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1 Numerical Linear Algebra (cont)

1.2 Norm of Matrix

Reminder: The vector norms we use are
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Definition 1.1 (Spectral Radius). Let A be n x n
matrix and A; be j’th eigenvalue of A, then the spectral
radius p reads for

o], = = max v

p(Ann) = max |Aj]

1<j<n
Definition 1.2 (An induced norm of matrix). A
matrix norm induced from a vector norm |-} is given

by
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Properties:
o ||AT]| < [|A]l [|7]], VT € R
Proof:
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Proof:
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The norms we will use:

Lo JlAlly = max [[A}]l; = max ) |ai]|
columns j J i
Proof:
Aol = |3 vsdus | < Sl ol < max 1A, ol

Which implies

[All, = max [[Av][, <

oo max ||A~LJH1

columns j

From the other side, by definition ||Al|; > ||Av]:
for any |lv|| = 1. Choose v = e,, = (0,...1...,0)T,
where m satisfies

Ay = max {[|Al,},

columns j

to get Ae,, = Ay, that is [|All; > || Apmll;-

2. Al = max {[|[Ais I, } = maX{Zlaijl}, the
Trows K3 ]
proof is similar.

3. | All, = \/p (AAT)
Proof: Since AT A is symmetric matrix one writes
ATA = QTAQ, where Q is orthogonal matrix
and A = diag()\?,...,)\2) is the diagonal ma-
trix of eigenvalues of AT A which are eig(AT A) =
eig(A)2. Thus, ||Av]> = (Av, Av) = Av- Av =
T (ATA) v=n0v" (QTAQ) v i yT Ay and there-

fore ||A]2 = Hm\la*Xl |Av]|2 = ”rn“a}1 VoTAv = /p (AAT).
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Example 1.4. Let A = [ 3 4

} , then

)i} =6

L Al = max {J|(1,3)" 1, [I(2

2. ||A]l o = max {[[(1,2)||1, |(3,4)][.} =7
3. 1Al = v/p (AAT) =
(3 D)= (5 B )

[ A=5 11 _
’A_AA’_H 11 /\25]‘_
(A=5) (A —25) — 121 = \* — 30\ + 4

+ /900 T
A = W — 15+ V221

Thus,

|4l = /p (AAT) = /15 + V221 ~ 5.465



1.2.1 Matrix Condition Number

Consider linear system Ax = b, where b were obtained
with error. That is, instead of original system we solve

A% = A(x+0z) =b = (b+ 6b)

We want to analyze the sensitivity of the solution x
to the small changes in the data b. Thus, the relative
error in z is given by
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Definition 1.5 (Matrix Condition Number). Let
A, xn be non singular matrix, then the condition num-
ber of matrix is given by

cond A = [|A][[|A7Y|

Example 1.6. Let

100 99 1.005 ] 0.1
A‘[ 99 98}’ b_[0.995_’5b_ { —0.1]

1. Find the solution to

0.9

AF=b+0b=b= 1'1}

100 - 0.995 — 99 - 1.005
1.005-98—99-0.995 | [ —18.7
100 - 98 — 992 | 189

IS}

2. Compute the relative error in input and output.
| 0.015 P -19
Y= —0.005 719

190]l oo

ol

Note that the problem is hard, that is the prob-
lem is ill-conditioned, a little error in the input
caused to very big error in output. This is usu-
ally the case in inverse problems.

9]l _ 19

= —— =~ 1266.6
Izl ~ 0.015

3. Bound the error in output as a function of the
error in input.

4 [100 9977 98 99
199 98| T 99 —100

Q

Thus cond (4,00) = [[A7!|_IIAll, = 199°
40000, therefore 1267 = 14l < cond (11) Ioull =
40000 - 0.1 = 4000

Another way to see the problem is via eigenvalues.
For the matrix A in this example we have a big gap
between the two eigenvalues

1 1
A~ ——— = —0.005 ~
L~ [1}

and
Ao =~ 200, vy =~ [ 1 ]
This cause the following problem
Az =v9g => o = /\%vg
but if we add a small error, to the RHS, that is
Az ~ 0.01lv; + vg
we will get

z=0.014" 01 + A e =001+ + Loy &

A1vl A2

~ —200 - 0.01v1 + 5502 = =201 + 5502 & —2u01

That is the error were magnified more then the exact
part.
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