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V linear space over IR

( t ) induct on V

C . I . ) : V xV → IR

① linear in both variables

② Cut v) = helm) symmetry
u
,
ve V

③ (mln) 30 , (uInto ⇐ u= o
.

theorem ( Cauchy- Schwartz

inequality)
Let m,we V .

Then

Kntv) l E Hull . Hull
-
Hull = Culm)
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th
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Can assume that m
,
u# O .

Consider the function
IR at 1- (tutult u to) 30

Hutu Itu to) = tTu tu ) t

2 the Iv) t Cola) =

= Hull't't 2 Lulu) t tHalf
✓
0

This is a gundraw a polynomial
t i→ att b t to

a >0 . Graph :-
since

¥¥. :c::: :>:
negative cannot happen

Hence the quadratic equation
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attbttc -_ O

has at most one real

ter

×
,
,×z=-b4Tac

Zoe

⇒ li - 4ac so

⇒ eie4ae

4/6142=4/11 uh? Hulk

Kunst ⇐ Hull .Hull
.

134

Let nine V

Hutsell - (ntvlutre) =

- Hull't Hulu ) + Hull's

skull't 2KuHHvHtHvH2=
- (Hull tholl)2
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Taking square root we

get
Hn trolls Hull +Hull

(triangle inequality for
norm ) .

d In,v) =/ In - roll

d : VxV→ IR

is a medic on V .

V is a metric space .

Example . V = pin
(x ly ) = ¥7 xiyi
inner product in Fkn

kill = V.E.IE



d (x , y) = It x - yell =
5

=T⇐i5
E÷ in 112in

It is a metric on item

which defines the
"natural

"

topology of IR?

Open set 0 in Rin

II::3.EE
.

such that

B.(x
,e) = {ye IRM I Hx -yKc E}

is in O e


