
I

k compact space
E(x) - all continuous

functions f : X → IR
.

f. g e E (x)

(ftg) Cx) = f Cx) t g Cx) , x E X

ftg EECX)

(f.g) Cx) = fixing ex)
f. g

c- E (x)
To prove this we first remark

the following fact
× i-2 If I is also continuous

(since I . I is a continuous

function .
Let x E X .

Take

M>Osuch that IfHSI - M



then l- o , M] is a neighborhood
of tf Cal .

Hence
,
there

exists a neighborhood Vax
such that y c- U ⇒ Iffy>Is M .

Now
,

II.g)Cx) -

ff.gr/ly7/-IfCxt.gCx)-flyl.gly1/---ffCxI-fIy))ngcx)tfgCxl-glyl/.fly3 I
± IfCx) -fly) ) . lglx)) t IgE) -gly) let fly) l
E Ifk) - fly) l . lgcxsltlgcx) - ghyll . M
E Ifk) - fly) I . N t lgcx) - g ly) InM

where N > lglxsl .

By continuity of f- and g
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there exists a neighborhood
0 of x such that

If Cx) - fly) Is IN
lglxl - g Cy) l L Im

for ye U .

⇒
II.g) eat - (f.g) (g)ICE

for ye U .

Hence
,
f -

g is continuous

onX .

ECX) is closed under
addition and multiplication .

Since constant functions are

continuous ou X
,
it is also



closed under multiplication
4

by real numbers .

Noone satisfies

① H fll 30 Af 11=0# f=o .

② Kaf Il = Kl .Hfll
in

IR

③ " ft g H
E llfllellgll

④ llf.gl/Ellfll.llgH

ECX) is anormedal-gelraoueo.IR
.

Topology is given by metric

dlf ,g) = H f - gh .
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K = Earle]
Eta , ee T) is

f-

→
a normed¥4 algebra

Denote by it the subset of
Eta ,

a]) which consists

of metrictons of polynomials
N

PK) = I amxn
n=D

to Ea ,e] ( N is the degree of
P
,
and it is aoeeitvavy ) .

Since snare and product
of polynomials are
polynomials , the subset
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it is a subalgebra of Elena, led .

Elea ,as) is a metric space
with metric d Cf , g) = Hf - g H .

⇒ topeka .

Def .

Let X be a topological
space and Y a subset of X .

We say that Y is demise
in X if I = X .

Example : IR with natural

topology .
Q is dense in R

.

We are going to prove the

following theorem .
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Weierstrass ' theorem
#

1

The subalgebra it is dense
in e ka ,es) -

this implies the following :
Eet f be a continuous function

on Tea ,er] . Let s> o . Then

there exists a polynomial
P such that

I f Cx ) - P (x) Is E

for all x c-Eat] .

f- can be uniformly approximated
by polynomials .


