
Topology

Let S and T be two sets

and f : S→T a function .

To study f we have to specify
its properties like

"

continuity"

and "differentiability
"

.

To do

this we need to define additional

structure on the sets S andT

to be able to formulate notions
like "

points near to each other
"

. . .

The first attempt is to define
metric spaces
X - set d : Xxx → IR
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function on Xx X with

values in IR

① dcx , y) 70

② dcx
, y)
= 0 ⇒ x =y

③ dex
,y) = day ,a) (symmetry)

④ x
, y , 2- EX

dcx
,y) E d (x ,e) talk,y)

€1!!
- tianya.me#aeity

Such function d : Xxx → IR
or distance

is called a metric out

and the pair (X ,d) is
called a metricating .
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Examples :
① AIR

,
d Cx
,y)
= Ix -yl
-

② X -- R2
,
d (x

,y)
=M¥571 xz- yd

'

Exercise : check that d

is a metric
.

Aye
two pointsnin a metric space
X are

"

near
"
to each other if

their distance dcx ,y) is
small

.

A half centered at x.

of radius E> o is

Bcxo
, E) =L yEX l dCy , Xo) e E }

A subset O c X is a neighborhood
of Xo if it contains a ball

centered at x
. .



A set u a ×

"

is open if it is

a neighborhood of all of
its points .

Example : B (xo
,
E) is an

open set .

Let y EB Go , E) , dGo ,y)
-5 c E

.

Let z e Bly , e -S) .
Then dCy,⇒ c e -8 .

Hence
,
we have

dko ,
z) s duo,y) t d ly ,t) <St E -f

= E
,

and ZEB (x
.
,
e) .



5

It follows that Bly ,e -8) cBK.ie).
Hence
,
B.Go

,e) is an open
set in X .

so we shall call it an openball .

÷÷÷÷÷÷÷¥÷÷÷÷
X is open

- trivial
.

Fact . Union of a family of
open sets is open .

Prod .

Let Ui , ieI , be a
index set

family of open sets .



Put U = .¥Ui .
•

x.EU ⇒ x. c- Ui for some
i c-I .

FE > o such that

BG.ge) c Ui ⇒ B. Go
,
e) CU .

Fact .
Intersection of finitely

may open
sets is open .

Proof . If the intersection is

empty we are done .

If Xo C- U
,
n Uz n . . .

nUn
,

Xo C- Ui , I Eis n , F Ei 30

such that Blame;) c Ui

Put s = min Ei .
Then

is ice



BG . ,E) c BGo,Ei) c U i
>

⇒ BGo
,E) c U ,

n Uzn . . . n Un
.

7::÷Tnhig7÷g
families .

Fle : X = TK d ex
,y)
=K -yl

Unf- In , tn ) - are open sets

actually balls centered at 0

of radius In .
A

nun = do}
n = O

{of is mIo open since it
does not contain a ball

.



Example .

X set
8

d :X xx → IR

d Cx ,y) = {
0 if x --y
l if x #y .

This is called the discreteness

(check that it is a metric) .

B.Go
,E) = X if e > I .

B. Go
,
E) = {xo} ifod E l .

Any subset of X is open
!


