
Math 5110/6830

Midterm 3

Problems:

1. We will analyze a simple “toy” model of calcium release in cardiac cells. Let c be the concentration
of Ca2 within the cytoplasm (goop) within a cell. Calcium may be released from the sarcoplasmic
reticulum, into the cytoplasm, at a rate which is dependent on c. This is known as Calcium Induced
Calcium Release (CICR). Calcium is also removed from the cytoplasm at a rate proportional to c,
and finally we include a “leak” term. The equations (after some scaling) which describe this system
are

dc k1c2
(1)

We will assume that c is measured relative to some external concentration, and that calcium may
leak into or out of the cell. Therefore c and L may be positive or negative. The rate constants are
assumed to be positive.

(a) Assume that there is no leakage. Prove that if k1 > 2k2, there are 3 steady state calcium
concentrations predicted by this model. Which ones are stable?

(b) Assume that L is still zero and k1 > 2k2. If there is no Ca2 in the cell initially, and that some
external entity injects a small amount of Ca2+ into the cell, what will happen? What happens
if the amount of Ca2 injected into the cell is larger?

(c) Assuming that k1 > 2k2, describe what happens to the system if L is varied now? How can
the behavior of the system change? What bifurcations can occur? What happens to Ca2+ j
the cell after each bifurcation? This can all be answered by drawing the correct picture if you
want to avoid algebra.

(d) Why might this system be called a “biochemical switch”?

Solution:

(a) Setting L 0 (i.e. no leaking), we have the following steady state equation:

12

0= —k2c.
1 + c2

By rearranging and clearing the denominator, we arrive at the following algebraic equations
which defines the equilibrium concentration of c,

k2c3 + k2c = kc2, or k2c3 — k1c2 + k2c = 0.

Now, it is obvious that c = 0 is one steady state solution. Ignoring that solution for now, we
may divide the equation by c to arrive at

k2c2 — k1c + Ic2 0.



Using the quadratic formula to solve for c, we have

(12) k1 + i/k? — 4k d ‘3 c)L.6.1 p+s.
= 2k2

Clearly these two equilibria will be real if the quantity under the radical is positive: k? > 4k.
Taking the square root of both of these (positive) quantities we arrive at the relationship which
guarantees the existence of the two non-zero equilibria: k1 > 2k2.

Now, we address the stability of these three fixed points. There are a couple of ways one might
do this. Here our argument is graphical. In the event that k1 > 2k2, from the work we’ve
already done, we know that the function

F(c)
= k1c

— k2c

is a continuous function with three zeros which are all non-negative. Furthermore, as c — cc,
it is trivial to show that F(c) —* —cc. Finally, as c —* O (i.e. to zero from the right), it
is easy to show that F(c) < 0. Therefore we know that the graph of F(c) must look qual
itatively like Figure la. This clearly shows that at c = 0, F/(e*) < 0 (is negative), and

therefore c’ = 0 is a stable equilibrium. Simiarly, at = (k1 — — 4k) /2k2 (the

middle equilibrium), F(c) has a positive slope, and therefore this is an unstable equilibrium.

Finally, = (k1 + — 4k) /2k2 (the largest equilibrium) is stable.

If we assume that the concentration c is initially at zero, it will not change (because c’ = 0
is an equilibrium. If a small amount of calcium is added, this will result in a small c > 0.
As long as it is small enough, we can clearly see from Figure la that dc/dt < 0. This means 2
that the concentration will decrease back to the equilibrum c = 0. However, if a larger

? migi fficrease the co ration to a point where c> =

(k1 — /k — 4k) /2k2 (i.e. past the middle, unstable equilibrium). If this happens, then

Figure la shows that dc/dt > 0. This means that the concentration of calcium will increase to

the larger equilibrium = (k1 + /k? — 4k) /2k2.

(c) From the form Equation 1, we can easily see the way that the graph of F(c) = dc/dt responds
to variation of L. If L > 0, it will pull the graph upwards. As L is increased, the two
lowest equilibrium calcium concentrations c’ and will approach one another, merge, and
disappear as the local minima of F(c) becomes greater than zero. The graph of F(c) will then
look qualitatively like Figure lb. Now there is a single equilibrium concentration where there
is a large amount of calcium in the cell. The slope of the graph clearly indicates that it is stable.
The system has undergone a saddle node bifurcation.

Conversely, L < 0 will result in the graph shown in Figure 1 a being pulled downward. The
upper two equilibria c and will approach each other, come to gether, and disappear when
ie local maxima of the graph becomes less than zero. This will result in a graph of F(c) whch
1ooks like Figure ic. The system has undergone a different saddle node bifurcation. Now the

only equilibrium is one of very low calcium concentration (negative in our units). The slope of
the graph of F(c) shows that this equilibrium is the globally stable steady state. The calcium

(b)



in the cell will approach this low level regardless of initial condition. A bifurcation diagram
of the system is sketched (not to scale) in Figure 2. You can clearly see the 3 cases: (1) A
globally stable low concentration of calcium, (2) a bistable regime, with low and high stable
concentrations separated by an intermediate unstable equilibrium, (3) a globally stable high
concentration of calcium.

Figure 1: Phase line of our one-dimensional calcium model. All graphs were made with k1 = 8 and
k2 = 3. Panel (a) was generated with L = 0 and shows the 3 equilibria. Panel (b) was generated with
L = 1 and shows a single stable equilibrium of high calcium concentration. Panel (c) was generated with
L = —2 and shows a single stable equilibrium of low calcium concentration.

The term “biochemical switch” can be understood by looking at the bifurcation diagram. We
interpret high Ca2+ concentration within the cell as “on” and low c as “off.” From the bifur
cation diagram, we can see that increasing L (enough) will cause the system to be in a state
where there is a single global steady state. Therefore c will go to the high equilibrium concen
tration and the switch will be on. Decreasing L a little bit will not cause the switch to turn off,
as the upper equilibrium still exists and is stable. However, if we decrease L enough, the
upper equilibrium vanishes, and now there is a single globally stable equilibrium with low c
in the cell. The calcium concentration will go to this equilibrium and turn the switch off. This
process can be reversed/repeated indefinitely by increasing and/or decreasing L “enough” each
time. Thus, the switching behavior.

C

Figure 2: Bifurcation diagram of Equation (1). Solid lines indicate stable equilibria. Dashed lines indicate
unstable equilibria.

(a) (b) (c)
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2. We will now augment our model. Suppose that the leaking rate of the calcium may vary with time.
For simplicity, we will assume that the variation of L is affine and therefore

= L +
kc:

— k2c, (2)

=—L—ac+. (3)

where a 0, but 3 may have either sign. For the rest of this problem, you may assume that k2 = 1
and k1 = 8.

(a) Let a = 2. Give a graphical argument that this system behaves nearly identically to Problem
1. Convince me that it contains the same fixed point and bifurcation structure.

(b) Now set /3 = 2. Vary a from values of approximately 1 to values of approximately 20. How
\ 0 many qualitatively different phase planes do you see? What is the long term fate of the calcium

in the cytoplasm for each phase plane? Classify all bifurcations that occur.

(c) Now assume /3 = 4 and a = 5. Describe all possible long term behaviors of the calcium within
the cell. What determines which of them will actually occur in a given cell?

(d) Now increase a very slowly. What bifurcation occurs? What is the long term fate of the
calcium now?

- (e) (Extra Credit) Return to the value a = 5 and slowly decrease a. What happens to the phase
plane? Another bifurcation (which I did not show you in class) occurs. Describe it (you’re not

F’” expected to know the name). What is the long term fate of the cell calcium after this bifurcation
has occurred.

Solution:

(a) First, we will determine the null-dines of the system. Setting both time derivatives equal to
zero, we arrive at the following algebraic equations:

i 2

L= k2c—
1 + c2

L= —acH-/3.

The first equation describes the c null-dine and we expect it to be roughly “cubic” in nature
(from the previous problem). The second equation describes the L null-dine, which is clearly
a line. Fixed points are defined to be the locations in the phase plane where these two curves
intersect. By the problem statement, k1, k2 and a are all determined. The only free parameter
left is /3. If we sent /3 = 0 and graph the null-dines it will generate Figure 3a. Clearly there are
3 fixed points: one with c = 0, and two with positive calcium concentration 0 < <

Using pplane8 or calculating the eigenvalues of the Jacobian, one can show that the equlibria
at c and are stable, while the “in between” equilibrium is unstable, just like in Problem 1.

Now we consider changing the parameter 3. As B increases, it will have the effect of pulling
the linear L null-dine upwards. Doing so will cause the two leftmost equilibria to move to
wards each other, come together, and eventually vanish in a saddle node bifurcation as the line
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Figure 3: Phase plane of our two-dimensional calcium model. All graphs were made with k1 = 8, k2 = 1,
and a = 2. Panel (a) was generated with = 0 and shows the 3 equilibria. Panel (b) was generated with

= 1 and shows a single stable equilibrium of high calcium concentration. Panel (c) was generated with
= —2 and shows a single stable equilibrium of low calcium concentration.

pulls up “off” the cubic-like curve. This leaves only the one stable equilibrium with high c.
Conversely, decreasing will push the linear L null-dine downward. This will cause the two
rightmost equilibria to approach each other until they come together and vanish in a different
saddle node bifurcation, leaving only the stable equilibrium with low c. This is the exact same
behavior as in Problem 1.

(b) I made a mistake when writing the exam. There is a small subset ofparameters that I tried to
write the problem statement to avoid because they give the same behavior as in part (e). I will
grade this problem very leniently because that is my mistake.

In Figure 4a, I show a phase plan generated by pplane when = 2 and a = 1 . There is a
single equilibrium with a high calcium concentration c. It is a stable spiral. The one solution

—. ...i trajectory seems to indicate that it is globally stable, and therefore the system will go to this
• equlibrium regardless of initial condition. This implies a steady large concentration of calcium

in the cell.

At a 3.3 a saddle node bifurcation of limit cycles occurs. More on what this is in part (e). A
stable and unstable limit cycle surrounding the fixed point come into existence spontaneously
and diverge from each other. Figure 4b we show the phase plane with a = 3.5. The stable
limit cycle is shown in blue while the unstable limit cycle is shown in green. The fixed point

çiS is still stable. The calcium concentration will have one of two long-term behaviors behaviors
(see part (c) for more discussion).

As a increases, the unstable limit cycle shrinks around the fixed point in the center. At a 3.9
it merges with the fixed point, which then becomes unstable. This is a supercritical Hopf
bifurcation. Now the stable limit cycle (which is still hanging out) is the only stable structure
in the system. Calcium levels will oscillate from high to low regardless of initial conditions.
Figure 4c shows the phase plane when a = 5 and illustrates this behavior.

‘—. As a increases a lot more the stable limit cycle begins to shrink around the unstable fixed point
in the center. Eventually, at a 15.5 it merges with the fixed point in a subcritical Hopf
bifurcation. Beyond this point, there is only a single, stable fixed point again. Regardless of
the initial condition, the system will go to this stable steady state with very low concentration
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Figure 4: Phase plane of our two-dimensional calcium model. All graphs were made with k1 = 8, k2 = 1,
and = 2. Panel (a) was generated with a = 1 and shows a single equilibria of high c. Panel (b)
was generated with a = 3.5 and shows both stable and unstable oscillations of the system. Panel (c)
was generated with a = 5 and shows a single stable oscillation of calcium concentration. Panel (d) was
generated with a = 17 and shows a single stable equilibrium of low calcium concentration.

of Ca2 in the cell. This is illustrated in Figure 4d.

A final bifurcation diagram of the system (not at all to scale) has been sketched in Figure 5.
Blue lines indicate oscillations, while black lines indicate equilibria.

Figure 5: Bifurcation diagram for the two-dimensional calcium model. Solid lines indicate stability, while
dashed lines indicate instability. Black lines indicate equilibria, while blue lines indicate limit cycles.
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Note to students: It is very easy to miss the region between c 3.3 and c 3.9 where the
unstable limit cycle exists. If you missed this (like I did writing the problem), then you might
naturally conclude that the system underwent two separate subcritical Hopf bifurcations. The
first giving rise to the stable limit cycle, and the second when it collapses back on the fixed
point. If you fully explain this in your solution you will receive full credit.

In Figure 6a I have included a picture of the phase plane when c = 5 and = 5. In this situa
tion, you can see that there is a single (stable) equilibrium surrounded by two limit cycles. The
smaller limit cycle is unstable and shown in green. The larger oscillation is stable and shown in
blue. The two stable structures attract solutions from nearly every initial condition. Therefore,

.‘)the long term fate of calcium concentration in the cell is to either settle on the equilibrium
(with a moderate level of c), or settle on the stable limit cycle with widely oscillating levels of
calcium in the cell. The only exception to this is solutions that have initial conditions exactly
on the unstable limit cycle. For these initial conditions, the calcium will forever undergo small
oscillations on the unstable limit cycle.

The unstable limit cycle also serves to distinguish between the various long term behaviors. If
the state of the system is started anywhere outside this limit cycle, it will approach the large
stable limit cycle shown in blue. If the state of the system is started anywhere inside this limit
cycle, it will approach the stable equilibrium in the center. These two behaviors are illustrated
in Figures 6b and 6c. In Figure 6b I show the calcium concentration as a function of time
for an initial condition just outside the unstable limit cycle. You can see that over time the
oscillations of calcium grow and eventually settle on a periodic oscillation which corresponds
to the larger (stable) limit cycle. In Figure 6c I show the calcium concentration as a function
of time for an initial condition just inside the unstable limit cycle. You can see that over time
the oscillations of calcium decay and eventually settle on the stable equilibrium.

(d) As c is increased, the amplitude of smaller unstable limit cycle shrinks. Eventually it merges
with the stable equilibrium at the center. This is shown in Figures 7a to 7c. After the limit
cycle has merged with the equilibrium, the equilibrium is unstable. This is a supercritical Hopf
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Figure 6: Phase plane and two trajectories of our two-dimensional calcium model. All graphs were made
with k = 8, k2 = 1, = 4 and c = 5. Panel (a) shows the phase plane with a single stable equilibrium
and two limit cycles. Panel (b) shows the time sequence of calcium within the cell when initial conditions
are just outside of the unstable limit cycle. Panel (c) was generated with = —2 and shows a single stable
equilibrium of low calcium concentration.



bifurcation. Now, the larger limit cycle is the only stable structure in the system. This means
that regardless of initial condition, the calcium concentration in the cell will settle on this limit
cycle and experience large amplitude oscillations as time goes on.

Figure 7: Phase plane of our two-dimensional calcium model. All graphs were made with k1 = 8, k2 = 1,
and = 4. Panel (a) was generated with a = S and shows the equilibrium and two limit cycles. Panel (b)
was generated with a = 5.05 and shows the unstable limit cycle has shrunk. Panel (c) was generated with
a = 5.1 and shows a single unstable equilibrium sitting inside a single stable limit cycle. The supercritical
Hopf bifurcation has occured.

(e) As you decreast a, the amplitude of the unstable limit cycle increases and grows toward the
stable limit cycle which surrounds it. Eventually these stable and unstable limit cycles come
together and vanish (I like to say that they annihilate each other). This leaves only the single,
stable equilibrium in the phase plane. This is known as a “saddle node bifurcation of limit
cycles” because of an obvious analogy to the standard saddle node bifurcation. This behavior
is illustrated in Figure 8.

Figure 8: Phase plane of our two-dimensional calcium model. All graphs were made with k1 = 8, k2 = 1,
and = 4. Panel (a) was generated with a 5 and shows the equilibrium and two limit cycles. Panel
(b) was generated with a = 4.4 and shows the unstable limit cycle has grown and is nearly touching the
stable limit cycle. Panel (c) was generated with a = 4 and shows a single stable equilibrium with no limit
cycles. The one trajectory shown seems to indicate that the equilibrium is globally stable. The saddle node
bifurcation of limit cycles has occured.
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