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Let 0 be an open set

in Rin and F : O→ IRMa continuously
differentiable function .

Assume

that F
'
Ca)

,
a e O
,
is invertible

.

Then there exist open neighborhoods
U of a and V of b =Fla) such

that

Cil f : u →V is a bijection;
ciil the inverse function G n

. V→ U

is continuously differentiable at

atakFiaT
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First we need some properties of

operator norm .

ii.it ::: : :
It Aej IT E II Alf HejlT = HAIR

4

E. Kid's HAIR

⇒ taiji ⇐ HAIR⇒ IAijK HAH

M=maeIAijlEAA÷
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HAx tf - EF (Axl? - Ia ( EIAjixj5.EE?lTElAisil.lxjl5--M7ElElxjl5
← M
' II

,

m . IE
,
lxjl
-

= n'M
-

11×11
'

byCauchy -Schwarze

⇒ HANTS rim- 11×112

⇒ HANI s n .M . Kill

⇒ HAH E n. M

MEHAHEn.MY

If x -2 A Cx) is continuous
, for

E> 0
,
FS > o

,
I A- K2 AG.> ij I

CE

as A x - x.Has ⇒ HAKI - Afxo)Hsn .E

x -211134211 is continuous
.
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Proofs .

A = Fla) :
consider

,
far y c- Bin

,
the function

4 (x) = x t A-
'

( y - Fla))
4kt = X ⇒ A-

'

ly - F (xD = o ⇒

y
-F (x) =o ⇒ y = Fla) .

y
'

Cx ) = I - A
' ' F'(x) =

= A-
'

(A - F
'

(x)) .

II y
'

(x) H s HA'll . HA -F
'

11
Since F'G) is continuous on 0 ,

there exists an openball U centered ata

such that H ft
- F

'WH s 2¥11 '

F'la)

⇒ He
'

G) HE HA
- ' Il . 2¥11 .
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Since U in convex
,
wehave

.

Held - e HH e 's .lk - d 11
.

for c , de U . Hence
, y
is

a contraction
.
Hence

,
it can

have at most one fixed point
in U

.

So
, for ye pin, the equation

y= Fla) has at most one

solution in U .

⇒ F : U → IR is I -to - l ( ie .

an injection) ,


