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inner product

emCx) = ein ne Z
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( emlen) = I

Hfll = (fl f)
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Hlf Ill = max
+ c- Loppy

/ f Cx) /

another norm

II f- If = (fl f ) =, Tf Pdx E

⇐ If I"THfHTdx = Hlf 115
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Hfll E Ill fill

These norms define two

different metric on Epee CR) (and

- different topologies) .

Bff
,
e) = f g I 111g- f HIC E3

B- Cf , e )
= Lg l " g - file E }

By the above inequality
Bff

,
e) c Elf ,e)

for any f
and E

.

If U is open set for topology
given by all

. It any f e U

has a neighborhood B- (f , e) c U .

⇒ Bff
,
e) c U ⇒ U is open



in topology defined by Ill . Ill .
3

Topology defined by 111
.
Ill has

'

more open sets - it is finer
than the topology defined by 11

.

H
.

E
- n ,
e
-nai ,

. . .

,
en

- i ,
en span a vector

subspace U of Epa HR) consisting
of trig polynomials Pat II.make

""

.

As we remarked
, for a function

f- c- Eper GR)
Hf - E.nlflee) e. H
E H f - P H

for any PE U .
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Let e>o . By Stone -Weierstrass ,
there exists a trig polynomial
P = II.masse. such that

Ill f - PHI s E .

This implies that
H f - P H c E .

Therefore
, for that n

N

H f - If Cfl en) e , lls Hf -PIKE .

N

for any
N > m ( since P is in the

subspace spanned by (en j -N e ke N) .

Therefore , we have the sequence
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of partial sumon
Sn

'

- N→ I Cf lek ) en
k= -N

such that continuous functions
(Sw ) converge to f , i. e. ,

>

d ( Sw
, f) a E for Nz n .

( l im SN = f .
this is the metric defined by the

norm 11
. 11 ( and not the

"

uniform
"

norm Ill .
Ill -

thisis.no#nniformeo-Yl
.

We have
, by Pythagoras's theorems ,

Hf IT = Hf - ⇐wtf Ie.) e. H't



+ HEE
.

wtf I e.) e . If =
6

= H f - ⇐
n
( fled e. H't Een IC fl e.) 12

II.nkfle.dk has positive teams ,
it is increasing as N → co and

bounded by Bessel inequality .

⇒ converges !

By taking the limit , we get

Hftf-EE.lffle.IT#✓
This is the Besseleguag .

I



Assume that f e E per ( IR) has
%

continuous derivative
.
Then

21T

( f
'
l en) = IF f f ' ex ) e

- in ×
dx =

°

= It [ fix) e-
in ×

+ gin § G) e-
in×
da

=

= in Cfl en)

by integration by pants .

I ( f
'

Ien) I = n l ( fl en) I
.

If f is twice continuously
differentiable

Iff" l en ) I - n l Cf
'
l en)f

m
- l Cf lendl

.
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By Bessel inequality ,

E.
n

k fleshfellfit

⇒ Kflen) I ⇐ Rfk

for any me # for by direct

estimate )
.

⇒ I Cf
"

ten) l E H f
'

'll

for all meZ .

⇒ my ( fl en) / E H f
' 'll .

-

KHenHe"fhj
for n f O .



Since ¥
,

tn is convergent
9

by integral test,
II. lottery

is convergent

FG) = II.(Glen) en
is absolutely convergent ,
IFK) - II.ncflen) e'

'

"

I =

=L Eminent e- in'- Eminem) ein 't ⇐
is

⇐ E llflen) l ee
MZ Ntl

for large N .

Therefore , the above
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convergence is uniform .

-

This implies that F is

a continuous function .

Uniform convergence (with

respect to norm Ill
.
Ill ) implies

the convergence with respect to

norm 11
.
H
.

Hence

F = II.
*
Cflen) en = f !

Therefore we proved that

the Fourier series of f

converge to f uniformly
if f is twice differentiable !


