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4. A factor often used in designs is Weeks. Give a set of circumstances under which
Weeks could be considered a fixed factor and under which Weeks could be considered
a random factor.

The variable Weeks could be considered fixed if an experiment was conducted dur-
ing each of a specific number of weeks. It would be random if the design included
randomly selecting the weeks during which the experiment would be conducted.

5. Write the general model for a four factor completely randomized design having three
repeats. Use the letters Ai having two levels, Bj having three levels, Ck having four
levels and Dl having two levels. How many experimental units are required for this
experiment?

The general model would be

yijklm = µ + Ai + Bj + ABij + Ck + ACik + BCjk + ABCijk

+Dl + ADil + BDjl + CDkl + ABDijl + ACDikl

+BCDjkl + ABCDijkl + εm(ijkl)

Subject to the assumptions Ai ∼ N(0, σ2
A), Bj ∼ N(0, σ2

B), ABij ∼ N(0, σ2
AB),

Ck ∼ N(0, σ2
C), ACik ∼ N(0, σ2

AC), BCjk ∼ N(0, σ2
BC), ABCijk ∼ N(0, σ2

ABC), Dl ∼

N(0, σ2
D), ADil ∼ N(0, σ2

AD), BDjl ∼ N(0, σ2
BD), CDkl ∼ N(0, σ2

CD), ABDijl ∼

N(0, σ2
ABD), BCDikl ∼ N(0, σ2

BCD), BCDjkl ∼ N(0, σ2
BCD), ABCDijkl ∼ N(0, σ2

ABCD),
εm(ijkl) ∼ N(0, σ2

ε). For the factors in our model we have I = 2, J = 3, K = 4, L = 2
and M = 3. This means that there are IJKLM = 144 repetitions of the experiment.

6. Using Ai fixed at three levels and Bj fixed at two levels, sketch a picture having Ai

significant, Bj and ABij insignificant. Sketch a picture having Ai and Bj insignif-
icant but ABij significant. Sketch a picture having Bj insignificant, Ai and ABij

significant.
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12. Use the rules given in Section 3.3 to derive the formulae for df, SS, and MS for the
two factor completely randomized design given by (3.2.2)

The two factor model for this problem is

yijk = µ + Ai + Bj + ABij + εk(ij) (1)

And the formulae will be

Source df SS MS

Ai I − 1 JK
∑

i(ȳi·· − ȳ
···

)2 SS(A)/(I − 1)
Bj J − 1 IK

∑
j(ȳ·j· − ȳ

···
)2 SS(B)/(J − 1)

ABij (I − 1)(J − 1) K
∑

i

∑
j(ȳij· − ȳi·· − ȳ

·j· + ȳ
···

)2 SS(AB)/(I − 1)(J − 1)

εk(ij) IJ(K − 1)
∑

i

∑
j

∑
k(ȳijk − ȳij·)

2 SS(ε)/IJ(K − 1)

Total IJK − 1
∑

i

∑
j

∑
k(ȳijk − ȳ

···
)2

15. Assuming Ai fixed and Bj random, use the rules in Section 3.4 to derive the EMS
values for the model (3.2.2)

I/f J/r K/r
Source df i j k E(MS)

Ai I − 1 0 J K σ2
ε + Kσ2

AB + Kσ2
B + JKΦ(A)

Bj J − 1 I 1 K σ2
ε + IKσ2

B

ABij (I − 1)(J − 1) 0 1 K σ2
ε + Kσ2

AB

εk(ij) IJ(K − 1) 1 1 1 σ2
ε

22. For a three factor experiment with no repeats, derive the exact, approximate, and
conservative tests under the following circumstances. When the test is conservative,
indicate which conclusion can be made and which conclusion cannot be made.

(a) All three factors are fixed.
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df F/i F/j F/k R/l EMS

Ai (I-1) 0 J K 1 JKΦ(A)
Bj (J-1) I 0 K 1 IKΦ(B)
ABij (I-1)(J-1) 0 0 K 1 KΦ(AB)
Ck (K-1) I J 0 1 IJΦ(C)
ACik (I-1)(K-1) 0 J 0 1 JΦ(AC)
BCjk (J-1)(K-1) I 0 0 1 IΦ(BC)
ABCijk (I-1)(J-1)(K-1) 0 0 0 1 Φ(ABC)
εl(ijk) 0 1 1 1 0 - -

All interactions are conservatively tested by ABC for significance. There is no
test for ABC.

(b) Only the first factor is random.

df R/i F/j F/k R/l EMS

Ai (I-1) 1 J K 1 JKσ2
A

Bj (J-1) I 0 K 1 Kσ2
AB + KΦ(B)

ABij (I-1)(J-1) 1 0 K 1 Kσ2
AB

Ck (K-1) I J 0 1 Jσ2
AC + Jσ2

C

ACik (I-1)(K-1) 1 J 0 1 Jσ2
AC

BCjk (J-1)(K-1) I 0 0 1 σ2
ABC + IΦ(BC)

ABCijk (I-1)(J-1)(K-1) 1 0 0 1 σ2
ABC

εl(ijk) 0 1 1 1 0 - -

The table shows that AC tests C, AB tests B and ABC tests BC. We also
have conservative tests (for significance) by ABC for A, AB and AC. The second
order interaction ABC is not testable.

(c) Only the first factor is fixed.

df F/i R/j R/k R/l EMS

Ai (I-1) 0 J K 1 σ2
ABC + Jσ2

AC + Kσ2
AB + JKΦ(A)

Bj (J-1) I 1 K 1 Iσ2
BC + IKσ2

B

ABij (I-1)(J-1) 0 1 K 1 σ2
ABC + Kσ2

AB

Ck (K-1) I J 1 1 Iσ2
BC + IJσ2

C

ACik (I-1)(K-1) 0 J 1 1 σ2
ABC + Jσ2

AC

BCjk (J-1)(K-1) I 1 1 1 Iσ2
BC

ABCijk (I-1)(J-1)(K-1) 0 1 1 1 σ2
ABC

εl(ijk) 0 1 1 1 0 - -

ABC tests AC and AB. BC tests B and C. ABC conservatively tests BC for
significance. A is tested approximately with AB + AC − ABC.

(d) All three factors are random.
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df R/i R/j R/k R/l EMS

Ai (I-1) 1 J K 1 σ2
ABC + Jσ2

AC + KσAB + KJσ2
A

Bj (J-1) I 1 K 1 σ2
ABC + Iσ2

BC + Kσ2
AB + IKσ2

B

ABij (I-1)(J-1) 1 1 K 1 σ2
ABC + Kσ2

AB

Ck (K-1) I J 1 1 σ2
ABC + Iσ2

BC + Jσ2
AC + IJσ2

C

ACik (I-1)(K-1) 1 J 1 1 σ2
ABC + Jσ2

AC

BCjk (J-1)(K-1) I 1 1 1 σ2
ABC + Iσ2

BC

ABCijk (I-1)(J-1)(K-1) 1 1 1 1 σ2
ABC

εl(ijk) 1 1 1 0 - -

ABC tests AB, AC and BC. A is approximately tested by AB + AC − ABC.
B is approximately tested by AB + BC − ABC. C is approximately tested by
AC + BC − ABC. There is no test for ABC.

23. Repeat problem 3.22 assuming the three factor interaction is zero.

(a) All three factors are fixed.

df F/i F/j F/k R/l EMS

Ai (I-1) 0 J K 1 JKΦ(A)
Bj (J-1) I 0 K 1 IKΦ(B)
ABij (I-1)(J-1) 0 0 K 1 KΦ(AB)
Ck (K-1) I J 0 1 IJΦ(C)
ACik (I-1)(K-1) 0 J 0 1 JΦ(AC)
BCjk (J-1)(K-1) I 0 0 1 IΦ(BC)
ABCijk (I-1)(J-1)(K-1) 0 0 0 1 0
εl(ijk) 0 1 1 1 0 - -

All interactions can be tested using ABC directly.

(b) Only the first factor is random.

df R/i F/j F/k R/l EMS

Ai (I-1) 1 J K 1 JKσ2
A

Bj (J-1) I 0 K 1 Kσ2
AB + KΦ(B)

ABij (I-1)(J-1) 1 0 K 1 Kσ2
AB

Ck (K-1) I J 0 1 Jσ2
AC + Jσ2

C

ACik (I-1)(K-1) 1 J 0 1 Jσ2
AC

BCjk (J-1)(K-1) I 0 0 1 IΦ(BC)
ABCijk (I-1)(J-1)(K-1) 1 0 0 1 0
εl(ijk) 0 1 1 1 0 - -

ABC tests A, AB, AC and BC. AB tests B. AC tests C.

(c) Only the first factor is fixed.
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df F/i R/j R/k R/l EMS

Ai (I-1) 0 J K 1 Jσ2
AC + Kσ2

AB + JKΦ(A)
Bj (J-1) I 1 K 1 Iσ2

BC + IKσ2
B

ABij (I-1)(J-1) 0 1 K 1 Kσ2
AB

Ck (K-1) I J 1 1 Iσ2
BC + IJσ2

C

ACik (I-1)(K-1) 0 J 1 1 Jσ2
AC

BCjk (J-1)(K-1) I 1 1 1 Iσ2
BC

ABCijk (I-1)(J-1)(K-1) 0 1 1 1 0
εl(ijk) 0 1 1 1 0 - -

ABC tests AB, AC and BC. BC tests B and C. A can be approximately tested
using AB + AC − σ2.

(d) All three factors are random.

df R/i R/j R/k R/l EMS

Ai (I-1) 1 J K 1 Jσ2
AC + KσAB + KJσ2

A

Bj (J-1) I 1 K 1 Iσ2
BC + Kσ2

AB + IKσ2
B

ABij (I-1)(J-1) 1 1 K 1 Kσ2
AB

Ck (K-1) I J 1 1 Iσ2
BC + Jσ2

AC + IJσ2
C

ACik (I-1)(K-1) 1 J 1 1 Jσ2
AC

BCjk (J-1)(K-1) I 1 1 1 Iσ2
BC

ABCijk (I-1)(J-1)(K-1) 1 1 1 1 0
εl(ijk) 1 1 1 0 - -

ABC tests all first order interactions. A is approximately tested by AB +AC −

σ2. B is approximately tested by AB + BC − σ2. C is approximately tested by
AC + BC − σ2.
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