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Abstract

We consider propagation of waves through a spatio-temporal doubly periodic ma-
terial structure with rectangular microgeometry in one spatial dimension and time.
Both spatial and temporal periods in this dynamic material are assumed to be
the same order of magnitude. Mathematically the problem is governed by a stan-
dard wave equation (pu;); — (ku.), = 0 with variable coefficients. We consider a
checkerboard microgeometry where variables cannot be separated. The rectangles
in a space-time checkerboard are assumed filled with materials differing in the val-

ues of phase velocities \/% but having equal wave impedance /kp. The difference

between dynamic materials and classical static composites is that in the former
case the design variables will also be time dependent. Within certain parameter
ranges, the formation of distinct and stable limiting characteristic paths, i.e., limit
cycles, was observed in [3]; such paths attract neighboring characteristics after a
few time periods. The average speed of propagation along the limit cycles remains
the same throughout certain ranges of structural parameters, and this was called
in [3] a plateau effect. Based on numerical evidence, it was conjectured in [3] that
a checkerboard structure is on a plateau if and only if it yields stable limit cycles
and that there may be energy concentrations over certain time intervals depending
on material parameters. In the present work we give a more detailed analytic char-
acterization of these phenomena and provide a set of sufficient conditions for the
energy concentration that was predicted numerically in [3].
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1 Introduction

In this paper we continue the work on the novel paradigm of dynamic com-
posites. These are formations assembled from materials which are distributed
on a microscale both in space and time. This material concept takes into con-
sideration the inertial, elastic, electromagnetic and other material properties
that affect the dynamic behavior of various mechanical, electrical and envi-
ronmental systems. In static or non-smart applications, the design variables
such as material density and stiffness, yield force and other structural param-
eters are position dependent but invariant in time. When it comes to dynamic
applications, we also need temporal variability in the material properties in
order to adequately match the changing environment. To this end, in dynamic
material design, dynamic materials will take up the role played by classical
composites in static material design. Such materials demonstrate a number of
unusual effects not achievable through conventional composites; some of those
effects are discussed in [2] and in references therein.

There also is a substantial theoretical difference between dynamic material
composites and their static counterparts. While the latter allow for a standard
homogenization procedure [4], [5], [6] practically regardless of their structural
microgeomstry, the dynamic material assemblages often fail to demonstrate
this property. To the best of our knowledge, the laminates in space-time rep-
resent the only dynamic structures for which a standard homogenization op-
eration received a rigorous justification. Dynamic laminate is defined here as
a periodic spatial pattern of different material properties: (ki, p1) and (kz, p2);
this pattern moves at some constant velocity. Formally, this procedure was
successfully carried out for laminates a decade ago in [1]. Since then, ho-
mogenization of laminates in space-time has been accomplished by two other
approaches, one of them based on the Floquet theory; all three methods are
summarized in [2]. A rigorous mathematical foundation for them was estab-
lished relatively recently. In the case when the laminate pattern remains “sub-
sonic”, i.e. it is moving at the speed less than the phase velocity \/m in either
of the material constituents, the weak compactness of the set of field compo-
nents was established in [7]. It was based on the boundedness of total energy
in the frame where the interfaces in a laminate remain immovable (i.e, strictly
static). When the laminate pattern is “supersonic”’, i.e. moving at the speed
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that exceeds both of the phase velocities \/%, the required compactness was
established in [8]. This time it follows from the boundedness of the net mo-
mentum flux density defined as the integral of such density over time t (the
total energy is defined as minus the integral of the same integrand taken over
the coordinate z). The time integration is carried out in the frame in which the
interfaces in a laminate appear to be strictly temporal. As mentioned above,
for dynamic material formations more general that laminates, there may be
no room for a standard homogenization procedure based on the weak com-
pactness. Specifically, in [3] it was found that the energy in a checkerboard
may, for certain parameter ranges, exhibit exponential growth in time. It is
certainly important to better specify conditions that lead up to such growth.
Particularly the growth was observed in connection with the limit cycles that
arise in a checkerboard within appropriate ranges of material parameters. This
and other related issues are discussed in the following sections.

The paper is organized as follows. In the first part we analytically describe the
so called “plateaux effect”, numerically observed in [3]. In the second part, we
give sufficient conditions that ensure the energy growth, and, to some extent,
characterize a relative measure of the growth situations as opposed to the
bounded energy cases.

2 Analytic characterization of the limit cycles and plateau zones

In this section, we certify analytically the numerical observation made in [3],
section 4, regarding the formation of limit cycles and the existence of the so
called plateau zones for problem (2.1) below. The units of space and time
are so chosen that the periods of the assemblage along the z and ¢ axes are
dimensionless.

As in [3], we consider a doubly-periodic distribution in the (z,t)-plane, i.e.,
in the rectangle (0,6) x (0,7) (the periodicity cell). Material 1 occupies the
region formed by the rectangles {(0,m) x (0,n)} U {(m,d) x (n,7)}, with
0<m < dand 0 <n < 7, and the rest of the cell is occupied by material
2, see Fig. 1. Material 7 is uniform with parameters p; and k; which play the
role of the density and stiffness, respectively. In this structure we consider the
wave motion governed in each material by the linear second order equation

(puy)y — (kuy), =0, (2.1)

with p, k taking the values p;, k;, within material :. The above equation can
be reformulated as
PU = Uy, ku, = vy. (2.2)

Continuity of u and v across the material boundaries is imposed. As commonly



Fig. 1. Space-time rectangular microstructure

| Ki
used in the literature, v, = /k;p; and a; = / — denote, respectively, the
p.

impedance and the phase speed. We work in the same setting as in [3] and
assume that the two materials have the same wave impedance, i.e., v; = 75 =
~. Hence the two constituent materials will differ in their phase speeds a; alone.
Unless stated otherwise, we will assume throughout the paper that as > a;.
The system (2.2) can then be reduced to two independent first order equations

Ri+aR,=0, L;—al,=0,

v v
for the Riemann invariants R = u——, L = u+—. Without loss of generality, we

will consider the right-going R-waves only, by ajésuming that L = 0 (hence R =
2u) throughout the structure. Every R-wave propagating through a material
gives birth to only one secondary wave that travels into the adjacent material
after it enters it through a horizontal or vertical material interface.

The grid of a checkerboard structure with given § and 7 is defined by horizontal
lines t = i7,t = n + 47 and vertical lines z = i,z = m + 10 for i € N, as
illustrated in Figure 1.

Definition 1 Given a z; € [0,6), we define C., to be the class of all char-
acteristic paths that originate at the point (z1,0) on the z-t checkerboard grid
each having the property that the path first intersects a vertical line of the grid,
and then a horizontal line, and then a vertical line again with this alternating
pattern repeating.



Note that due to the periodicity of the checkerboard structure, it is enough to
restrict our discussion and analysis to paths that originate in the first spatial
period, i.e. z; € [0,9).

Given a characteristic path in C,,, we denote by z; the z-coordinate of the
point of intersection of the path with the j-th horizontal line of the grid.

Definition 2 Given q € N with ¢ > 1, the average speed V.1 over q material
periods of a characteristic path belonging to the class C?, is defined by

q q
Z 2241 — 21 Z 2242 — 22
g - i T ot T
Voo = +
2q 2q

(2.3)

Definition 3 A characteristic path in C,, will be called a limit cycle if there
exist p,q € Z with p # q both even or both odd such that

cq — “p _
—1 -1]
2] - 7]
A limat cycle is called stable if it attracts neighboring paths, i.e., there exists
€ > 0 such that for any characteristic path in C.c with |2{ — 21| < € we have
|25 — 2| =0 as j — oo.

Here, z; denotes the intersection of the path originating at 27 with the k-th
horizontal of the grid. A limit cycle which is not stable will be called unstable.

Define w; to be the difference between z; and the z-coordinate of the closest
node of the grid located to the left of z;. Given this, an equivalent definition

for limit cycles in the class C,, reads:

Definition 4 A characteristic path in C,, is a limit cycle if there exist p,q €
7+ with p # q both even or both odd such that

Wy = Wy.

A limat cycle is called stable if it attracts neighboring paths, i.e., there exists
€ > 0 such that for any characteristic path with |2{ — 21| < € we have

|w§ — w;|—0 as j — 00.
Here, w$ is the difference between 25 and the z-coordinate of the closest node

of the grid located to the left of 25. A limit cycle which is not stable will be
called unstable.



We will see in what follows that the limit cycles in the class C.,, for an arbitrary
z1 € [0, 6], all have the same average speed V4 for any ¢ € N, ¢ > 1.

Next, we will state the main theorems of this section. Henceforth, all limit
cycles are assumed to belong to C,,.

Theorem 5 For any material parameters 6,7, m,n,ay,as, with a; # as, we
have:

(i) If (0, z1) belongs to material 1 (see Figure 1), i.e., 0 < z; = wy < m, then
all paths in the class C,, are characterized by the following conditions:

a1
m—an < wyjp < —(0 —m) —an +m,
a2 @ (2.4)
d—m—a (T —n) <wyjpe < —m+d—m—a (T —n),
a2

for 7 =0,1,2,---, and we have

forj=0,1,2,---, where
) a9 m
A1:CL2 T—‘I—(—l)(n—) . (26)
aq aq aq

(i) If (0,z1) belongs to material 2 (see Figure 1), then all the paths in the
class C,, are characterized by the following conditions:

a3
0 —m —agn < wojry < —m —agn+0—m,
a1 (2.7)

m — as(7 —n) < wajig < %(5 —m)+m — as(T —n),
aq



for 7 =0,1,2,---, and we have

- ()
A 2o

()
a2

W2j5+1

a\ (2.8)
d—m A 1= <a2> aq \2+1
Wi = a1 | N — + = +<> wi,

a9 a9 1_ (Cll> as

a2
for 3 =0,1,2,---, where
) o —
A2:a1<7—+<a1—1>n+ m(l—”)). (2.9)
as as ay a2

PROOF.

We will only present the proof of (i), as (i) follows from similar ideas due
to obvious symmetry arguments. Recall that the grid of our rectangular mi-
crostructure was defined by the horizontal lines, t = j7, t = n + j7, and
vertical lines z = m + jd, z = m + jo, for j € N, (see Fig. 1).

We can see from Definition 1 that a trajectory in the class C,, whit (0, z1)
in material 1, is characterized by the fact that it always enters material 1
through a horizontal line of the space-time grid and always enters material
2 through a vertical line of the grid. Let 7} denote the t-coordinate of the
point of intersection of the path with the (j + 1)-th horizontal line of the grid.
Also let ¢; be defined as the difference between T and the ¢-coordinate of the
closest node of the grid located below 7}.

Next, let p; be defined as the slope, (%), of the segment between z; and the
closest node of the rectangular space-time microstructure going in the N-E
direction. Similarly we define g; to be the slope, (%), of the segment between
t; and the closest node of the rectangular space-time microstructure going
in the N-E direction. In other words, p;, and ¢; are defined such that the
conditions

< ay,
b= (2.10)

ay < q; forany jeN

are necessary and sufficient for a characteristic path with phase speeds a; and
as starting at (0, z1) to belong to the class C,,. Using the definitions of w, t;,
pj, q; and C;, together with an induction argument one can immediately see
that



S m T Wai § —m — wy;
P2j+1 = n s D2j = #’
d—m
Q2j4+1 = Y gy = L (2.11)
n_t2j+1 T_n_tzj
for j > 0. for j > 1.
and
m — W1 d —m — wo,
tojy1 = ———— )
A ay 7 b2 = ay ’
Woj+1 = (7' —n — tzj)a,g ) Wy = (Tl . t2j71>a2, (212)
for 7 > 0. for j > 1.

By using (2.10), (2.11) and (2.12) we obtain that a set of necessary and suffi-
cient conditions such that a path starting at (0, z;) in material 1 will belong
to the class C,, is given by

m — Wzj1 —m — .
a1 > pyjr = 1, G > poy — T W
T—n
d—m m
ag < Q2541 = w0 ) G2 < ey = Ty (2.13)
al 7— - n - TJ
for 7 > 0. for 7 > 1.
Also, by using (2.12) we obtain
d—m «a a a )
Waj11=as (T—n— - —|—a2n—a§m—i—a§w2j1> for j > 1,
! ! ! 1 (2.14)

m as as (05} .
Wei=as [Nn——+ —=(71—n)— —=(0 —m —Waoi_ for 7 > 2.
wma (=2 ) = B )+ Gy or >

By solving the linear recurrences in (2.14) above together with conditions
(2.13) we obtain the statement (i) of the Theorem.

It has been numerically observed in [3] that, in the case of a square lattice,
i.e., 0 = 7, there are two limit cycles per material period, one stable and the
other unstable. For example, when m = 0.4,n = 0.5,a; = 0.6,ay = 1.1, the
origination points for the stable limit cycles correspond to z; = 0.4953, and
for the unstable limit cycle, we have z; = 0.375. Figure 2 clearly shows that
the path pattern is the same for each period of origination.



(ml,nl) =(0.4,0.5) (al,az) =(0.6,1.1)

5 7] 7]
. .
= Stable limit cycle 3 ’
45 = = Unstable limit cycle | /) 4|

4 5 6 7

Fig. 2. Stable and unstable limit cycles in the checkerboard structure

We will now formalize analytically the conditions under which, in the case of
a general rectangular lattice, there will be limit cycles in the class C.,, both
unstable and stable.

Proposition 6 Assume that as > a;. Then:

(i) There exists a unique stable limit cycle per material period in the class C,,,
with the point of origination in material 2, i.e., 0 < 2z = wy +m < 6, and
this cycle is characterized by the following conditions

AQCLQ a9
5 22 < —=m—amn—+4§—m,

as —a a
od—m Asaqa
m—ag(T—n)gwgzal(— +

s a3 — a?

d—m—aomn <w; =

< 2(0—m)+m—ax(r —n),

(2.15)
where Ay is defined in (2.9). Moreover, the w; on the stable limit cycle are
gien by

Agag
W2j+1 = W1 = — 59
@2 (2.16)
d—m Agalag )
Woj42 = Wo = A1 | N — + 2 2
a2 a2 — al
for 3 = 0,1,2,---. Therefore, the stable limit cycle originates at z = m +
AQCL% .
3 5 at time 0.
a3 — ay

(ii) There exists a unique unstable limit cycle with the origination point in
material 1, i.e., 0 < 2z = wy; < m, and this cycle is characterized by the



following conditions

A16L2 aq

m—aan < w = — 12 < —(0—m)—an+m,
ai — a3 as

m Alalag

d—m—ai(T—n) < wp=ax(n—— )+ — 5

a; a? — a3

ai _ _ _
< Sm+d—m—a(r—n),

(2.17)
with Ay defined in (2.6). Moreover, the w; on the unstable limit cycle are given

by

Ala%
Wojr1 = W1 = — 59

ar - a3 (2.18)

m A1a1a2

w2j+2:w2:az<n—>+ 5 5

ay ai — as
2
for 5 =0,1,2,---. Therefore, the unstable limit cycle originates at z = aé‘l_“;2
1 2

at time 0.

When ay > as, we have:

(i) There ezists a unique stable limit cycle per material period in the class C,,,
with the point of origination in material 1, i.e., 0 < 2y = wy < m and this
cycle is characterized by conditions (2.17). Moreover, in this case w; on the
stable limit cycle are gz’gen by formulae (2.18). Therefore the stable limit cycle

.. A1a1 .
originates at z = ———— at time 0.
ay — az

(ii) There exists a unique unstable limit cycle per material period in the class

C.,, with the origination point in material 2, i.e., 0 < 2y = wy; +m < and

this cycle is characterized by conditions (2.15). Moreover, in this case w; on

the unstable limit cycle are given by formulae (2.16). Therefore the unstable
2

.o .. AQQQ
limit cycle originates at m + — 5 -
az —ay

PROOF. We will only prove the statement in the case when as > aq, the
other case following by similar arguments. Note that, in this case, i.e., as > ay,

10



from formulas (2.5), (2.6), (2.8) and (2.9) we have

2j—1 2
Woj1 — Woj—1 = (Z;) <A2 - ( ) )) )
a1\ 2i—1 2
Wojpo — Woj = (al> (Az —w ( ))
2
2j—1 2
Wj41 — Woj—1 = (Zj) (Al - ( ) )) s

(0,21) € material 1 = 1\ 21
Wajt+2 — W25 = () (Al — w1 ( ))
1

(0,21) € material 2 =

ay

(2.19)

Recall that from Definition 4, we have that a characteristic path is a limit
cycle if there exist p,q € N, p # ¢ both odd or both even, such that w, = w,.
Without losing the generality let us assume p = ¢ (mod 2), with p > ¢q. We

observe that
pP—q

lwp — wy| = > (wp—9j — Wp_j_2). (2.20)
7=0

From Definition 4, relations (2.20), (2.19), and the fact that a; # as, we
conclude that there are only two limit cycles, i.e. periodic paths, in the class C,,
per time-space period, both having period 1, with one originating in material
2 and given by conditions (2.15) and formulas (2.16), and the other originating
in material 1 and given by conditions (2.17) and formulas (2.18). Moreover,
the above relations imply

Aga% . aq 2 AQCL%
Wojt1 — 52| =\~ ) (V1= 55
a2 - al a2 a2 - al
, 2.21
d—m A2a1a2 aq 27+1 AQCL% ( )
Waj —ay(n— — a2\ Wi = 25— 3|
as as — aj a9 as — aj
for (0, z;) in material 2, and, respectively,
w Ala% . <a2>2j w Ala%
2%+1— 35— 3| = | — 1— 5 3
! a? — a3 a a? —a3|’
. 2.22
< m) Ajaiay (a2>23+1 Aja? ( )
Wo; — Q2 | M — — | — = |\ — w1 —
/ a a? — a3 a a? —a3|’

for (0, z1) in material 1. From (2.21) and (2.22) we conclude that indeed the
path given by (2.15) and (2.16) is the unique stable limit cycle originating in

11



1 1 1
0.8 0.8 0.8
.
N
0.6 0.6 0.6
0 0.5 1 0 0.5 1 0 0.5 1
a.=0.9 a, =1 a,=11
2 2
1 1 1
o [ o /\ o /—\
0.6 0.6 0.6
0 0.5 1 0 0.5 1 0 0.5 1
a,=1.2 a2=1'3 a =14
1 — 1 — 1
0.8 0.8 0.8
0.6 0.6 0.6

0.5 1
m,=0.4 a,=0.6

Fig. 3. Plateaux for a; = 0.6, m = 0.4 and a2 between 0.6 and 1.4

material 2 while the path given by (2.17) and (2.18) is the unique unstable
limit cycle originating in material 1.

By using Theorem 5 and Proposition 6, one arrives at

Corollary 7 Let 0 < z; < 9. A necessary and sufficient condition for a
characteristic line in class C,, to be a limit cycle is

Vi :é for all g € N.
T

av

PROOF. Assume without loss of generality that the characteristic line starts
in material 1. If this characteristic line is a limit cycle (in this case unstable),
then, from Definition 4, and relations (2.19), (2.20) obtained above we have
that the only limit cycle starting in material 1 is given by

Alaf
Waj41 = Wy = ma
1< 2 m> Ay (2.23)
Wajio = We = ag (N — —
2542 2 2 a (I% — CL%’
for j = 0,1,2,---. Moreover, equations (2.23) and (2.3) show that V4 =

g for all ¢ € N.

For the inverse implication, assume that

4]
Vi = — for all ¢ € N.

av T

12



Then, by (2.3),

g:l R2i+1 — A1 % R2i+2 — 22 22i+1 — <1 zq: R2i+2 T <2
— T — T — T — T
0= Vqul_Vq _ =1 +Z—1 =1 =1
av @ 2q + 2 2q + 2 2q 2q
(2.24)
1 _
Since we either have z, = w, + {QQ] for ¢ odd, or z;, = w, + [qZ} +m
for ¢ even, from (2.24) we obtain
0= _}1 1 Woq+3 — W1 | Wagyq — W2 J (2.25)
“ag+1  21(¢g+1)?  27(¢g+1)?  T(g+1) '
Next, by using the hypothesis, after obvious simplifications we obtain
Waog+3 — W1 + Wog+4 — W2 = 0 (226)

From (2.5) in Theorem 5 we can observe that unless a given characteristic path
in the class C,, is a limit cycle (in which case wy,43 = Wi, Wagrs = w2), the
sequences {ws;4+1} and {ws;} will be both either strictly increasing or strictly
decreasing. This contradicts (2.26). Consequently, the given characteristic path
corresponding to w; must be a limit cycle.

Another numerical observation made in [3] is that if one considers the average
speed associated with a path in the composite with given phase speeds aq, as,
then there may exist intervals of n for which the average speed is constant
for a given m value; these intervals are called “plateaux” and the associated
structure is referred to as “being on a plateau”. It is conjectured in [3] that a
structure is on a plateau if and only if the structure yields stable limit cycles.
See Figures 2 and 3.

By using Theorem 5 and Proposition 6, we can analytically describe this be-
havior of paths in the class C,, for 0 < z; <.

Proposition 8 A structure yields two limit cycles, one stable and the other
unstable, if and only if the structure is on a plateau, i.e., the following two
pairs of inequalities hold simultaneously:

a17+<1—al>m—(5 alT—i—(l—ClQ)m—&
2 < n< = :
a; —a —
1% ax 1a2 (2.27)
m — asT + — (0 —m) m — asT + — (0 — m)
aq SHS a9
a; — Qg a; — ag

13



PROOF. Without loss of generality we consider only the case as > a; with
the origination point in material 1, i.e., 0 < z; = w; < m. As we see from
Proposition 6, the possible (unstable) limit cycle is characterized by (2.17) and
given by (2.18). Therefore we need to show that conditions (2.17) are satisfied
if and only if (2.27) is true.

The first inequality in (2.17); is equivalent to the first inequality in (2.27),, the
second inequality of (2.17); is equivalent to the second inequality in (2.27),,
the first inequality in (2.17), is equivalent to the second inequality in (2.27),
and finally the second inequality in (2.17), is equivalent to the first inequality
in (2.27)s.

Remark 9 One can check that our formulae predict the exact interval for n
when one fixes ay and m. For example, if =17 =1, a3 = 1, a; = 0.6 and
m = 0.4, one has n = 0.6 to be the only value for which a limit cycle appears;
see Figure 3. We come to this conclusion as we observe that the left hand side
of (2.27)1 and the right hand side of (2.27)y both become equal to 0.6 in this
case. In general, if 0 = 7 and ay = 1, then the limit cycles appear only for
n=1—m, and if ay = 1, they appear only for n = m.

3 Conditions on material parameters necessary and sufficient for
energy accumulation

The phenomenon of energy accumulation in a time-space checkerboard mi-
crostructure originally observed in [3] came up as a consequence of some spe-
cial kinematics of characteristics, such that the energy is periodically pumped
into the wave as it travels through the checkerboard. This happens each time
the characteristics (shown in Figure 2 as broken lines) enter the material with
higher phase velocity via the horizontal interface. The energy growth then
appears to be exponential, with the exponent proportional to the logarithm
of the ratio of higher/lower phase velocity. In the case when this ratio exceeds
unity only slightly, the characteristic paths may (in certain circumstances ana-
lyzed below) become close to being single straight lines. To preserve the energy
accumulation, it is then sufficient that these lines continue to enter the higher
phase velocity material from across the horizontal interface. In this section, we
will give bounds for a small parameter o > 0 such that a given microstructure

with parameters af = b pand aby = Py i will exhibit a limit cycle in the
class C,. The results obtained help us understand for which values of p,q > 0,
a straight line with slope b can be viewed as the asymptotic limit (4 — 0)

of the original paths and we are then able to prescribe a set of necessary and
sufficient conditions on the material parameters for such situations.

14



We now state the central theorem of this section.

Theorem 10 Suppose T # 2n. Let p > 0 be a small parameter. Consider the

microstructure with phase velocities af = b woand ay = L + u, respectively.

Then there exists i > 0 such that the microstructure will form a limit cycle
in the class C,, for any p € (0, ] if and only if the following two conditions
are simultaneously satisfied

1 n m 3

if T>2n then - < —+ — < —,

p 2 T 0 2
- =—, and, (3.1)

qg T _ 1 n m 3

if T <2n then - < —+ — < —.

271 6 2

If the above conditions are satisfied, then the microstructure will form a limit
cycle in the class C,, for all p € (0, i] with i given by

In the other cases, when at least one of the above conditions is not satisfied,
there exist two positive values, 0 < 1 < ps, such that the microstructure will
exhibit limit cycles in the class C,, for any pu € [u1, pio].

PROOF. Recall that in (2.27) a set of necessary and sufficient conditions for
the formation of a limit cycle in the class C,, was established. We first set

al = L i and ab = P + p in (2.27) and see for which material parameters

these relations stay true if u is allowed to approach zero. Define n* = 7 —n,
m*=9—m, and r = g. With a; and as set as above, after simple algebraic

manipulations (2.27) becomes

(1 —=2n)p* + (6 = 2nr — 2m)pu + (6 — 7r) <0,
(2n —7)pu? 4+ (2m — 6 — 2nr + 27r)u +r(6 — 1) > 0,

(2n— TV + (2m — 6 — 2nr)p + r(rr — 6) < 0, (3.3)

(1 =2n)u®+ (6 — 2nr —2m + 277 ) +r(rr —6) >0 .
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Next observe that if we define the functions

T(x,y,p) = A(x)p® + B(y)p + C 4 2xrp,

(3.4)
L(z,y, p) = A(x)p? + B(y)p + C — 2zrp,

where A(z) = 7—2x, B(y) = 6 —2y and C' = r(§ — 77), then the system (3.3)
is equivalent to

T(n,m,u) >0, L(n,m,pu) <0,
(3.5)
T(n*,m*, u) >0, L(n*,m*, u) <O0.

For any given pair of (z,y), let us denote by ¢ 2(x,y) and [y 2(z,y) the roots
wof T(x,y, ) =0 and L(z,y, ) = 0 respectively. To simplify the exposition,
we introduce the notations

t12(n,m) = € 9, tia(n*,m*) = €l ,, (3.6)

Lia(n,m) = &2, lia(n*,m*) = & ,.

Observe that without loss of generality we can assume that C' > 0, the opposite
case being treated similarly by working with —7" and — L instead of T" and L.
Let Ar(z,y) = (B(y)+22r)?—4A(z)C and A (x,y) = (B(y)—2zr)*—4A(z)C
be the two discriminants of T'(x,y, u) = 0 and L(z,y, ) = 0, respectively.

Note that, for C' > 0 and A(x) # 0 we have

(t2(z,y) — ta(z, y))sgn(A(z)) > 0,

(a(x,y) — (@, y))sen(A()) > 0.

(3.7)

With this observation, and following a few standard arguments concerning the
sign of a quadratic function, we state the following:

Lemma 11 Let (x,y) be fized. Consider the following general system

T(x7y7u) 2 07
L(z,y,p) <0 .

(3.8)

IN

Then:
1. If Ar(x,y) <0 and Ap(z,y) <0, there is no positive p satisfying (3.8).
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2. If Ap(x,y) <0 and Ap(z,y) > 0, then (3.8) is satisfied for
€ min{ly(z,y), lo(z, y)}, max{ly(z,y), b(z, y)}].
8. If Arp(z,y) >0 and Ap(z,y) <0, then (3.8) is satisfied for
p € [man{ty(x, y), ta(x, y) b, maz{ti(z, ), t2(z, y)}] -
4. If Ar(z,y) >0 and Ap(z,y) >0, then (3.8) is satisfied for

{ME{R\(tl(%y)vtz(%y))}ﬂ[ll(x,y),lz(:v,y)], if A(z) > 0, (3.9)

IS {R\ (ZQ(x7y)7l1(‘rvy>>} A [tQ('Tay)vt1<xay)]7 ZfA($) <0.

Now we find the two sets of i > 0 for which the first two inequalities of system
(3.5) and the last two inequalities in system (3.5) are respectively satisfied.
The final range of p > 0 for which the system is satisfied is obtained as the
intersection of those two sets.

By comparison arguments between the roots of T'(n*,m*, u), L(n*,m*, u),
T(n,m,u), and L(n,m, u), we prove

Proposition 12 (i) If A(n) > 0, then we have
1. For Ar(n,m) <0 and Ar(n,m) < 0, there will be no p > 0 to satisfy (3.5).

2. For Arp(n,m) <0 and Ar(n,m) > 0, the system (3.5) is satisfied for
pe e, TN e, &l

using (3.6).

3. For Ar(n,m) >0 and Ap(n,m) <0, the system (3.5) is satisfied for

IS [Fé){a 6*] N [67 62]‘

4. For Ap(n,m) >0 and Ap(n,m) >0, the system (3.5) is satisfied for
p € &, €l Né, ] N{R\ [¢, €]}

(ii) If A(n) <0, then we have

1. For Ar(n*,m*) <0 and Ap(n*,m*) <0, there are no > 0 which satisfy

(3.5).
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2. For Arp(n*,m*) <0 and Ar(n*,m*) > 0, system (3.5) is satisfied for

IJS [glu 6] N [gLE;]

3. For Ar(n*,m*) >0 and Ar(n*,m*) <0, system (3.5) is satisfied for

He [glae] A [61{76;]‘

4. For Ap(n*,m*) >0 and Ap(n*,m*) >0, system (3.5) is satisfied for

poe e el nie, &l N{R\ e, ]}

i From Proposition 12, it is immediately seen that for C' > 0 and A(n) # 0
the closure of the range of y satisfying (3.8) does not include 0. Therefore we
conclude that the only case for which a line can be viewed as an asymptotic

limit of a limit cycle of the class C7 in a microstructure with ay = b_ i and
q

ah = P + p is when C' = r(§ — 7r) = 0, and this highlights r = g as the only
q

. dZ .
possible slope 2% for such a line.

A careful analysis for the case C' = 0 completes the proof of the theorem.

Remark 13 The case A(n) = 0 is trivial and one can show that in this case
no limit cycles are formed in the microstructure when pu — 0 if C' # 0. On the
other hand, if C' = 0, then one always has limit cycles for arbitrarily small p.
That is, in this case, the limit cycles approach the line with slope r = g as

w— 0.

4 Numerical Verification

In this section, we provide numerical support for the theory developed herein.
We use 0 = 2, 7 = 3. The first set of results investigates the checkerboard
structure described by 2 = 0.4 and % = 0.15. Criterion 2 of Theorem 10 is
thus satisfied, and according to the theorem and (3.2), there is a critical value

i=0506/7=1/3

such that, when a; = 2/3 — p and ay = 2/3 + pu, limit cycles with speed
d/7 =2/3 for u € [0, ] develop. The figures in this section show the behavior
of paths of right-going information R = u — v/+; these paths originated at
uniform locations on the interval [—2,2].
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Figures 4 and 5 show these paths in the cases when p is chosen in the subcrit-
ical zone, taking values 0.4 /7 and 0.4996/7. It is clearly seen that the paths
converge to limit cycles so that information propagates with an overall speed
of §/7 = 2/3 as predicted. When supercritical values of y are considered, we
find that no limit cycles form. Figures 6 and 7 illustrate this for = 0.515/7
and p=0.69/7.

5=2 1=3 (m,n)=(0.1504) K=026667 (aa,)=(0.4,0.93333)
180

175F

170

165

160

155

150

L L
100 105 110 115 120

Fig. 4. Characteristic paths when p = 0.46/7

For the second set of results, we pick o 0.7. If we also select mo_ 0.7,

then (3.2) again promises limit cycles when g = 0.56/7 = 1/3. In Figures
8 and 9, limit cycles with speed 2/3 are clearly seen when y = 0.46/7 and
p = 04996 /7. Figures 10 and 11 illustrate that no limit cycles form when
values of u greater than the critical g value are used; here, p = 0.51J/7 and
p=0.60/t.

«10° 8=2 1=3 (m,n)=(0.1504) W=0.33267 (a,a,)=(0.334,099933)

1.128

1.1275F

1.127H

1.1265

1.126

1.1255H

1.125 L L
7500 7505 7510 7515 7520

Fig. 5. Characteristic paths when p = 0.49946/7
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5=2 1=3 (m;n)=(0.1504) n=034 (a,a,)=(0.32667,1.0067)
4515

4510+

4505 -

4500 ‘
2988 2990 2992 2994 2996 2998 3000 3002 3004

Fig. 6. Characteristic paths when p = 0.51§/7

5=2 1=3 (m,n)=(0.150.4) p=04 (a,a,)=(0.26667,1.0667)
200 W 7

195

185 /

180

175 =
110 112 114 116 118 120 122 124 126 128 130 132

Fig. 7. Characteristic paths when p = 0.60/7

8=2 1=3 (m;n)=(0.707) p=026667 (a,a,)=(0.4,093333)
120

1181

116

114

1121

1101

108

106~

104

102

100

62 64 66 68 70 72 74 76 78 80 82

Fig. 8. Characteristic paths when p = 0.46/7
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5=2 1=3 (m,n)=(07,07) p=033267 (a,a,)=(0.334,0.99933)
5730

5725

5720

5715

5710

5705

L L
3800 3805 3810 3815 3820

5700

Fig. 9. Characteristic paths when p = 0.4996 /7

5=2 1=3 (m.n)=(0.7.07) n=034 (a,a,)=(0.32667,1.0067)
| Lo

470

465

460

455

450

a451

290 295 300 305 310 315

Fig. 10. Characteristic paths when p = 0.510/7

5=2 1=3 (m,n)=(0707) W=04 (a,a)=(0.26667,1.0667)

462

461

460 -

459

458 1~

457 -

456

455 1=

454 L7 )
282 284 286 288 290 292 204

Fig. 11. Characteristic paths when p = 0.66/7
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5 Conclusions

In the above, we considered paths belonging to the class C., introduced in
Section 2. The specifics of this class is that every path enters the higher phase
velocity (hpv) material 2 via the horizontal (temporal) interface, and leaves
it through the vertical (static) interface; see Figure 1. With this special be-

a

havior of characteristics, the wave energy increases by the factor —2 at each
aj

entrance into the hpv-material, and the energy flux remains continuous at

each departure from this material. As a result, we create non-stop wave en-
2
a
ergy accumulation by the factor (2) per period. The advantage of such an
a

1
arrangement is obvious: it avoids entrances of the characteristics into the lower

phase velocity (Ipv) material 1 via the horizontal interface: every such entrance

a
would cause the decrease of energy by the factor -1 Instead, the characteris-

a2
tics enter the lpv-material through the vertical interface which does not affect
the energy due to the continuity of the energy flux. Theorem 10 in Section 3
establishes conditions necessary and sufficient for a microstructure with pa-

rameters af = b p and ah = by i to exhibit limit cycles in the class C,
within the range (0, 1] for . The closure of the range includes the point y =0

which means that the line of slope — may then be viewed as a limit of closed

neighboring trajectories that appro;(:h it as u — 0; the energy carried by the
wave blows up in infinite time for all such paths with p # 0. This is the reason
why homogenization as classically understood is not possible for this prob-
lem, and the study of the limit behavior of characteristics is the instrument
through which one can gain information about the wave propagation through
a checkerboard structure.
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