
Dimeusionof.am#ifod
Connectedness - Let ✗

be a topological space . ✗ is

co-Edif ✗ is not equal
to U u ✓ where ↳✓ are nonempty

open , disjoint sets .

Eixample : Open ball in pin
is connected

.

Lemuria .

Let ✗ c- ✗
.

Demote by
U the family of all connected
subsets of ✗ containing × .
Then the union of all sets
in U is connected .

Proof .
Assume that Y is that
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union
,
Y = UnV

,
V
,
V -1-01

and Un V = ¢ , ↳V open inY .

Let Z c- U
. Then 2- no

,
2- nv

are open in Z , ⇐ nv ) nfznD= 0
and ⇐ nv) u (z nV) = Z .

Since Z is connected
,
this is

possible only if 2- no = or

2- nV = .

Assume that ✗ c- U , Then ✗ c- ZnO

⇒ z nV = of → ZCU .

Hence
,
union of all Z is inU

.

⇒ V = ¢ . Therefore , Y is
connected . ☒
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The set Y is the connected

component of ✗ .

Let
y c-
Y

.

Then the connected

component W of y contains

Y ( since it is connected) .
It follows that y c-YCVV .

Therefore , VV c-U and WeY
.

Hence
,
W = Y .

⇒ Y is connected component
of each of its points .

✗ is a disjoint union of all

of its connected components .

Theories .
Connected components

of a differentiable manifold
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are open ( and closed) .

Proof .

Let M be a manifold
and N a connected component

of M .

Let ✗ c- N .
Then there

exists a chart

c- 144in) around

try ✗ such that ylu)

#ball is a ball .⇒

Yul is connected

⇒ U is connected . ⇒ U C N e

⇒ N is open . All connected

components are open .
X -N is

a union of components . ⇒
N is also closed

.

☒
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M manifold , ✗ c- M

c -40,4 , n) chart around ✗ .

M
. If D= (Vitim) is

another chart around ✗

4°F
'
: ylunv)→ yelvnv)

is a diffeomorphism ⇒ n=m☐

⇒ dim
✗
M = n - dimension of

M at × .

① ✗→ dink M is a locally
constant function ( it is constant

on a neighborhood of x) .
Assume that dim

✗
M has two

different values n, m .
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Then U = { ✗ c- M / dim
✗
M=n}

V = { ✗ c- M I dim ✗Mtn}
are open

sets in M
,
Vvv = M

U
,
✓ + ¢ and UnV = $ .

Hence M is not connected .

⇒
Local dimension dive

✗
M

is constant on connected

components of a manifold .

If the manifold is
connected

,
climaxM = dine M

dixion of M .



7

Products .
M

,
N are manifolds

M ✗N - product
- topological space
- Uc Mx N is open if for any
⇐ ,g) c- U , there exist open

↳ → ✗ in M
, Vy ⇒ y in N such

that Ux ✗ Vy CU .

- define charts on M ✗N

c -W
,e ,
m) d = (V

, Y ,
n)

cxd = (Ux V
,4×4 ,mtn)

This defines on M ✗ N a

structure of differentiable
manifold .

- pnodnctmauif.LI
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of M and N ,

Liegroups
ALi¥p a- is a

(a) group ;
(b) manifold ;
me : M ✗ M → M
Tmultiplication product manifold
is differentiable map
i : M→ M i. (a) = a- 1

is a differentiable map .


