
Cauchyseguemoyaudeoeupk#esy
(X , d) metric space , d -

metric on X .

Na m 1-7 Xn E X

a function from N to X

- a sequence in X .

A sequence (Xn) is convergent
if there exists x c- X such

that dcxn
,
x )→ o as u→ co

,

i.e
,
for any e > o there exists

m
.
such that n >no ⇒ dGm

,a) LE.

in homework
, you proved

that a sequence has at most

one limit X .
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line xu = X .

c⇒e is a

sequence (xn) such that

for any e>o there
exists

no such that

d ( xn,Xm ) L E for m,m> no .

theorem .

A convergent

sequence is a Cauchy sequence .
Proof : let (xn) be a convergent
sequence and X = line Xm .

Let e > o .
There exists no

such that dlxn
,
x ) e 42 for m> no .

Hence
d Gn

,Xm) E dcxn,x ) t d Cx ,Xm ) a
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42 t Gz = E

for m
,
m 3 no .

Hence ( Xn) is a Cauchy
sequence . 194

A metric space (X , d ) is

complete if every Cauchy
sequence (xn) in X converges .

Examples-:

① IR with dcx
,y ) = Ix-y l

is complete .

② Q with dcx,y ) = Ix - y l

is not complete .

A way to construct IR from Ql
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is to add

"

missing
" limits

of Cauchy sequences .

This is a consequence of a

more general result :
For any

metric space ( X , d)
there exists a metrics apace

CI
,
I ) such that

n

Ci) X c X .

cii) X is tense in Ig
Ciii ) d (x,y) = di G, y ) , x,y c-X

.

Siu ) I is complete .
I is called the completion
of X .
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Let V be a inner product

space with inner product
C. It . Then Half = ( ul n)
is a norm on V and

d Cure) = Hn -all is a metric

on V .

V is a Hilbert's if
IV

,
d ) is complete .

Facts :
-

① Finite dimensional

inner product spaces are

complete - Hilbert spaces .

② Ello ,D) Ifl g) = § fcxsgextdx
is not complete - not a
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Hilbert space .

① Let Cei , . . . , en) be an ortho -

normal basis of V .

Then u = FE
,

xiei ,
u = Ee

,
pie

(ulu) = ( Ernieit
,
pjej) =

= II
,
EE

,
aipjceilej) =

m

= Exits.
i =L

Hull
-

= E
,

lait
'

d In
,
o) = FE

,

ki -pit .

(Man ) a Cauchy sequence
N

in V
, um = I am

,
ie i

i-- s
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Hun - um 42=2 1am; - am;T
i= I

d(Mmmm ) < E

⇒ large - angel - E

(nm) Cauchy sequence
in ✓

⇒ Can,i ) Cauchy sequence
in Cl for is is n .

Fact '
- Cl is complete

(zf=xIy2 2-=xtiy
(za) Cauchy sequence of

complex numbers

I 2- n - 2-me I < E

⇒ lxn-xm.tt/yn-ymI2se2
⇒ kn -xmles & lyn- yml CE
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(xn) is a Cauchy sequence
of real numbers

(yn) is a candy sequence
of real numbers

xn → x ( R is complete)

yn → y

Zn→ Z = x ti
y
l
.

¢ is complete .
Hence an

,
i → di e Cl

n

u = 2- a ie i
i= I

⇒ d ( un
,
u ) → 0 as

n→ es .
line un= u .

(un) is convergent .



q

viscompeete.a.fmEcco .is)
't¥÷±⇒

'

z
-E Fatt

m-ma

f-n- fm is O O exe I - In

tzttn Ex s I

- Is Cfn - free ) a- I

Hfn- fmlf = § lfncx) - fm Pdx s
'zttn

⇐ S I.dx = In → O
'

a-
'

a

( fm) is a Cauchy sequence .
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Assume that fu → f in Ecco .D)
for f e El Eo ,

D) . Then

Hfn - f II → O

fuk)→ gcx ) on [0 , IT

.

' ""i :÷÷÷÷

&lfncxt-gcxsl-dx-SFIfnlxl-gexstdxtsglfncxl-gksfdxs.tn+ In → o

§ If ex) - g exit'dx = { Ifk) - gCx) I'd×
§ I fix) - guy I'dx



+ {If Caltex .

"

§'T fuk) - fix) Pdx e fo't fuk) -fellZdx

{lfncx) -ffxtldx e fo
'

tfnlx)-f Pdx
→ o

§" lfncxtgcxsldx = fuk) - lTdx

→ 0 as m → is

{ lfnlx) - gcxydx-I.zlff.pl'dx

(&'t fix) - l l'd ×)
"

I Ifk)- fuk) Pdx)
"
I

+ ( So
"
-

Hnk) - 112µg
's

→ °

→ o

⇒ §
"

I fix) - I I'd x = o



( fifty-da )'s
k

( S
,

fix foment)
"
't ( {' fncxilda)"

→ o

⇒ Ifk) - 11=0 for x C-[o , 's]

Ifk) ) = 0 for x EL 's , I]

⇒ IfG) =/ for x C- [o , I ] , fix) = O

for xe -1k , i] what is impossible .

So
, f cannot be continuous .

Ifn) does not converge in

Ecco .is) .



A- { Cena , . . . ) I ciec , ??
,

Kira to }
"

M
,
we l2

Mtv = (Mtv
, , uzt Nz , . - n

)

(⇐ Initwit )
"
-

← ( Femif)
'
k
t

( II. wir)
"
's III. init) "- + III.wit)

"
-

for all N .
Ni→ Ee

,

luituil
'

is

increasing sequence and bounded

⇒ convergent !

⇒ II.hitoil Ct is ⇒ mtoel
.

AE IC
,
au - Cau

, ,aUz , - - - )
÷? Kuip = late . TEN if < to
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a.u e th

l
'

is a vector space over Q .

M
,
v e e
-

A

Lulu) = I uivi
i = 1

The series on night converges

absolutely

( i mil . luiDI Es
,

lui T.IE
,

wit

by Cauchy- Schwartz for En .

HE
,

hit) ' (Ei
,

wit)

Nc→ ¥
,

tail . toil is increasing
and bounded ⇒ convergent .

II. uivi is absolutely convergent .
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Into Iro) =

II. lui toil wi = II. aint t.IE
,

aint =

= Culw ) t Coolw)

caulw I = IF
,

au iwi = a ¥7 aint =
= aCalw )

cuts =T.EU#i--EiiuiE---IE.uTvi--Colu)

(ulu) = 77,14 if > 0
if = o ⇒ In if-_ o for all i

⇒ ni = 0 ⇒ M = O -

l . I . ) in an inner product . P
is an inner product space .


