(d1) = 2 and d1 is odd, d1 = 2m + 1 (m � 1). G is made up of a central component ofgenus d2, with three extremal components of genus d1 = 2m + 1 attached each by an edge tothe central component. Then we can bound jAut Gj starting with the central component, sowe get c � 2d2+h(d2)+3(d1+h(d1)) which compared to 2g+h(g) yields c � 2h(3d1+d2)�3h(d1)�h(d2).The last exponent is 4+ dd2+12 e�dd22 e+ b(d2)� b(3 � 2m+3+ d2); as soon as it is at least twostrict inequality is obtained. If d2 = 2u+1 this exponent is 4+ b(u)+1� b(3 �2m+4+2u) � 2so the inequality would be strict. Thus d2 = 2u and u = 1; 3; 4 strict inequality follows, as itfollows (for any u) when c < 2. When u = 2, d2 = 4 and the only graph with c � 2 is the12



K3;3; however, this is edge transitive and is pinched in three edges only, so it is easy to seethat the corresponding G is not optimal. In other cases, the Main Theorem gives inductivelyas the only possibility d2 = 3 � 2p, when d2 � 10; this immediately yields the structure of G asthe special C 0g .{ If b(d1) = 1, since d1 � 2 we have d1 = 2m. Then argueing as in the previous case we getto the inequality c � 23+b(d2)�b(3�2m+d2); this is strict as soon as c < 2. If d2 � 10 the MainTheorem yields as the only possibility for the central component d2 = 3 �2p or 3(2p+1), whichleads to the structure of G as the C 0g for the corresponding genus. In low genera, �gure 4shows that only d2 = 2 may give an optimal structure (the pinching in three edges drops thenumber of automorphisms of the central component too much in the other cases). This yieldsthe C 0g for g = 3 � 2m + 2.Case I.2: Suppose there is a single isomorphism class of components of G0: there are s componentsof genus d � 2, each with n neighbours, linked to each of them by t edges. 2k = snt and g = sd+k+1�s.As before, we get to 2k � 2k+1�s+h(sd+k+1�s)�sh(d) (3)implied by 2k � 2k+1�s+h(k+1�s)+h(sd)�sh(d) (4)� t � 2, n � 2 implies 3 � 3 � k2 so the inequality (3) is implied by k � 2d k2 e+h(d h2 e+1)+1 (the lastone coming from h(sd)� sh(d) � 1 for d � 2 and s � 2); this is strict for all k.� t � 2, n = 1 implies s = 2 so k = t; the inequality (4) becomes 2k � 2k�1+h(k�1)+h(2d)�2h(d);since h(2d) � 2h(d) � 1 for d � 2, this inequality is strict except for k = 2, and then only forh(2d)� 2h(d) = 1; this may only happen for d = 2m or d = 2m + 1 with m � 1.� t = 1, n � 3 implies 4 � s � 2k3 so the inequality (4) is implied by 2k � 21+d k3 e+h(1+d k3 e))+1 whichis strict for all k� t = 1, n = 2 implies 3 � s = k (G is a pseudocycle). The inequality (3) reduces to k � 2h(kd+1)�kh(d)which, as we have already seen, is strict except possibly for b(d) = 2 and k � 2; since k � 3 wehave actually strict inequality always� t = 1; n = 1 implies s = 2; k = 1 which reduces (3) to 2 � 2h(2d+1)�2h(d) which is strict except whenb(d) = 2 and d is odd, or b(d) = 1.� t = 2, n = 1; s = 2; k = 2; d = 2m or d = 2m + 1; these could be optimal, but easily seen not to bestrictly optimal� t = 1; n = 1; s = 2; k = 1, d = 2m or d = 2m + 1; the latter does not lead to a strictly optimal G,while the �rst one gives the unique structure of the optimal G in genus 2m+1.This concludes consideration of G0 with all components of genus greater than two.Case II: Now suppose G0 is disconnected and there are components which are cycles. Then (6.3)shows that we only need to deal with the case in which at least some components of G0 have genus twoor more.Case II.1: If some components of G0 are free double edges (cycles of length two), then the edges ofO(e) are incident on both ends to these cycles; by strict optimality, the other components of G0 muststabilize properly. Then 
attening the free double edges incident to O(e) and stabilizing the resultinggraph yields a new graph �G which has at most double edges, genus �g = g � k and with a minimal orbitof order half of O(e); moreover, removing the minimal orbit of edges in �G must leave only isomorphiccomponents that stabilize properly (these the components of G0 which are not the cycles of length two).Then jAut Gj � 2k � jAut �Gj. Now jAut �Gj � 2g�k+h(g�k) implies jAut Gj � 2g+h(g), and if the �rst13



inequality is strict, the second is as well. Thus we only need to analyze the cases of equality or failurein the two Subcases 4 and 5 above and see what they mean for G. As before, let s be the number ofcomponents which are not cycles, but have genus d � 2; two such components have t edges incident toboth in �G. Let k0 = k2 ; this is the order of the minimal orbit of �G.The only cases to be considered are:� t = 1; s = 2; k = 1; g � k = 2m: this yields G as the unique optimal graph for g = 2m + 1 as twobinary (cone tailed) trees with a double edge between their roots� t = 1; s = 2; k = 1; g � k = 2m + 2; this yields G as two binary graphs of genus 2m with theirroots linked by a path containing three double edges. This is optimal, but not strictly optimal.As remarked before, this cannot appear as a component in constructing optimal graphs of highergenus, since its non-optimality would produce a �1 � 12 .Case II.2: If some components of G0 are cycles of length three or more, and the other componentsof genus d � 2 and stabilizing properly (i.e. the edges in O(e) are not incident to free double edges) thendenote by s1 the number of cycles, by s2 the number of other components; each cycle has n1 neighborsamong other components, and each other component has n2 cycles as neighbors; denote by t the numberof edges in O(e) incident to a �xed cycle and a �xed neighboring component. We have k = s1n1t = s2n2t,g = s2(d� 1) + k + 1, and all cycle components of G0 have length n1t � 3 (so k � 3).Using an expanding subgraph argument, starting with a cycle and gradually adding up whole com-ponents of G0 as tails of the subgraph become incident to it, we get the estimate:jAut Gj � 2k � 2a � 2s2(d+h(d)) (8)where a � b s2�n12 c represents the number of times a cycle is included in the expanding subgraph forlack of other choices (no other tail is incident to another component of G0).Comparing this bound to 2g+h(g) we get to:k � 2k�s2�b s2�n12 c+h(s2d+k+1�s2)�s2h(d) (9)The last inequality in (6.1) now shows that this implied by k � 2k�s2�b s2�n12 c+h(k+1�s2).� If t � 2 and n2 � 2 (so k � 4), then s2 � k4 and a � k8 so the inequality (9) is implied byk � 2d 3k4 e�b k8 c+h(d 3k4 e+1) which is strict for k � 4� If t � 2 and n2 = 1, then s2 � k2 ; a � k4 so the inequality (9) is implied by k � 2d k2 e�b k4 c+h(d k2 e+1)which is strict for k � 3� If t = 1 and n2 � 3, then s2 � k3 ; a � k6 so the inequality (9) is implied by k � 2d 2k3 e�b k6 c+h(d 2k3 e+1)which is strict for k � 3� If t = 1 and n2 = 2, then s2 = k2 , k � 4 even, n1 � 3 and a � k�64 so the inequality (9) is impliedby k � 21+ k2�b k�24 c+h( k2+1) which is strict for k � 4� If t = n2 = 1, then k = s2 = n1 and the inequality (9) becomes k � 2h(kd+1)�kh(d). Then the secondinequality in (6.1) shows that k � 4 and b(d) � 2 imply h(kd+ 1)� kh(d) � h(kd)� kh(d) � k+12 ;since k < 2 k+12 for all k � 1 we get strict inequality in (9) as well.{ If b(d) � 3 and k = 3 then the inequality (9) becomes 3 � 2d 3d+12 e�3d d2 e+3b(d)�b(3d+1) �2�1+b(d)�1; however, for equality to take place one needs d to be odd and b(3d+1) = 2b(d)+1,which is easily seen to be impossible{ If b(d) = 2, d = 2p+1 odd, k = 3 then h(3d+1)�3h(d) = �1+3b(d)�b(3d+1) � b(p)+1 � 2so the inequality is strict. 14



{ The case b(d) = 2, d even, and k = 3 can be eliminated along the lines of the arguments insubcase 4 of case 2.{ If b(d) = 1 then d � 2 means d = 2m;m � 1. The inequality (9) becomes k � 2k�b(k) whichis strict for k � 4, while for k = 3 one obtains the C 0g for g = 3 � 2m + 1; again �(G) = 32 andM = 3.We are done.References[1] M.A. van Opstall and R. Veliche. Maximally symmetric stable curves. math.AG/0603061[2] M.A. van Opstall and R. Veliche Cubic graphs with most automorphisms. math.CO/0608645
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