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Partition of unity-
Partition of unity is a construction
which is used to reduce proofs of

global statements to local

statements .

Remnants . Let a e RM . Let

B , be a an open
ball of

radius A centered ina

Ba - open ball of radius R

centered at a

R> r . Claire: There

④eBe exists a continuous
-

fraction ee : pin→R
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such that

ca) O E y (x) E l ,
X E Bing

Ced e IB
,

= l ;
(c) y Cx) = 0 for x ¢ Bz .

Hence
, nappy

cBT .

Proof÷
i-

read
Let B : IR+→ me

↳
*

be the function
• R given by this

graph . Then B is continuous .

The function y Cx) =p( Ix
- al)

has properties Ca) , (b) and Co) .
Let k be a compact set
in Rsn. Let ( Va ; a c- A) be

an open cover of K .
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Then there exist continuous

functions Yi : Rn→ SR
,
i sie m

,

suchthat

(a) O E Yi CDs I for
all

x E R
"
and is is my

(b) supp Vi are compact
and supp Y i c Va for

some 2 C- A j

le) EFYi Cx) = I for all
X E K .

The family Hi , . . . ,Y ne) is
called partition of unity on K
-

suywinat.to/ cover (Va ;a e A)
because
'
of because of co)

Cbl



Construction . x c- K
4

x is in some Vaca, , Lex) EA .

Bak) ⇒ there exists

j
y : IRM→ R' which

B. ca, is continuous
,
O Ey Cx) El

for all x c- Bin, 41ps ,
= I

,

sappy c BIK Vax) -

clearly , ( B , Cx) ; x c-K) for me
an open cover of K .

Since

k is compact , there exists
a finite set x. , . . . , Xm E K

such that ( B
,
Cxi) ; it ism)

is a rule cover
.

Denote by Cee , , . . , em ) the



corresponding functions .
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Then
,
OE Yik) El g

Yi l B
,
ex;)
=L
,
and

supp Yi
e Bati) C Vaca;) .

Put

Y , = 4 , g

y it, = ( i - 9 .) . - - C '
- Yi) 4 it,

for i >2 .

By induction , this defines
a family (Yi ,Ya, . . . , Yue)
of continuous functions on
pin

.

Clearly ,
of Y , G) E l

for all x c- Itt?



We have OE y ; Cal El
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for all x E IRM .
Then

( I - y;) Cx) = I - Yi Cx )

satisfies O E l - Yi Cx) El for
all x c- Pin . Therefore
⇒ Yi = ( i - y ,KD . . . Ci - yicxDYP.mx)

satisfies 0 E Uit ,Cx) El -

Hence
,
we have

(a) Of Yi Cx ) E l for x E ITE
.

Moreover
, by definition

Yik) - O⇒ YiG) =

hence supp Yi E supp Yi E

Bati) c Vail



in particular supp Yi
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are compact . Hence Cbl holds .
We claim that

Y
,
tYzt . . .t Yi =

I - ( i - e.) ( i - yd - - - ( t - fi) .
The proof is by induction
For i = I

Y , = I - ( l - P,)

is obvious . Assume that

the claimholds for i

Hit Yzt - n n t Yi t fit , =

= I - ( s - 4 ,) . . . ( l - Yi ) t Yi't I =

= I - ( I - Yi . . .(I - fi ) t

( e - e , ) - n . ( l - Yi) 4 it , =
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= I - ( i - y , ) . . . ( i -Yi ) ( l -Yiti) .
This proves our claim -

impatience
Y
,
t Yz t n . . t Ym ==l-(l-4D4-yzl...(l-4n€

Let x E K
.
Then

,
X E B

,
Cxi)

for some is it m . Therefore,
we have Yi Cx) = I . It follows
that

Y,HtYzlx)t - i . t Ym ( x) =/

fromthe above formula .

This proves the property
(c) .


