
contraction principle
'

-

X complete metric space

y :X→ X map .

Y is a contraction if there

exists 02cal such that

d ly Cx) , ely)) ⇐ Cd Cx ,y)
for all x ,ye X .

Theorem .

There exists a unique

point x.tk such that y KokXo ,

Y Gol exo - x . is a fixed
for y .

- there exists a fixed point
⇒ it is also unique .



Proof . Assume that x o , x ,
Z

are two fixed points

dlxo
,
x ,) =D ( e ko) , eki)) E

C d (xo
,
x
, )

⇒ d (Xo
,
X D= 0 ,

⇒ Xo = X , .

If fixed point exists , it is unique .

Existence ! Pick arbitrary x. ,
Define inductively xn+ ,

= fkn) .

d (anti , xn ) ⇐dfxn,Xn- i) E C
" dfxz

, xD
MJMt I

dlxm
, xn) s dlxm ,Xm -Dt . - - tdlxnt

, Ym)
f (cm -2 + . . . t Cn

- '

) dlxzyx ,) E

⇐.n.ch/dlx.,xil-- dlxz
,
xD

q
G

(xn) in a Cauchy sequence .



Since X is complete ,
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in -2 Xo . Y (xn) → Xo

dlelxl ,ely)) sad Cx , y) ⇒

q is continuous

ylxn ) → y ko ) ⇒ y ko )=x .
Xo is a fixed point .

Remarks .

Contraction principle
is effective , gives away to

calculate the fixed point .
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Differentiable maps
-

It±
Uis open in Bin .

'

F : U → Rm

a function
F- (xn - n .

,xn) = ( F, (x. . . . , xn) , - . . , Fmla, . . .,xn))
U has natural topology given by
metric on Bin

.

Sauce with Pim

Consider continuous map F , u →Pim

⇒ F
, , .

. .

, Fm : U → IR are also
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continuous .

E >o
,
IS > o such that Hx - y11<5

⇒ HFK) - Fly 311 see

continuity x -

want to define differentiability .

Case m =L
,
m= I .

FG th) -FG)F'Cx) = him-
h→ o h

= (xth) - FG) - F'Cx) h
lim 1- = O
h -70 h

FA EIR such that

line lt¥Akl = •
h -20

.

h



Generalization : F : U→ IRM is
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differentiable at x c- U if

HEKth) -FG) - A -HII
=him- O

h-20 4h11

← linear rugs
for some A c- L lPin

,
R'
m )

.
pen → pin

⇒ for any e >0 there exists

I > o such that

4h48 ⇒ I Fcxth ) - FK) -Ah, HEH ha
① Claim . IfFisdiffereutiableatxc- U

,
F iscouting.at × .

( i - e . differentiability is stronger

property than continuity) .
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Proofs .
If Fcxth) - FK211 = IIF Ixth) - F Cx) -

A- h t AhHE A FGth) -f Cx) - A x H t k Ah l l

< Ell htt t H Ah 11

omlinewY
-

B lov) = { he pin I 11h11 E I }
closed unit ball - compact
A : pin→ pin

* I I:÷l
Hit a 11×11

⇒ ki - yi l s IK
- ylI

⇒ coordinates are continuous



functions on pin
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linear functions are continuous

x i→ ET Aji Xj
x 1-5 HAall is continuous

on pin

On Blom) attains maximum .

11 All = mat 11 Ax Il

Te
LINK I

liueaoruapnosrnll
AtBH = max IKATB) all E

Hall El

⇐ Iffy , (
HAxlltll Bx Il) E



q
E mae 4 Ax Il t mad 1113×11 =

11×11El (KIKI

= HAH t 111311

HA AH - txt HAH
,
AE IR

X E IR; X to

y
-¥,

c- BCom)

⇒ HAYA E HAH

HA (En) K E Hall

⇒¥ . HANI E HAH

⇒ HA * HE HAH . 11×11

holds also for x - o .

holds for all x c- Pin .
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⇒ HAH⇒ ⇒ A = 0 .

II. It is a more !

-

Back to continuity
-

:

Hfcxth) - FGIH a E. 11h11 THA HH E

E 11h11 t HAH . 11h11 = (HALITE ) 11h11 c

(HAH t E) I

⇒ F is continuous at x !

Claim : A is unique !

Assume the opposite .

Hfcxth)-FK)- Ah H
f '

o

- =o

11h11



l l

IFKth ) -FK)-B. httlim 1- = O
h-so 11h11

HCA -B) htt = HEG th ) -Fk) - Bh) -

- ( Faith) - FG) - Ah) HE
Hflxth) - FK) - Ah 11 + It Flxth) - FG) -13h11

divide by 11h11

HCA -B) HH -

*
E "FGthl-fkI-A# +

11h11

Heath) -FK)- Bh H
t-

11h11

as 11h11 → 0 the right side

tends to O

⇒ 11 (A-B) hillline-= o

U-so
11h11
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⇒ For E > 0,78 > o such that

"HKS ⇒ NA - B) HIKE 11h11

* o . h I. ¥1, 11h11 - Iz CS

HCA-B) HH es . I

⇒ KCA-B) all = f. Hall . HIA-B) till < 211×11

⇒ HIA - B) '⇐, ) Hee
⇒ HA -BIKE ⇒ HA-BIKO

A -13=0 ⇒ A=BI !

A- is completely determined by
F !

Def : F'kI=€
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This is the differential
(or derivative ) of F at x .

(not to be confused with partial
-

deie !)


