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Products
-

X
,
Y - nets

X xY = { Cx ,y) Ix e X ,yet}
is the product of sets
X and Y

.

X
,
Y topological spaces

U
,
U topologies ou X , resp . Y .

We define the topology on XxY
by putting
Oc Xx Y is open if for

any Cx ,y) E O there exist

open sets VCU
and VcV

Auch that

Cx
,g) e U xV c O .



Exercise : All such sets
&

O define a topology on XxY
-

paoduettopology.MY
equipped with product

topology is called product
oftopologiealnpa# X and Y .

X xY Es Y p Cx,y) --X

p t
g Cx,y)

-

y
x

- projections
Exercise : p and y

are

continuous maps .
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X
,
Y

x E X i. Cyl = Cx ,y)

①
'

ex : Y → XxY is a

continuous map

② jy :X → Xxy

j
g
: x i→ Cx, y)

is acontinuous map .

theorem :
X
,Y topological

spaces , C CX , K
CY compact

sets
. Then Cx K c XxY is

compact .

Proofs .

Let U be an open
cover of C x K .



× e- C ix : Y → Xxy
4

ily) - Cx ,y) is a continuous

map

is CK) is compact .
It

{x} x K c C x K

U is a cover of 2×3 x K .

Since Ix3 x k is compact
there exists a finite subcover U

'

which covers Lx} x K .

U
'

= f Oi , Oa , . . .

, On}
For eggs c- On there exist

ke U , Vy c-V (topologies of
X and Y respectively )
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such that Uga x , Vy ez
Ugx Vy C One .

This defines a cover of
{x} x K .

Since { x} x K is compact
we can find a sale eons

(Up xVg j is ps N , I EgE M )

of { xz x k

put U = U
,
n . . . n UN ax

in a neighborhood of x

y
e k

,
G
,y) C- Up x Vg

⇒ Cx
,y) e U x Vg

( Ux Va ; legs M ) is a
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cover of sexy x k

u x Vg c Up xVg C One for
some One .

Therefore , { Oi
, .

. .

,On}
is also a cover of
U x k !

We can do this construction

for any x E C .

For each x
,
we get a finite

sub cover of U of U
"

x K .

(U " ; x e C ) are an open
cover of C .

Take a finite
•ubeover (U " ; I s s e L )
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"fu xp x K ) covers Cx K
→

each is covered by a finite
subcover of U .

⇒ Cx k is covered by a
finite subcover of U .


