
Last time we proved
1

K - compact subset of IR
⇒ K is closed and bounded .

Now we want to prove the

converse ,

theorem .

Let a ,be R .
There

[a ,bT is compact subset of
IR

.

Proof
.

Let U be an open
cover of Ea ,b] .
Let x c- IR

,
a Ex Eb . Then

U is an open cover of Ea , x] .
Let A be the set of all

x c- Ea ,bI such that Ea,x3



2

is covered by a finite sub cover

of U .

① A.isnotempty-ha.AT
= {a} is in some V eU .

Therefore {u } in a finite
subcover

.

② A is bounded above ( by b ),
hence 7 a = sup A .

x
Let U be an open set in U

which contains a . Then

there exists e> o such that

(x- E
,at
E) c U .

a-E atE

→E



If A n Ca -e
,
ate) = of

3

x cannot be the least upper
bound of A .

Hence
,
A n (x- e ,at e) to .

Take x E A n (x -e
,
at E) .

Then there exists a finite
sub cover U

'

of U which covers

[a,x] .

Moreover

[x
,
a] c ( x-e,at E) cU .

Hence U
'

u {u} is a finite
nukeover of La ,D= Tea , x] ok ,

a] .

It follows that

x EA
.
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③ a = A

Assume that a s b ,
Then

there exists aye IR , a s y s a test

for some small e such that

(x-e ,at E) c U EM .

Let U
"

be a finite subcover

ofU covering La , a] .

Then

U
"

of u } is a finite subcover

covering Ea
,y] = Ear] ok,y] .

Hence
, y c- A

.
This contradicts

x -- sup A .

It follows that a -- b .
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Therefore , there exists a finite
subcovering of U covering Ea ,b] .

It follows that Ia ,
ee] is

compact .

⑤

Corollary : Let K c IR . Then

the following statements are

equivalent :

Cil K is compact ;
Cii ) K is closed and bounded .

Proof .

We proved Lil ⇒ Cii ) .

If Cii) holds
,
K is a closed

subset of Ea ,b] . By the

theorem
,
[a ,b] in compact .

⇒ K is compact . Ex



Let f e E (X) . Consider
6

x i→ f (x) I flat
This is a composition of
two continuous functions
=3 Continuous on X .

It fell = max If Ix))
XEX

① Hf Il 70

② Itf 4=0 ⇒ If Cx) f- 0 for all x

⇒ fix7- 0 for all x e X
,
f = o !

⑨ life'iT= may Kafka l -
= M¥444 . IfG) t ) = Kl . my If G)I

=

= ixltlfll .
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④

11 ftgll-n.iq/fkItglxI/ s
s my ( Ifk) tlgcxsl ) e

←

×meax× If I tryaf I gem I
=

Hf H t llgll
This is a moonie of e(X) .

d Cf
,g) = H f -g H

is a meine on UX) .

Defines a topology on ElX)
- topologyofuwifomcouoergeu#


