
I

we say that
X is a topological

space with the topology U
if U is a family of
subsets of X satisfying
HD 4 , x are inU ;
Cta) if (Ui

,
iEI) is a

family of elements of U
then ¥± Ui e U 's
(1-3) if U

, , Vz , - . ., Um is

a finite family of elements

of U then b
,
n
. . . nun is

in U
.



Closed sets
2

-

X topological space
U - family of all open
sets in X

A set Z c X is closed if
X -Z is open .

① 0 and X
'

are also closed sets
.

② ( Zi
,
ieI) family of closed



sets .
Then U ; = X -Zi

3

are open . Hence

U = ¥± Ui is open .

X - u = X - i¥Ui ) =

=

.

(X - Vi) =
.

.
? Z i

Hence
,

t.heintetseetiouofauyfanuilyofclosedr.es
is closed

.

-

③ Zi
,
Zz

,
. . .

,Zn finite

family of closed sets .

Then Ui = X -Zi are

open .
Hence

, Van Uzn . . . none is
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open
X -6

,
n

. . . nUn ) =
= (Xiu . ) u (X-vz ) u . . . u (XiUn )
= Z

,
u Z zu - . . u Zn

⇒ Z
,
u Z zu . . - u Zn is closed .

Hence
,finiteuuiouofdosedsetsis closed

.

-

Example .
In discrete space X

all subsets of X are also closed.
The family of all open
subsets of X is called the

topology on X .



5

Any metric space is a

topological space .
Converse

is false .

Example . X a set
,
U =L & , X }

is a topology on X .

It is

called the chaostopoeogy .
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Assume that X is a metric

space .
x.c-X

.

Then B Go
,
e)

contains xo .

Hence it is a nonempty
open set ⇒ B ko

,
e ) = X for

any E70 .

If x , c- X is a point different
from Xo ,

×
,
c-B. Go

,
E) ⇒

dGo
,
x ,) e E for any E>o

⇒ dlxgx ,)= 0 ⇒ Xo = X ,

and we have a contradiction
.

So
,
if X has more than

two points it cannot be
a metric space .

(this is a stupid example .
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We shall see more interesting
examples later .)

If X is a topological space
and x c-X a point , we say
that a subset N c X is a

neighborhood of x if
there exists an open set 0

suchthat x ⇐ O c N .

x.:::::::
is an (open) neighborhood

of x .
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¥: If X is a topological space
with chaos topology * a

point inX
,
the only neighborhood

of x is X .

Hence if X contains two points
x
,y , x #y their neighborhoods
intersect

.

-

Two points x , y
in a topological

space X are separated if
there exists neighborhoods
U of x and V of y such

that u nV - 0 .

④
U ④/ V A- topological



space X is hausdorff
9

- if

any
two different points are

separated .

Example :① A topological space
with chaos topology and more
than one point is not hausdorff .

@OMetnerpacesaoeha_usdorff.L
et x

, y be
two points in

X
.
Assume that x t y

.

Then 8 = dk
,y) 70 .

Let ze BG ,E) n B Cy ,E) .

Then

dex
,y) sdk,e) talk,yk {TEES
cochin ! BG EzlnBly ,Ed = 0



X topological space
' O

S c X subnet

F family of all open
subsets of S - nonempty
(contains empty set)
Union of all elements of F
is
open

and contained in F

- largest element of F

Fact . There exists the largest
open subset of S -

interior of S - int (s)

int (s) c S .



G - fancily of all
"

closed sets in X containing
S

- nonempty ( contains X )
intersection of all elements
in ly is closed and contains

s ⇒ it is in Cg
⇒ the smallest element

of Eg
There exists the smallest

closed set containing S
- the closure of S - 5 n

int Cs) as a 5
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Os -5 - int (s) =3 n (x - ints))
--
closed

closed set

- boundary of S
-

'

Examples.
-

①

BG . , e) is open
B- Go

,
e) = { x c-X Id Go,x) EE}

is closed

int (Bfxo
,
e )) = B (Xo , E )

BCXQET = B- Go
,
E)

OBGo
, E) = {x ex I dlxo

,
x ) = E}

② ④ c R
.
int (Q) = 0

QT = IR .

OQ = IR !


