
Chaugeofvaaiableslet
U
,
V open sets in B

"

T : U → V continuously
differentiable bijection
n
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Then T

'

(x) is a continuous

function on U

Tt Cx) = detT
'

(x)

is a continuous function ou
U

.

Assume that TtCx ) # O

for all x e U .
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them T
'
Cx) is invertible for

any x E
U

. Therefore, by
inverse function theorem ,
the inverse function T

"

:V→ U

is continuously differentiable .

Moreover
,

Tt- e (T Cx)) =
IetIT (x )) = det (T

' (xD
- '

=

=
1-
det (T ' G))

= TtCx) .

-1

Since T is continuous
,

it maps compact sets into
compact sets .



Let f c Colten) , supp f
CV?

Then foot is a continuous

function on U .

If K -- suppf , f CT(x)) to

implies T(x) E K , i.e .

x c-T
- '

(K) . As we remarked
T
- '

( K) is compact .
Therefore , supp (foot) is

a closed subset of T
-' (K)
,

i.e
.
it is compact .

We want to prove the

following formula
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}§nfHdx=§znfCTtDHIGdldy#
-

This is thechaugeofvaoiablesformula .
-

Before proving the formula
we discuss the case of
m = I

.

¥79 aid-
T

i and I are open intervals,
T is continuously differentiable

.
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Since T
'
(x) # 0 for all

x c- I we have two cases .

Either (a) T
'

G) so for all xEI

or

(b) T
' (x ) so for all xEI .

In the case (a) T is strictly
increasing . Therefore
1- (a) = c and Tlb) =D

Sabfltlxl) T '

Cx) d x =
d

f fCx) dx

in the second case
,
T is

strictly decreasing . Therefore
T (a) =D Tle) = C



& fthx) ) Thx ) dx =
°

= § f Cx) d x = - & fcxldx .

Hence ,

fdfcxldx = & f Ctf xD IT 'G) I DX
.

Hence in both cases

Imf dx = ! fftk)) H' IN ldx,
and this is a special
case of change of variables

formula .
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Firstreductiou

totoiow
Assume that T and S

are continuously differentiable
bijection of U ontoV,
and V onto VV respectively .
Also assume that

JTG)t O for all xe U

Jscyl to for all y EV .

Then P= Sot is a

continuous bijection of
U onto W

. Moreover ,
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by chain rule
P

'
Cx ) = S

'

CTG))OT
'

Cx)

for away x E U .

It followsthat

TdsG)= det P
'

Cx) =

= det (s'CTW)) .T
'

(xD =
=
det (s'ftGD) . detT

' Cx) =
= Is CTCx)) .Tp(x)

for xE U .
Let f be a continuous

function with compact
support in W .

Then

f.S has compact support
in V
,
and foP has compact



q

support in U . Therefore

↳nf CPGD I Jpcallda =

=§nf (SCTGD tJsCtlxD I
.

IFCa) / da =

= ! f Cs ly)) I Ts Cy) l dy=
(usingthe change of variables
formula for s )
= S fG) dz
*

(using the change of
variables formula for T)



D

Therefore if P = S OT

and the formula holds

for T and S , it also

holds for their composition
D= Sot.


