
-

FEI -- (Fk) ,EH ,
. . -

, Fm Cx))
"

Let hj = tej .

Then

him llflxthj) - FG) - F'G) hjll
-- =

t-20 HI

Flxttej) - F Cx) - tftxlej is
a vector with coordinates

Ficxttej) - Filx) - Fllxlijt

sina.es.i÷÷:÷÷÷:÷ii÷¥
i:÷:÷i



Hi , - . . jtt , - . . xn) 2

Hence
, Ifi ↳ + te ;) - Fi GI - F

'

(x) is- HLim-= 0
It l"

I
, ,⇒i;=9I

Y
partial derivatives

a. it :÷¥
.
. .

I
Ofmk) )(Tx, -

-
-
-

Oxon

matIof the derivative of F
at x .



3
Chain rule
-

.

-

H -- G- of

Assume that Fis differentiable atxo,
G- is differentiable at Fk .) .Then He

is differentiate at Xo and

H' (x
.
) = G

'

(F Ko)) . . F
'

Kol
,

Prod :

HFGoth ) - Eko! - A HI
→ o



HGfg.tk) -Gly .) -Berk
4

-→ o

11h11

HateKoth)) - Gftfxd) -
yo

B. ( Flxoth) - FG .)) If Ewen Hflxoth) -
t

F- (xo) fl
o

IIFKoth ) - Eko) HE @ + HAH) 11h11

at 11h11 et

II a- (efxoth ) ) - 9- ( Eko )) -I Bcflxoth) - Flxo) ) H E wth ) (et HAV) . 11h11

On the other hand
,
we have



11113
#Koth ) - Eko)) - BAH #

5

£11134.11 Fcxothl - Eko) - Ah HE

HBllow.ch/llhH
'

Yo

KGCF Goth) ) - Gtflxo)) - BAHN

-=HGfFCxoth) - Gfffxo)) - Bfffxoth ) - Eko)) t
-

+

BCFG.tn#fxo-BAhl1Ewlh1fEtHAH)llhHtllBll.wfh)llhll
Xo XO

By division with 11h11 we get

HALF Koth)) - Getxo)) -BAHN
- → o

11h11
.

.

as 11h11 -70
. KB

#

i

,

a. bell .



Let U C IR be an open convex set
6

lie . x
, y
e U ⇒ tx th -t) y

c- U

for t e
-

Lo , is ) .

:::: ::
differentiable and

H f
'

call E M for all x c- U .

Theorem
-

H f la) - f (b)HE M Ha - hell

for all a , le e U .

Proofs n
.

Let y ft ) = (l -t )att b

Then y lo) = a , 811) = b .



- T

V : IR→ IRM is differentiable .

K¥3 HI) c U since

U in convex

I is open interval

g = foy : I→ IRN

is differentiable

g
'
It) = f

'

(Ht)) . y
'

ft) =

= t
'

CHED . If -a)

Hg
' HSH = Hf

'

AHH . H b -all E M . H b - all

for t c- I . .

Let ye
pin

. There

yet ) = (g Itt ly) is a

differentiable real function on I .



8

We have

y
'
# = ( g

'# ly)

for C- c-I . By mean value

theorem

gli ) -4101=444
f-of some c c- [oil] .

hell -4611 ellylg' Is
Hyll . Hg ' 6411 ? M Hyllillb - all

Put
y
-

- gli ) - g co ) . Then

gli) - 4101 -_ ( gas -glollg.CI/-gloD1yCD-yld/=llgCd-glDH2eM.HgH-gloHl .
1lb - all

.

⇒ llglisj.g.com E Mello-all

Hflb) - flat H .

' D8

I



q

Coi . Let U be convex& open
f .

. U→ Pim
. If f

'
KI = o for

all xEU ⇒ f isconstant .
µ⇒

Let U be an open set in Mn,
F : U→ Pim

.

F is continuously
differentiable on V if it is differentiableat

any point of U and xi→ F.
'

(x)

is continuous ou U
.

At x. e U
, ( F

' '

( xotte ; ) tfj) = diFj Ko)

diff -

and continuous
.

⇒ F
'

cont
. differentiable

⇒ di Fj are cont .
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theorem . Equivalent
G) Fireout -diff . ou U

Gi) diFj , Kien, is jam , exist

and are continuous ou U
.

Proof .

We proved lil⇒ cii)
.

Converse Cii)⇒ Ci)

Assume that Oifj exist and
are continuous ou U

.

① F = (Fi , . . . , Fm ) .

It is

enough to show that Fj are
cont

. diff .

I#Goth) - FG .) - Ah HE

¥
,
I Ffxoth) - Eko) - FI, Aji hit



*Koth)- Eko) - Ah 112
"

-
=

HIT
=E¥¥h¥xo¥i¥ T
i -4 11h14 yo

since Fj are diff . atxo ⇒ F is

diff . at xo
F'G.) = (Oifjlxo)) ⇒ F

'

is cont .
T
cont .

-

can assume that m -- I
.

F- fx.tn/-Flxo/=??F(xot0j)-FGotoj.i)h--lhi,--.,hm)
k

Usa = E hier
i -4
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F'Goth ) -FG .) =FI hjojffxotukytdh.ee)
Ethel.

by mean value theorem
can assume that

/ left (x.th) -djF(xo) Is In
IFKoth) - Fk.) - Zdjflxohj l E
E ¥7 chjflxotva, token) -djFGoDhj/

E En

s En . II
,

I hit E ⇐ th H
"
Cauchy Schwartz

⇒ F is differentiable .

tyg




