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Leimma . If X is hausdorff
any compact subset C of
X is closed

.

Proof Let X H C .
Let

-

"

a ← C .
Then

y
x t y .

Since

X is hausdorff ,
there exist open sets Ua a- x

and Vy>y such that ↳ n Vy-- ol .
( Vy ; ye C) is an open cover
of C .

Since C is compact,
There exists a finite subcover

( Vy ; ; is it m) .



UH
,
n . . - n Un is an open

2

set containing a .

⇒ neighborhood of x .

Vi n U e Vi n U , = 0
⇒ (VVi ) n0=0
⇒ c n U =

⇒ U a X - C
.

This implies that
X - c is open . Hence

C is closed
.

PA
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theorem : Let f :X→ Y be

a continuous map - Let C be

a compact set in X .
Then

f-G) is compact .
Proofs : Let (Vi ; if I) be
an open cover of f- (c) .
Then f-

'

(U!
,
i c-I

,
are open

sets in X since f is continuous .

Moreover
,
since FCC) c tf Vi

we have

c e t
' '

!¥Vil -1¥ E'wi)
i.e
. ( f-

'

(Vi) ; ie I ) is an

open cover of C . Since C is



in
compact , the cover has a

finite subcover, i. e. ,

C c f-
'

lui
,
)u . . . of

-'

win) .

⇒
He) c Ui , u . . -

u Unum .

Hence
,
I vi. , Viz , . . , Vin ) is

a finite sub cover of
Wi ; ie I) . Be

.

Lemuria .
Let S be a compact

subset of IR . Then S is

closed and bounded .

Brood . Since IR is hausdorff ,
S is closed .

Let In = f-m ,n) , meN .



Then Y = (In;new)
5

is an open cover of IR . Hence ,
it is an open cover of S .

Since S is compact, T
has a finite sale cover -

this implies that
S c In = C-non) E Em,n]

for some n E NI . Hence
,

S is bounded .

Let X be a compact topological
space .

Denote by EG)
the set of all continuous
functions f : X → IR

.
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EH) is a vector space .

f ,g e EG)
xE X

, f and g are continuous

at ×

Let e > o .

Then there exist

neighborhoods U and V of x
such that yeU ⇒ Iffy) -fG) fees

y c-
V ⇒ I g ly) - gents% .

Hence for y E U nV ( neighborhood
of a)
Iff tg)Cy) - Cf tg)G) I =
I ftftgfy - f Cx) - gG) l E
E l f GI - ftysltlgcx) -glydl <%t%= E

.
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The function ftg is

continuous at x . Hence

ft g e E CX) .
If, g)→ fig is an additive

operation on E CX) .

Exercise .
a E R (x-f) G) ea . f- K)

x E X
.

Show that if f eE CX )
then a - f c- E CX) .

This defines multiplication
of functions by real numbers .
Exercise : check that Ek)
is a vector space .
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Let f : X → R be in E (x) .

Then fCX) is compact .

Therefore , f CX) is a bounded
and closed subset in IR

.

Since it is bounded

a= sup FCK )
exists

. Assume that a et f IX) .

Since fCX) is closed . Hence
,

R - f (X) is open . Since a e IR -f IX),
there exists e so such that

G- gate) c IR - f CX) ; i - e n

ca- e
,
ate) n f (X) =§

d-E LTE

F- This
Stx )



q

contradicts that a is the

least upper bound of f CX) .
Hence , a e f IX)

a = max f-Cx)
XEX

'

Exercise : Prove that

p
= inf f (X)

satisfies

G = min f Cx) ,
X EX

Therefore ,
min fix) E f GI E Max f GI
XC- X XEX

'

continuous functions on

compact spaces attain their
maxima and minima

.


