
I

lthnk IR - Rutt

p
← "natural topology

product topology

" Cx
" . . . , an ,xn+ ,) Il =

HG
, , . . . ,xn, o) t (o, . . . ,gxu+ ,

)HE

⇐ Hex
,, . . ., Xu,

o )Ht Iko, - -go ,anti))) =

= Hey
, - - c, xn)H t lintel .

d ((Xi , . . .
, Anti) )

(Yi, . - a , Inti)) =

= d (H ,
. . . , Xml , Cy" . . . ,yn)) t l Anti - Inti l

⇒
ball of radius E centered

at Cx . . ... ,xn+,) contains the

ball of radius 42 centered
at (x" . . ., xn) X Exum- % , Xutit 92 )
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⇒ open set in natural

topology is open in the product

topology -

H Cx
, . . . ,
xn

,
o) II =V¥IxE E

s F¥Ixu+T = Hexi
,
. . .,anti

>H

H co, - . . , xn+ , 711 = TET E

E KKi , . - r, anti) H

⇒

ball of radius e centered at

Gi
,
- n .

,anti) is contained

in the product of the
ball of radius a referred at

Gi , - . ., Xm) and Gmt ,- E,Xm ,
t E) .
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This implies that an open
set in product topology is
open in

the natural topology
.

Hence
,
the natural topology

of pint
'

is the product

topology of Pina IR

.
.

theorem Ea , .ee ,] x - . . a 2am ,and C Bih

is compact .
Pooed : we proved this for m=L .
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General case follows by
induction

.

IRM = pimp
as topological spaces . By

induction assumption
,
[a , ,bDx . . - x Tami

,
buy]

is compact . Hence ,
([ai , leia . . .

x Tau- i
,
bn
-,
]) x [an , len ]

in compact , by the theorem
we proceed last time . D8

A set s in Pin isboneudedifit is contained in some

ball centered at O l this

depends on metric ,
not on

topology ! ) .
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theorem ( Heine -Borel )

Let s c IR? The following
properties are equivalent i

Ci) S is compact ;
Cii) S is closed and bounded .

Proofs '
.
Pin is hausdorff -

Hence
,
if it is compact , it is

closed
.

co

s c Y B (o,n) .

= 1

By compactness , S c B (o, N)
for some N so

,
i.e
,
S is bounded

.

if S is closed and bounded
,

S is a closed subset of



a sufficiently large box
6

[aisle ,] x - - - x [am,bn] .

Since

this box is compact , S is

compact - FB,



Weierstrass theorem
T

-

can define
a-

I

2 : Eo ,
I] Ea

,
b)

x ft) = a t (b - a)t

x
- '

Cs) = Sega - inverse map .

theorem .

.
Let f be a e.out innous

function on Ia ,b ] .

Then there exist

function on Ea ,b] .
The.ee for any

E> o there exists a polynomial P
such that H f -PIKE in Eta ,by) .

( therefore , polynomials are dense

in ecea.es)
.

Proof i can assume that a =o
,
b =L .



Can. assume that f- to)=f (D= O .

8
"

Proof : Put g G) = flatffa) - flop a linear.
FG) = fix) - gcx) Flo) =Fb)-O .

FG ) = f- Co) - glo) =o , Ffl) -ft)
-gli) = 0 .

Can extend f to be 0 outside Coit .

Then f is continuous on TK .

_¥ Qm = erect - xzjr

( i - xD
"

is positive

on E- I , I ] .

Can pick em> 0 suchthat

I
,

Qncx) dx = I
.

Pmk) = fcxtt ) Qnltldt

for OE x El
.

f- is zero outside Eo ,
i] ⇒

I
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t 1-2 f (xtt) is 0 for t E - x ,t> I-x .

Hence

Pm Cx ) = f exit) Qnltldt .

Make change of variables s = ttx

ds =Dt

Prix) = Toffs) Qn (s -x) do .

Q
n
Cs -x) = full - (s-x)

-J
is polynomial in s and x

Qu( s- x ) = I apigs xd
⇒ PmCx ) = Eap ,g

( f'tCs) sleds ) XL
is a polynomial in X

.

1pm KI - f Cx) I =/! f Htt ) Qmleldt -
- f Cx ) ! Quit) It =



= l ! (fate) - fcxs) Quit) dt / e
' °

a- § I fcxtt ) - fax) I Qn It ) d t ,
Sima

. f is uniformly continuous
ou 112
,
there exists 5 > o such that

it I - 8 implies I f -htt) - fix) / c % .

1pm Cx ) - f Cx ) / E IfGt t) - feast Qmlt) dt

t.flfktty-%fc.is/QQtdtt
+§ IfHtt) - f I Qnlt) It€%§QnHdte%IQnHdt=%T
f is bounded

,

7M > o such that



IPuk) -fu LE m Quit> It t
"

%tM§Qn It) dt e
Kat 2M § Quilt) dt

( since Qu is even) .

If we prove that { Qukldt → o ①
as n→ is

,
there exists n such

that 2M .

'

fault) It a 42 for
MYMo .

Hence
, for m> no , wehave

IPncxj - f Is E for all xe -10,1 ]
.

This implies that 11Pm - f Ik ee

for MYMo .

It remains to prove ⑦


