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A tangents at a is

a linear map
T : (Rm) → R

such that it satisfies

Tffg) =1-(f) gfa) + f-(a)Tf g)
-Leibuizrule .

All tangent vectors

at a form a vector space over IR .

T
,
S - tangent vectors

(1-+5) Ifg) = Tff g) + Slf g) =

1-(f) gca)+ftp.T/g)-Slf)gca)tfca)S(g)---(TffltSCf))gca1+fla)(Tlg7tSlg)) =
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= (1-+5) (f) gca) + f- (a) (1-+5) (g)
Tts is atangent vector

✗ c-R
,
XT is a tangentvector .

Ta (Pi) - the vector space of
alltangent vectors at a -

the taugeutspae at a .

ei : f→¥.

f) (a) = if) (a)
is a tangent vector at a

① ( e , , - . , em )aoeliueaolyiude-pemdeut-I7.ci= 0
i =\

ofÉ Xie;) Kj) = Aj @jxj) (a)=kji= ,

✗ j
= 0 for all I ⇐ j em .
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② From Taylor's formula we
can roue that for any function
f- c- C
•

(RM ) and a c- ☒^we have

m

fix) = f- (a) + I (✗ i - ai)g:(×)
5=1

This implies
⑨f) (a) = 0 + gj (a)

Let T c- Ta (Pi) .

Then

1- (1) = 1-(1^1)=1.1-11) + 1-(e) -1 = 21-4)
⇒ T (1) =0 .

1- (f) =T( f- (a) . 1) + 1- (IÉ
,

ki - a;) . gi) =
"

o

= =É(Tf×i - ai) -gila) + 0 .Tfg :)) =
= É Tail .@jf) (a) = ¥? Tlxi) . 9- Ifl
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Hence
,
T = £9. ei , Ci c-R,i = 1

and (e , , . . . , en) is a basis of

Ta (PE)
. Therefore ,
dim Taupin) = n .

M is a differentiable manifold
a c- M .

A linear form T :c
•

(M)→R

is a tangent vector at a if
1- ( f. g) = f-(a)Tlg) +Tff) g(a) .

As before , all tangent vectors
at a form a vector space
T.atM) - thetangeutspa.UAM at a .
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Let N be another manifold
and F : M → N a differentiable

map . Let a = Fla) .

Consider TeTalm) .
Let f- c- CMN) .

Then f. F c- CHM) . Hence we

can define

f-T( f.F)
as a linear form on CMN ) .
Moreover

1- ( (f. g) •F) = Tf@ •F)fg.FI/---Tlf.F).g(• F) (a) + 4- •F) (a) Tf goF) =
= Tff •F) g (Fla)) + f- (Fla)) T(goF)

"

er

"

a
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Hence f-→Tff • F) is

a tangent vector af b .
It follows that we defined
a map Taft) :Talm)→ t.CN)

Ta(F)(T)(f|=T(foF)\
for 1- c-TalM) .
The

map ICF) :ICM )→t.CN )
is called the derivative
of differential of F at a .


