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Error estimates for periodic homogenization
with non-smooth coefficients
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Abstract. In this paper we present new results regarding the Hé—norm error estimate for the classical problem in homogeniza-
tion using suitable boundary layer correctors. Compared with all the existing results on the subject, which assume either smooth
enough coefficients or smooth data, we use the periodic unfolding method and propose a new asymptotic series to approximate
the solution ue with an error estimate which holds true for nonsmooth coefficients and general data.

1. Introduction

This paper is dedicated to the study of the error estimates for the classical problem in homogenization
using suitable boundary layer correctors.

Let 2 € R¥, denote a bounded convex polyhedron or a convex bounded domain with a sufficiently
smooth boundary. Consider also the unit cube Y = (0, 1)V It is well known that for A € L>®(Y)NV*V,
Y -periodic with m|¢|? < A;j(9)&:&; < M|E*, V€ € RY the solutions of

v (A<§>Vu5(x)) —f ing (11)
u. =0 on 9?2

have the property that (see [18,12,3,4]),
ue — up in Hy(£2),

where ug verifies

(1.2)

~V - (A" Vuy(z)) = f in £,
uy =10 on 0f2

with A" = My (Aij(y)+ Ain(®) $2), My () = 7 Jy - dy and where x; € Wper(Y) = (X € Hjo(V) |

My (x) = 0} are the solutions of the local problem
~Vy - (AW X; + €)) =0 (13)
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and where e; denote the vectors of the canonical basis in RY.

We mention that, throughout this paper, V and (V-) will denote the full gradient and divergence
operators respectively, and with V, (V) and V,, (V) we will denote the gradient and the divergence
in the slow and fast variable respectively.

We will also denote, throughout the paper, by ¢ the continuous extension of any arbitrary function
& ¢ WP™(§2) with p,m € Z, to the space WP™(R"). With minimal assumption on the smoothness of
{2 a stable extension operator can be constructed (see [20], Ch. VI, 3.1).

The formal asymptotic expansion corresponding to the above results can be written as

Ue(x) = up(x) + cwy (a: g) +oee,

where

0
w, <g; f) - Xj(f)ﬂ. (14)
13 15 afL‘j

We make the observation that the summation convention over repeated indices will be used in the
remaining of the chapter and that the letter C' will denote a constant independent of any other parameter,
otherwise specified.

A classical result (see [18,12,15,3]), states that with additional regularity assumption on x;, the solu-
tions of the local problems, one has

[STES

< Cen. (1.5)

() — () — ewn ( )

€ HHI(Q)

Without any additional assumptions a similar result has been recently proved by G. Griso in [10],
using the Periodic Unfolding method developed in [7], i.e.,

. Oug 1
ue() — ug(-) — €x; <5>Q5 (a—x) HHW) < Ce|uol| 2o (1.6)
with
€0 Q@)= Y. Mi(O)et +enay TN, E= E]

Ul iN
for p € L*(2),i = (iy,...,in) € {0, 1}V and

zy — €k ifi, =1,

—ik £
Tyl = B r€eE+Y),
oSk o,
3

where My (¢)(x) = ELN fs§+aY é(y)dy and 2, = Uele€ + €Y, with (e§ +eY) N 2 # 0).
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In order to improve the error estimates in (1.5) boundary layer terms have been introduced as solutions

to
T ) T
-V (A(E)V08> =0 in {2, 0. = w (3:, E) on 0f2. (1.7)

With the assumptions that A € C'°°(Y") and is a Y -periodic matrix and that the homogenized solution
ug is sufficiently smooth, it has been proved in [4] (see also [15]) that

ue () — ug(c) — ew ( ) + e6.(- )H < Ce, (1.8)

H}(12)

< Ce2. (1.9)
L2(2)

1) = o) = 2w (-2 ) + 20,09

Moskow and Vogelius [16], proved the above estimates assuming A € C'*°(Y"), Y-periodic matrix
and ug € H*(£2) or ug € H3(£2) for (1.8) or (1.9) respectively. Inequality (1.8) is proved in Allaire and
Amar [1] for the case when A € L*(Y) and ug € W?>°({2). J. Casado-Diaz proved in [5] that (1.8)
holds true for £2 € C"!' and f € LN+7(2) for some 7 > 0.

In [21], Sarkis and Versieux showed that estimates (1.8) and (1.9) respectively still hold in a more
general setting, when one has uy € W2>P({2), Xj € Wp]e? (Y) for (1.8), and ug € W3P(£2), X;j € Wp]eff Y)
for (1.9), where, in both cases, p > N and ¢ > N satisfy zl? + é < % In [21] the constants in the right
hand side of (1.8) and (1.9) are proportional to ||ug||y2s() and ||ug|lyss(e) respectively.

In order to improve the error estimate in (1.9) one needs to consider the second order boundary layer
corrector . defined as the solution of,

2
V. (A(f)v%> —0 in®,  (x) = XU(”) Fuo 1o, (1.10)
€ 0z;0x;

where x;; € Wpe(Y) are solution of the following local problems,

Vy - (AVyxig) = by + Af™ (1.11)
with A"™ defined by (1.2), My (bij()) = —A%™, and by; = — Ay — A 29 — 2 (Agx).

In this paper, we answer the open question about error estlmates for (1.1) 1n general convex domains
and coefficients A € L*°(Y"). Inspired by an idea of Griso presented in [10], we use the periodic unfold-
ing method developed by Cioranescu, Damlamian and Griso [7] and a general smoothing argument to
replace in (1.8) and (1.9) w; (z, f) defined in (1.4), by

2) (o, (2o
ul(ac,g>—xj(€>@6<axj). (1.12)

For uy € H?({2) we prove that

ue(-) — uo(-) — x; ( >Q5 ( 6u0>
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where (. is defined by

V. (A(g)v@ —0 in®, f=u <3: g) on 3. (1.14)
Assuming vy € W3P(£2) with p > N we obtain
. a’LL() 2
ue() — uo() — £X; (—) U0 L 0.0 < Cuollwaniey- (1.15)
3 al‘] L2(£2)

For completeness, in the Appendix, we give some of the definitions and properties related to the
unfolding operator (for which we refer to [7]), and we give the proofs for the convergence results related
to our smoothing argument.

As an application of (1.14) we mention that one can follow similar arguments as in [11] to prove the
convergence of the Multiscale Finite Element method proposed by T. Hou and X. Wu for the general
case of nonsmooth coefficients.

For a complete asymptotic analysis of the second order boundary layer corrector ¢, defined in (1.10),
together with new second order error estimates and their applications, we refer the reader to [17].

2. First order error estimates
The main result of this section is

Theorem 2.1. Let u,, ug, uy, and B be defined as in Section 1. Then we have

ue(+) — uo(+) — euy < ) + 6&(-)’

€

< CEHUOHHZ(Q)-
Hi(£2)

The proof of the theorem will be done in several steps:

Step 1. The first step is to consider the mollified coefficient matrix (A%)%:l , defined in the Appendix,
with the properties || A7;[| Lo < [|Aij]| o<, (A7) is a Y-periodic matrix, and
Ay — Aij in LP(Y) for 1 < p < oo. 2.1)

For these coefficients the corresponding functions uZ, X7, uf, and 5" defined similarly as in Section 1,
(1.1), (1.3), (1.12), and (1.14), respectively, satisfy (see Appendix):

Xj— x5 in Hp (Y),
ul? S u. in HY(92),
u —uy  in HY(£2),

B B in H'(9).

(2.2)

Step 2. Next we define

vy (@, y) = A" (YQ(Vauo) + A" () Vyuy'(z,y) (2.3)
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or equivalently

9
(vg(x,y))iZ( )+ Aj (y) >Qe( u°>- (2.4)

L
By using the definition of x; we have V, - vy = 0. Let us denote by

n

(C™W),; = Al + Aj (y)

and A™™ = My (C™(y)). It can be seen that
Vy - (v — AP™MQ(Vu0)) = 0. (2.5)
Lemma 2.2. There exists q"(x,-) € [Wper(Y)]N such that curlyq™ = v — APMQ.(Vup).
Proof. Let B"(y) = C"(y) — A°™. We then have
0 — AN Q=(Vuo) = B (()Q=(Vauo). (2.6)
We look for ¢" of the form
7" (@,y) = ¢"(YQ:(Vzuo),

where ¢"(y) = (¢75(y))ij With ¢7%(y) € Wpe(Y).

If we denote by B} the vector B = (B}}); € [L per(Y)]N we observe that V,, - Bj* = 0. Hence
from the Theorem 3.4 in Girault and Raviart [9] adapted to the periodic case, the Vectors o = ()i €
[Wper(Y)]N are determined as the solutions to

curl, ¢;' = B;' and div, ¢;' = 0. (2.7)
Obviously we have
curly ¢"(x,y) = vy — AmO (V). a (2.8)

Remark 2.3. From (2.2) it can be immediately seen that B™ is bounded independently of n in
[L2(Y)]V*N and using the Appendix we have

B* —~ B in [L2V)VY,

where B has an identical form as B™ and it can be easily determined from the above limit. This together

with (2.7) and Theorem 3.9 in [9] adapted for the periodic case implies that ¢™ is bounded independently
of n in (Wper(Y))N *N and we have

o — ¢ in [Wper(y)]N, where

curly¢; = B; and divy¢; =0; foreveryl e {I,...,N}. (2.9)
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Step 3. Next we define
v (z,y) = curly ¢"(z,y)
and using Lemma 2.2 we have
Vy v ==V, -curl,¢" = -V, vy — fI, (2.10)

where

fIr= =V, (A Q(Vuo)).

We define
z2(x) = ul(x) — up(x) — euf (w g) 2.11)
pul(z)y = A" <E> Vul(z) — vy <:U, f) —evf (ZL‘, E) (2.12)
5 € 5

From the above definitions, similarly as in [16] we obtain

A" <£>Vz?(x) — pl(x) = 5(0? (ac, E) — A" <£>V$u’f (1:, E))
€ € € €
+ 47 (2) (@) = V) (2.13)

Next, we will prove that the L? norm of (2.13) is of order . In order to do this we will show that v?!(z, z
and A"(Z)V ui(x, Z) are bounded in L? independently of n and . We have the following estimate

Lemma 2.4. Let 2 C RY as before. For any ¢ € L*(Y), Y -periodic, we have

(o) ()

Proof. We recall the definition of Q).

< CHUOHHZ(Q)‘WHLZ(Y)-
L2(2)

Qa(¢)($) = A Z M)E/((ﬁ)(gf + gi)jil’g e jévl\ié’ 5 _ [g]

for any = € 2., with (2. defined in the Appendix, and any ¢ € LZ(QEQ) with f?g,z = {z €
2;dist(x, 2) < 2¢}, where i = (iy,...,in) € {0,1}" and

Tk — Gk ifip = 1,
- g
Tyl = B reel+Y).
T e,
13
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Note that, on each cube £ + €Y the first order derivative (). takes the form

a%w)(x) _ oy MOt i) MO L Ol )

! e
125l N

where £ = [f]. Therefore we have

Jewo /(2)

< 2N—1 Z M}Ef(¢)(€£ + E(l’ 7;2’ L) Z7’1)) - M}Ef(¢)(€£ + E(O’ i2’ ) Z7’1))

. . 19
125000t N

el )

AN v(O)E§ +e(,ia, ... in)) — My (9)(E€ + (0,0, . . ., in)) ‘25

. . g
15ee st N

2 2

dz

0
Py Q:()()
4a|

2

2
dx

Mooy
(2.14)

Using the Schwartz inequality in (2.14) together with the definition of the mean My we obtain

Levor /(2)

< Ol
h HwHLz(Y)izz cbteY

..... iN

2 2

2 Q:()(@) dz

a.%'l

o +e(l,ip,...,1,) — d(x + (0,12, . . .,4p))
€

2
dz

2

€

2
) dzx.

After summing the above inequalities over & € {€ € ZN; (e£+eY)N 2 # (0}, and using the inequality
between the differential quotients and the gradient we obtain

/(2)

2
< C’WH%}(Y)”V(bHZLZ(fZE,zY

+e(l,i,...,10,)) —
<OWliaey 20 /€5+Ey<¢<x e(l,i, ., in)) — G(@)

,,,,, iN

n ‘qb(x + (0,42, . . ., in)) — (@)
€

2 2

0
/fz‘a—an@s(qb)(x) < Ol Iz V9l

This yields

/ V. Qa0
(P4

+(5)
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Recall that, uy denotes the stable extension of u( to the whole space. Therefore, choosing ¢ to be the
partial derivative of ug the conclusion of the lemma follows.

Proof of Theorem 2.1. By applying Lemma 2.4 we can see that

Xz X

HAH<_>VIU? <$ _) < CIX Iz lwoll ) < Clluoll e (2.15)
€ €/ llL2 )

and using Remark 2.3 we obtain
1
n T

e c 2.16

(5 5)] 1y < (Sl ol < Clln 216

Using (2.15), (2.16) and the properties of (). we obtain the following estimate for the left hand side
of (2.13):

< Celluol| 2()- (2.17)
L2(92)

HA"( )@ - @

For g € L*(§2) we define w” € H{({2) solution of the following problem
V- (A"(E)ng) =g inf2, w'=0 ondf. (2.18)
£
Obviously we have

w2 | ey < N9l (2.19)

Using zI' + €37 as a test function in (2.18), with 3. defined by (1.14) we obtain

/Q(zg +efl)gdr = /Q A”(g)Vzg - Vw? dz. (2.20)

The right hand side can be estimated as follows

[ar(2)ver vuran= | (An(f)ws—uz) Vultde = [ (V- p)ul do
0 £ (9] 9 (9]
<fr(E)vs

We note here that V - u € L?*(£2); indeed:

Vo=V (4"(2)vi@) - Voo (5.2) - 29,0 (w2
9 3 g 3

||W?HH3(Q) +[[v- #?HH—I(Q)Hw?HHg(Q)'
2.21)

LZ(Q)
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— Vs -1 (x,g>—vy-vl <x,g>

= —f(@) = Va - (A" Q(V zup)).

To estimate the H ' norm of V - p we consider ¢ € H}(§2) and

/Q (V- 1) p(z)dr = /Q (A™™Q.(Vug) — A Vug) Vo dz + /Q (Abom _ ghom) O (Vug) Ve da
< CHVUO - QS(VUO)HLZ(Q)‘|¢HH(I)(Q)
+ ||¢||H5(Q)|| (A?Lom - Ahom)Qs(VUO)HL?(Q)

< Celluoll 190 + Knlldll o llwoll 1), (2.22)

where we used the properties of Q. and K, = | AM™ — Ahom|,
Therefore we proved that

IV 12| -1 < Celluoll 2y + Knlluoll ) (2.23)

Thus (2.17) and (2.23) used in (2.22) imply

‘/Q(Z? +efl)gdr| < CffHUOHHZ(Q)Hw?HH(;(Q) + CKTLHW?HH(;(Q)
< Cellwoll el 9l 100y + CKnllgll 10025
where we used (2.19). From the above inequality we have
HZ? + SﬁgHH(;(Q) < C&HUOHHZ(Q) + CKn (224)

From (2.1) and (2.2) we have that K,, — 0 as n — oo. Using the Appendix we can pass to the limit
when n — oo in (2.24) and from (2.2) we get

l| 2 + EﬂEHHS(Q) < C’EHUOHHZ(Q)

which is exactly what needs to be proved. O

3. The error estimate in the .2 norm

In this section we will look for minimal assumptions on uy needed to prove the classical error estimates
(1.9) in the case of non-smooth coefficients.
The L*-norm of

us(+) — up(-) — ewy ( ) +€0:(-) 3.1

3
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with w; (-, 2) as defined in (1.4), can be estimated with additional assumptions. In [16], Moscow and
Vogelius proved the estimate (1.9) assuming that vy € H>(2) and A € C°(Y). In [21], Sarkis and
Versieux prove an estimate of order €2, under the assumptions that ug € W3P(£2) and x;, xi; € WLI(Y)

per
1,1 -1
for p,q > Nwherelg+a < 3

We extend in this section the previous results, by only requiring that uy € W3P(£2) for p > N, to
prove (1.9) in the case of nonsmooth coefficients. In order to do this we need to introduce the second
order cell problems. Therefore, let X?j € Wper(Y) denote the solutions of

Vy - (A"Vyxiy) = b — My (b)), (3.2)

where

ox? )
Pl — —A™ — A" ) T (AT AT
ij iJ ik ayk ayk ( Zka)

and My (-) is the average on Y. From Corollary A.9, in the Appendix
VXl oy, <O and X35 = xij in Wee(Y), Vi j € {1,...,N},

where

/Y AWVyxi; Vo dy = (bij — My (bif): ) e o, Wy

for any 1) € Wpe(Y') and with

an 0

bij = —Ayj — Agend — 2
! ! Mour oy

(AikX;)-

Next, we will only assume that uy € W3P(£2) with N < p < oo to prove the estimate of order 2 for
(3.1). Indeed we have,

Theorem 3.1. Let u., ug, u; and 0. defined as in Section 2. If uy € W3P(£2), N < p < o0 we have

uel) = o) —ewn (12 ) + 6.0 < Cunllnor (33)
13 L2(£2)

Proof. For the sake of simplicity we will consider only the case when N = 3, the two dimensional case

being similar. As in the previous section we can assume the smooth coefficients A™ (see (A.2)), and

follow the same ideas as in [16] to define

2

Ug

(:)

uy (2, y) = Xi5(y)

For p > N we have that
. 0?
[7ua(-2) -
€

Va
al‘ja$i

2p_
Lpr=2(£2)

~
L2(0) ’ LP(2)
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113
and using a change in variables and the inequality (A.11) in the Appendix, we obtain
2 2uy |12 ,
7ot (2)] o < C%HWW ey < Mol G
As in [16] we will define
(@ )y, = AW W) 5 O <x) + A3 X, azg‘; (3.5)

Following similar arguments we can observe that V,, - My (v}) = 0. By introducing

. aXz
Ry, = My <AZiX;'L + Ag 3 j)

Consider oj’; € [L*(Y)]? defined by,

n Xz] J
Alx) + Al — Ry

no_ n ., n n Xl] Pl n
Qi AXG + Ajyy — By | T 05

n OXij J
A5G + Af5,h — B

o~

with
1] ( ¢3J’¢2j)T’
B = (655 0.~01;) "
53] ( ¢2_7’ l]’ )T’

forj € {1,2,3},

where T' denotes the transpose and ¢;; are defined at (2.7). Using the symmetry of the matrix A we
n

observe that the vectors «’; defined above are divergence free with zero average over Y. This implies
that there exists 1/1” € [Wper(Y)]3,

(see Theorem 3.4, [9] adapted to the periodic case) so that

curly > = o and V-1;; =0 foranyi,j€ {1,2,3}.

(3.6)
From Corollaries A.5 and A.9 in Appendix and we observe that

ol = oy in [LAY)), 3.7)

where the form of «; is identical with that of a?j and can be obviously obtain from (3.7). Using the
above convergence result and Theorem 3.9 from [9] adapted to the periodic case, we obtain that

Z — 5, in Wpe(Y) foranyi,j € {1,2,3}
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and 1);; satisfy

curly ¥;; = aj; and V,-v;; =0 fori,j € {1,2,3}. (3.8)

Next define p"(z,y) = ¢?j(y) aij%% - (z) and v} (zx,y) curl, p"(x,y). Obviously we have that

V- vy = 0. Itis also easy to check, that V, - v) = =V, - v, (see [16] for example). We set
n n aUO
wi (@, y) = Xj (y)a—xj(x),
ro(z,y) = A" Vaug + A" (y)Vywi(z, ),
n n n €z 2,.n €z
Yi(x) = ug(x) — up(x) — ewy' | =, -~ euy | x, Z ) 3.9
ol
€

(x) = A”<§>Vu? —ry (J; f) — vy (w ) — g%l (x, f) (3.10)
€ € €

As in [16] we can write

An (g) Ve (z) — £(z) = €2 (ug (x g) _An (g) Voul <1: g)) : (3.11)

We use next, as in (3.4), the inequality (A.11) to obtain

#(2)

Using (3.4), (3.11) and (3.12) we get

< C||“0||W3-p((z)- (3.12)
LX(92)

< Ce||uollwacer)- (3.13)
L2(£2)

4 (2)verw - @

Similarly as in [16] we have that V - {'(x) = 0. Let us define ¢ as solution of

V- <A"(j)wg) =0 inR, =l (x j) on 342. (3.14)

Using again Corollary A.11 in Appendix, we have that ¢ — ¢, in H'({2) where (. is the solution
of

v <A<§>V¢€> —0 N2, o —u (x g) on 2. (3.15)

Then,

()

e S Clixijlle=w l[uollwara) < Clluollwse) (3.16)
<(09)

[eell o) < C
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where we used [13] for the L bound on Y;;. Next, similarly as in [16] we have

a2~ ) - el (-2 ) + 2020 - 2 (12 ) +

ey < 052HU0||W3~P(!2)

and passing to the limit when n — oo using triangle inequality, (3.4) and (3.16) we get (3.3). O

Remark that the assumption that ug € WP, with p > N was necessary for the estimate (3.16).

Appendix A

In this section we will present the proofs for some of the results used in the previous sections and
which were not included in the main body of the chapter for the sake of clarity of the exposition.

A.1. Definition and properties of the unfolding operator
Let 5. ={¢ € ZN;(e€ + €Y) N 12 # ()} and define

Q.= |J € +eY). (A.1)
ez,

Let us also consider H,,,(Y') to be the closure of Co5(Y) in the H' norm, where C5,

of C®°(RN) of Y -periodic functions, and

(Y) is the subset

1
Wer(Y) = {v € H),(Y)/R, ] /Y vdy = 0}

(see [6] for properties).
Next we present several very useful technical inequalities obtained in [10].

Proposition A.1. We have:
O (N g 7).
€/ 22 €/ 1220

(2) HM)E/(U)HLZ(Q) < HUHLZ(QE) forany v € LZ(Q;).

[0 = M5 ()| 12y < Cell V| L2255

1
< Ce2|[Yll gy forevery € ngr(Y).

3) Jv - Ta(”)HLZ(QxY) < Cel| Vol ooy
|Qe(v) — Mf/(v)HLz(Q) < Ce|| Vol forany v € H'(9).

@ [ )Hm) < Clol oy 1l forany v € LA(@) and b € LAY),

e
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A.2. Convergence results and the smoothing argument
Let m,, € C* be the standard mollifying sequence, i.e., 0 < m,, < 1, [y m, dz = 1, sppt(my,) C

B(O, %). Define A™(y) = (m, * A)(y), where a has been defined in the Introduction (see (1.1)). We
have:

(1) A™ — Y -periodic matrix,
) |An’Loo < |A|Loo,
3) A" — A inLP forany p € (1,00). (A2)

From (A.2) we have that c|¢|* < AL W& < C|€)? V€ € RV Define
hom n n aX?
(An )ij = My ( Aj;(y) + Aik(y)a—yk , (A.3)

where My (-) = ﬁ Jy - dy and Xj € Wper(Y') are the solutions of the local problem

=V, - (AW (VX] +e¢j)) = 0. (A4)

Next we present a few important convergence results needed in the smoothing argument developed in
the previous sections.

Lemma A.2. Let f,, f € H-'(2) with f, — f in H~'(2) and let b™,b € L>°(§2), with

clé* < B W&&; < CIEP,
clé* < bij(y)&i&; < ClEf

forall ¢ € RN and
b — b in L*(02).

Consider (, € H}(£2) the solution of
| r@vaveds = [ fubdo
2 k0]

for any 1) € H}(£2). Then we have
(o — ¢ in Hy(£2)

and C verifies

/b(w)vcvwdx:/ fydx foranyweH(;(Q).
0 0
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Proof. Immediately can be observed that

HCnHHg(Q) <C
and therefore there exists ¢ such that for a subsequence still denoted by n we have
Go = ¢ in Hy(£2). (A.5)

For any smooth 1) € H{J({2) easily it can be seen that

/ (@)Y G Vi dar — / b)YV dar
(] 2

and this implies the statement of the lemma. Due to the uniqueness of ¢ one can see that the limit (A.5)
holds on the entire sequence. O

Remark A.3. Using similar arguments it can be proved that the results of Lemma A.2 hold true if we
replace the Dirichlet boundary conditions with periodic boundary conditions.

Corollary A4. Let u? € H)(2) be the solution of
-V (A" (g)vug) —f ing,
ul =0 on 0f2.
We then have
u Moue in Hé(Q),

where u. verifies

{—v- (A(g)v%) —f in®

u: =0 on 0f2.

Proof. Using (A.2) we have that

A”<§> o, A(%) in L3(2)

and the statement follows immediately from Remark A.3. O

Corollary A.S. For j € {1,..., N}, let X} € Wyer(Y) be the solution of

e (A”(y)(VX? +¢€;)) =0, (A.6)
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where {e;}; denotes the canonical basis of RN, Then we have
Xj = X5 in Wpe(Y),
where x; € Wye(Y) verifies
—Vy - (AW(Vx; +¢) =0
Proof. From (A.2) we obtain

0 0 ) '
@An (y) - _yAZJ(y) m (Wper(Y)) .

The statement of the remark follows then immediately from Remark A.3. O

Proposition A.6. Let v € [H' ()N be arbitrarily fixed and for every j € {1,...,N}, let Xj €
Woer(Y) be defined as in (A.4), and X;'L € Woee(Y), for j € {1,..., N}, to be the solutions of (A.6).

Define
o2 o=a(ed) -u(D

hZ(x) = h" (ac, g)
@ =g (22) = (L)ew  a@=g(nl)=x(")aw.

We have that

(1) g = go in H'(9).
Q) Ifve W@V, p> N, then h® ™ h. in H'(0).

Proof. First note that applying Corollary A.5 to the sequence {xj },, we have
X; = xg in We(Y). (A7)

Next we have

9~ B o (e

+ [ (x ( ) ngwj))z (A8)

and

. 2
+/Q(X§L<E>Vz”j> dx. (A.9)
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For the first convergence in Theorem A.6 we use that

xr
(D)) <
9 HI(Q)

Next we can see that (A.8) imply that

b (=2) == ),y = (0 (2) - (2)) @i

and using (A.10) we obtain the desired result.

For the second convergence result in Proposition A.6 we will recall now a very important inequality
(see [13], Chp. 2) to be used for our estimates.

For any p > N we have

ClIXG vy (A.10)

N -
\wugmh<dmwwy@ﬁwvwmmﬂwy&g (A.11)

for any ¢ € H'(£2) and where c(p) is a constant which depends only on ¢, N, £2.
Forv € [W'P((2)]YN withp > N, using (A.7), the Sobolev embedding W 'P(£2) C L>°(§2) and (A.11)
in (A.9) we obtain

e (-2)
9

where the constant C' above does not depend on n.
Next we can easily observe that

) o) 0(0) 2

and in either of the above cases, (A.7) and a few simple manipulations imply that

h (x f) =, h(az, f) in L2(12).
g &

This together with the bound on the sequence {h"(z, £)},, implies the statement of the proposition. O

2

< C,
H\($)

The two convergence results in the next corollary will follow immediately from Proposition A.S.

Corollary A.7. Let wi.(z) = wi(z, 2) = X} ( )g"o and uf, = ui(z, 7)) = xj(£ )Qg(g”") Then we
have

(1) Ifug € W3P(02) for p > N,

wi B wyin H'(0).



120 D. Onofrei and B. Vernescu / Error estimates for periodic homogenization with non-smooth coefficients

(2) If ug € H*(12),
uie = uyin H'(12),
where wy and uy were defined in (1.4) and (1.12) respectively.

Corollary A.8. Let 07 be the solution of

v (A”<§>V9§> =0 inR, O =ul (m g) on 302

and 37 be the solution of

-V (A”(g)Vﬂg) =0 inf2, B = uy (w, g) on 0f2.

We have that
() ifug € W3P(§2), p > N, then

0" 0. in H' ().
(i) ifug € H*(2), then
B B in H'(9),

where 0. and 3 satisfies

V. (A(g)vee) —0 in®, 6. =uw (x ;) on 30

and

v (A@)v&) =0 in®, P.=u <a: g) on 312

Proof. Using Corollary A.7 and a few simple arguments one can simply show that

(D) 7 (e 2)
V. (A(g) vVl (a; g)) L (A(;)le (a: g)) in H'(02).

and

(A.12)

(A.13)

(A.14)

(A.15)

Homogenizing the data in the problems (A.12) and (A.13) and using Corollary A.7 and Lemma A.2

the statement follows immediately. O
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Corollary A.9. Foranyi,j € {1,...,N} let xi; € Wype(Y') be the solutions of :
Uy - (A"V,xE) = b — My (b7), (A.16)
where

ox” 0
b= — AT — AT ) T (AT 4T
) ik ayk ayk ( sz])

and My (-) is the average on 'Y .
Then we have

Xij = Xij in Wye(Y) forany i, j € {1,..., N},

where x;; satisfies

/Y AWVyxi Vo dy = (big = My Big)s ) 1ty sy Wi (A7)

for any ¢ € Wy (Y') and with

oY 0
X (Axy)-

bii = — Ay — Ay 2L
! ! Moy ow

Proof. For any 1) € W (Y), we have that,

n n n n a hom w
(A.18)
where we used My (b};) = —(Abem),  (see [16]).
Using (A.2), (A.7), and simple manipulations we can prove that
" .
n 95 0,00 gy (A.19)
Yk 0y
and
ARXG = Agxy  in LAY). (A.20)
From (A.19), (A.2) and (A.3) we have that
(AR, — AR (A.21)

Finally using (A.2), (A.7), (A.19) and (A.20) in (A.18) we obtain that
b — My (b)) — byj — My (bi) in (Wyer(Y))'.

This and Remark A.3 complete the proof of the statement. O
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Remark A.10. We can easily observe that we have

n n aX? n oXij .
AT Xdy = AijXijs A}, ayj Aij ay;: weakly in Wpe(Y).

Corollary A.11. Let ug € H?(§2) be the solution of the homogenized problem (1.2) and Xijs Xij €
Woe(Y') be defined by (A.16) and (A.17). Suppose that there exists p > N such that uy € W3P(2).

Define u3(z,y) = X?j(y) agjg(;i (z) and uy(x,y) = Xij (y) 3z, a (a:) Consider o7 the solution of

V. <A"($)wg) =0 in2, P=ul (x m) on 392, (A.22)
9 13

Then we have that
uy <a:, E) Xou, <x, f) and @, X, in HY(9),
€ €

where . satisfies

V- (A<§>V%> =0 in{2, Ve = Up (w, g) on 0f2. (A.23)

Proof. Following similar arguments as those used in Corollary A.6 we can prove that

62
uz(a: i) W5, 5@ inH(Q)

Using the above convergence result and similar ideas as in Corollary A.8 we complete the proof of the
statement. O
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