
kishke .

'

(un ) a Cauchy seguenee int
Mn = (Mmm , - -

y Mn,p )
- -
-

E>0 IN such that

dlnnymm) e E for mgm>N .

Hun - nmlk-II.hn; - um, 5<5
⇒ ( Mn; ) satisfy
m
,
m> N ⇒ Inn

,
i - um

,
its 2 .

⇒ fungi ) is a Cauchy sequence in K

Mn
,
i → Oi in IC .

⇒

It
,

Inn; - mm
,
if
-

< 5



take the limit m→•
2

II
,
lumi - oiled
M

⇒ emin
,.io?lun.i-oi5se77lMyi-vifse-

⇒ un- o c-e-

⇒ a = @- un) tunnel
-

Hmm-v 'll EE for n> N

⇒ mm→ v in e-

e- is complete .

this a Hilbert space .
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there exist infinite dimensional

Hiebert spaces .

P
,
ei = Co, . . go, I , O, . . . )

T
ith place

Cei ; i tic s ) is a linearly
independent family .

- linear spam is

do = { Cee , ez, . . . ) l e ie K - finitely
many of them nonzero}
-

a dense subspace of t
- not complete
Example
a#

i 's i 's . - - - )



• 4
I ite e N
i = ,

u e f
-

Un = ( e
,
I
, .

-
-

, In , 0, . - i )

Un →u in et

une ich , but not .

-

Cei le j) = {
0 if i ⇒ j
i if i = j

M = (Ce ,Cz , . . - )
is

m = I Cie i
i=)

- partial sums are

Un = FE
,

Cie i = Cc
, fun . ., Cn, 9

. . .

)



Sun→u in e
-

H un- u If= ⇐
a+
!Cif →0

as u→ is
.

A

u = Icier '

i=L

( ei ; ie N) is a Hilteets.pe
orthonormal basis of e?

-
Not an orthonormal basis

in sense of linear algebra !

- Maximal orthonormal

set

lmlei) = o for all i

w = Cci ,↳ , - . . )

(u le ;) -- C ; ⇒ Ci = o ⇒ U =0.



V inner product space
b

(nlu ) inner product
@v)→ ( Wv) is a cont

function on VXV

Hulu) - tudou.Y-knlvl-ln.lv/t
+ (now) - In . too) I = Ku -nolo) t
+ Grow -Nolte Ku - v. lotltllnolv-no>Is
c- Hn -Moll - Hull tllu.ll.HN- roll

.

inner product is continuous on
VXV .

Lei ; ie N) orthonormal system in✓
Assume that

ve V N =
.
ciei



@lol = fairy
,

Ionia)
7

n

un = I ciei
i =)

= lniiy
,
EI

,

ai kilo) =

= IE
,

Ci Cei lo)

Leto ) = luigi II, kilcjej ) =
= limns . Ein Ej Cei lej ) = I
⇒ a

n

( ulu ) = I Kil
i= ,

Bessel equality
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Hilbert space) orthonormal basis
Bessel quality

€7 Kif =Half

y : V z v '→ Ca
,a, . . . , en, . . .

)fl
'

y
is a linear map

injective
can identify V with y (V)
NV) is dense in e-
(it contains U = do )

( t ) on V agrees with inner

product in e
-

Intel = E
,

niet
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Any inner product space
with Hilbert space ) orthonormal
basis is a subspace of
a Hilbert space (it has a

Hilbert space completion) .

Example

Epa (R) - periodic continuous
functions on IR with period 2T .

fig e- leper HR )

(fig - at HIGHT dt

em
'

ein" ( ein ; me 2- )
is an orthonormal system



Ceo
,
er
,
e
- i ,
ez
,
e
-z ,

. . .

)
'°

order differently .

Epe. (R) → ez

Epeo CIR) has a Hibbert

space completion !

Question .

Are its elements

functions ?

- replace continuity of f

by Riemann integrability
of Iff on CORT]
- gives

"

bigger
"

space

t.IE ← is inthe space



I 1

Problems ①

I÷¥←t 's.IE#siax--o
11

but f to .

"f 112

One hasto identify functions
fancied g such that

⇒ IfG) - guyKd x =o
O

-

classesoffuuetiousfr.ge
, if f and g are

continuous ⇒ f = g
!

② still not complete - one
has to introduce Lebesgue integral I


