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CHAPTER 1

Modules over rings of differential operators with
polynomial coefficients

1. Hilbert polynomials

Let A = @ZOGZA" be a graded noétherian commutative ring with identity 1
contained in AY. Then A is a commutative ring with identity 1. Assume that
A™ =0 for n < 0.

1.1. LEMMA. (i) A° is a nétherian ring.
(ii) A is a finitely generated A°-algebra.

Proor. (i) Put Ay =@D,>, A". Then Ay is an ideal in A and A® = A/A,.

(i1) Ay is finitely generated. Let z1,za,...,2s be a set of homogeneous gen-
erators of A, and denote d; = degz;, 1 < i < s. Let B be the Ag-subalgebra
generated by z1,zs,...,25. We claim that A" C B, n € Z,. Clearly, A° C B.
Assume that n > 0 and y € A". Then y € Ay and therefore y = »_;_, y;z; where
y; € A"~ Tt follows that the induction assumption applies to y;, 1 < i < s. This
implies that y € B. O

The converse of 1.1 follows from Hilbert’s theorem which states that the poly-
nomial ring A°[ X7, Xo, ..., X,] is nétherian if the ring A° is ntherian.

Let M = P, c;, M" be a finitely generated graded A-module. Then each M",
n € Z, is an A%module. Also, M™ = 0 for sufficiently negative n € Z.

1.2. LEMMA. The A°-modules M™, n € Z, are finitely generated.

PRrROOF. Let m;, 1 < i < k, be homogeneous generators of M and deg m; = r;,
1 <4 <k. For j € Z, denote by z;(j), 1 <i < ¥(j), all homogeneous monomials in
Z1,T2,...,%s of degree j. Let m € M™. Then m = Zle y;m; where y; € A"
1 <i <k Byll y = Zj a;jzj(n —r;), with a;; € A, This implies that
m = E” a;;zj(n—r;) m;; hence M™ is generated by (z;(n—r;) m;; 1 < j < £(n—r;),
1<4i<k). O

Let My4(A°) be the category of finitely generated A%-modules. Let A be a
function on M 4(A°) with values in Z. The function A is called additive if for any
short exact sequence:

0— M —M-—M'—0

we have
AM) = AN(M') + (M.
Clearly, additivity implies that A(0) = 0.

1



2 1. DIFFERENTIAL OPERATORS WITH POLYNOMIAL COEFFICIENTS

1.3. LEMMA. Let
0—-My—- M — My — ---— M, —0

be an exact sequence in Myy(A°). Then

ProOF. Evident. O

Let ZI[[t]] be the ring of formal power series in ¢ with coefficients in Z. Denote
by Z((t)) the localization of Z[[t]] with respect to the multiplicative system {¢" |
n e Z+}

Let M be a finitely generated graded A-module. Then the Poincaré series
P(M,t) of M (with respect to \) is

P(M,t) =Y MM™)t" € Z((1)).

neZ

For example, let A = k[X1, Xs,...,Xs] be the algebra of polynomials in s
variables with coefficients in a field k graded by the total degree. Then, A° = k and
for every finitely generated graded A-module M, we have dimy M,, < co. Hence,
we can define the Poincaré series for A = dimy. In particular, for the A-module A
itself, we have

. nnioo s+n—1\ ., 1
P(At) =) dim, A"t _Z< o1 )t =T

nez n=0

The next result shows that Poincaré series in general have an analogous form.

1.4. THEOREM (Hilbert, Serre). For any finitely generated graded A-module M
we have
Q)

POLY = o

where f(t) € Z[t,t71].

PROOF. We prove the theorem by induction in s. If s =0, A = Ay and M is
a finitely generated A%-module. This implies that M™ = 0 for sufficiently large n.
Therefore, A(M™) = 0 except for finitely many n € Z and P(M,t) is in Z[t,t™1].

Assume now that s > 0. The multiplication by x, defines an A-module endo-
morphism f of M. Let K =ker f, [ =im f and L = M/I. Then K, I and L are
graded A-modules and we have an exact sequence

0—>K—>MLM—>L—>O.
This implies that
0— K" — M™ 25 Mntds — prtds
is an exact sequence of A%-modules for all n € Z. In particular, by 1.3,

AK™) = MM™) + MM H4e) — \(L™T) =0,
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for all n € Z. This implies that

(1-t%)P =D AM™) =Y AT e
newz neZ
— Z Mn+d )\(Mn)) thrds
nez
— Z Ln+d (Kn)) tn-i—ds
nez

= P(L,t) — P(K,t)t¢

B (1 —t%)P(M,t) = P(L,t) — t% P(K,1).

From the construction it follows that x5 act as multiplication by 0 on L and K, i.e.,
we can view them as A/(xs)-modules. Hence, the induction assumption applies to
them. This immediately implies the assertion. (Il

Since the Poincaré series P(M,t) a rational function, we can talk about the
order of its pole at a point. Let dx(M) be the order of the pole of P(M,t) at 1.

By the theorem, f(t) = >, c; axt” with a; € Z and a; = 0 for all k € Z except
finitely many. Let p be the order of zero of f at 1. Assume that p > 0. Then
f(t) = (1 —t)g(t) where g(t) = >, o bith, with by € Q and by = 0 for all k € Z
except finitely many. Moreover, we have ay = by, — bi—1 for all k € Z. By induction
in k this implies that b, € Z. By repeating this procedure if necessary, we see that
f(t) = (1 —t)Pg(t) where g(t) = >,z bith, with by, € Z and b, = 0 for all k € Z
except finitely many. Moreover, g(1) # 0.

1.5. COROLLARY. Ifd; =1 for 1 <i < s, the function n — A(M™) is equal
to a polynomial with rational coefficients of degree dx(M) — 1 for sufficiently large
nez.

PROOF. Let p be the order of zero of f at 1. Then we can write f(t) =
(1 —t)Pg(t) with g(1) # 0. In addition, we put d = d)(M) = s — p, hence

P(M,t) = %.

(-1 i (d+1). (d+k—1 e i(dJrk_l) |

k= k=0

Now,

and if we put g(t) = Eg:_N apth we get

N

o d+n—k—-1
A(M)—Zak( e )
k=—N
for all n > N. This is equal to
Z (d+n—Fk—1) ZN: (m—k+1)(n—k+2)...(n—k+d—1)
a—: a
F N —k) A= O (d—1)! ’
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hence A(M™) is a polynomial in n with the leading term

N nd—1 -1
(k_ZN ak) @~ Wamm 7
[l

We call the polynomial which gives A\(M™) for large n € Z the Hilbert polyno-
mial of M (with respect to A). From the proof we see that the leading coefficient
of the Hilbert polynomial of M is equal to %.

Returning to our example of A = k[X1, Xo,..., X;], we see that
s+n—1\ ns1 n

s—1 ) (s—1) "7
Hence, the degree of the Hilbert polynomial for A = k[X1, X, ..., X,] is equal to
s — 1.

Now we are going to prove a characterization of polynomials (with coefficients
in a field of characteristic 0) having integral values for large positive integers. First,
we remark that, for any s € Z; and ¢ > s, we have

¢ = s!@) +Q(q)

where @ is a polynomial of degree s — 1. Therefore any polynomial P of degree d,
for large ¢, can be uniquely written as

P(q)zco(fl)—l—cl(dzl)-i-...—i—cd_l((i)—i—cd,

with suitable coefficients ¢;, 0 < ¢ < d. Since binomial coefficients are integers, if
¢;, 0 <14 < d, are integers, the polynomial P has integral values for integers n > d.
The next result is a converse of this observation.

dimk A" = (

1.6. LEMMA. If the polynomial

q»—>P(q)=co<z]l)+Cl<dgl>+...+cd_1(;})+cd

takes integral values P(n) for large n € 7Z, all its coefficients ¢;, 0 < i < d, are
integers.

PROOF. We prove the statement by induction in d. If d = 0 the assertion is
obvious. Also

p(q+1)—P(q)_zd:ci(‘zli> _Zd:ci(dfi)

joci(@i) Edq»
(=) ()

for ¢ > s > 1. Therefore, g — P(q+ 1) — P(q) is a polynomial with coefficients

€0,C1,---,¢d—1, and P(n) € Z for large n € Z. By the induction assumption all ¢;,
0 <i<d-—1, are integers. This immediately implies that cq is an integer too. O

—1
. q
‘Nd—i—1)’
=0

using the identity
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We shall need another related remark. If F' is a polynomial of degree d with
the leading coefficient ay,

G(n) = F(n) — F(n—1)
= (aon® + arn® +..) = (ao(n = )T +ar(n = DT+ ) = apdn® 4

is polynomial in n of degree d — 1 with the leading coefficient dag. The next result
is a converse of this fact.

1.7. LEMMA. Let F be a function on Z such that
G(n) = F(n)— F(n—1),

is equal to a polynomial in n of degree d — 1 for large n € Z. Then F is equal to a
polynomial in n of degree d for large n € Z.

PROOF. Assume that G(n) = P(n—1) for n > N > d, where P is a polynomial
in n of degree d — 1. Then by 1.6 we have

d

P(n) = éci(d—?— 1)

3

Hence, forn > N + 1,

n n n

Fn)= > (F(k)-F(k-1)+F(N)= > Gk)+F(N)=> P(k-1)+C

k=N+1 k=N+1 k=d

where C' is a constant. Also, by the identity used in the previous proof,

()= (Q)-C)m=x () +=x ()

j=s+1 J=s

for ¢ > s > 1. This implies that
n d—1 d—1 n
k-1 k—1
X_:P(k_l)_z i<d—i—1> =2 ¢ (kz_: <d—i—1>>

S (S 6) B (8 6)

L]

for some constant C’. O

In particular, it follows that the sum an N A(M™) is equal to a polynomial of
degree dy(M) for large N € Z. In addition, if we put

Z A(M™) = aoN®+ a N + ...+ ayg_1N + ay
n<N

for large N € Z, then d! ag is an integer.
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For example, if A = k[X1, Xs,...,X;], the dimension of the space of all poly-
nomials of degree < N is equal to

N N

. " s+n—1 s+ N N*
g dlmk(A):E < .1 )_< ] >_s'+
n=0 :

n=0

2. Dimension of modules over local rings

2.1. LEMMA (Nakayama). Let A be a local ring with the mazimal ideal m. Let
V be a finitely generated A-module such that mV =V . Then V = 0.

PROOF. Assume that V # 0. Then we can find a minimal system of generators

V1,,...,Us of V as an A-module. By the assumption, vy = 23:1 m;v; for some
m; € m. Therefore, (1 — ms)vs = Zf;ll m;v;. Since 1 — my is invertible, this
implies that v1,...,vs_1 generate V, contrary to our assumption. ([

In the following we assume that A is a notherian local ring, m its maximal
ideal and k = A/m the residue field of A.

2.2. LEMMA. dimg(m/m?) < +o0.

Proor. By the notherian assumption m is finitely generated. If ay, ..., a, are
generators of m, their images ai,...,a, in m/m? span it as a vector space over
k. (]

Let s = dimy(m/m?). Then we can find ai,...,as € m such that ai,...,as

form a basis of m/m?2. We claim that they generate m. Let I be the ideal generated
by ai,...,as. Then I + m? = m and m(m/I) = m/I. Hence, by 2.1, we have
m/I = 0. Therefore, we proved:

2.3. LEMMA. The positive integer dimy(m/m?) is equal to the minimal number
of generators of m.

Any s-tuple (aq,...,as) of elements from m such that (@, ...,as) form a basis
of m/m? is called a coordinate system in A.

Clearly, mP, p € Z,, is a decreasing filtration of A. Therefore, we can form
GrA = @;io m?/mPT!. We claim that Gr A is a finitely generated algebra over
k and therefore a notherian graded ring. Actually, the map X; — a; € m/m? C
Gr A extends to a surjective morphism of k[X7, ..., X,] onto Gr A.

Let M be a finitely generated A-module. Then we can define a decreasing
filtration of M by mPM, p € Z,, and consider the graded Gr A-module Gr M =

B,2 mPM/mPH M.

2.4. LEMMA. If M is a finitely generated A-module, Gr M is a finitely generated
Gr A-module.

PrOOF. From the definition of the graded module Gr M we see that m -
GrP M = GrP™ M for all p € Z,. Hence Gro M = M/mM generates Gr M.
On the other hand, M/mM is a finite dimensional linear space over k. (]

This implies, by 1.2, that dimy(mPM/mPT1M) < +oo, in particular, the A-
modules mPM/mPTM are of finite length. Since length is clearly an additive
function, by 1.5 we see that p — length , (m? M/mPT1M) = dimy (m? M/mP 1 M)
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is equal to a polynomial in p with rational coefficients for large p € Z,. Moreover,
the function

p—1

p — length ,(M/mPM) = Z length 4 (MM /m? M)

q=0
is equal to a polynomial with rational coefficients for large p € Z,, and its leading
coefficient is of the form e’;—T, where e,d € Z;. We put d(M) = d and e(M) = e,
and call these numbers the dimension and multiplicity of M.

Now we want to discuss some properties of the function M +—— d(M). The

critical result in controlling the filtrations of A-modules is the Artin-Rees lemma.

2.5. THEOREM (Artin, Rees). Let M be a finitely generated A-module and N
its submodule. Then there exists mo € Z, such that

mPt™ M NN = m?(m"™ M N N)
forallpeZ,.

ProOOF. Put A* = @, ,m". Then A* has a natural structure of a graded ring.
Let (ai,...,as) be a coordinate system in A. Then we have a natural surjective
morphism Alaq,...,as] — A*, and A* is a graded notherian ring. Let M* =
P, ,m"M. Then M* is a graded A*-module. It is clearly generated by Mg = M
as an A*-module. Since M is a finitely generated A-module, we conclude that M*
is a finitely generated A*-module.

In addition, put N* =@, (N Nm"M) C M*. Then

m?(NNm"M) C m’N Nm"™PM C NNm""*M

implies that N* is an A*-submodule of M*. Since A* is a notherian ring, N* is
finitely generated. There exists mo € Z4 such that @) (N Nm™M) generates
N*. Then for any p € Z,

mo
NAmPoM =3 " mPt 07 (N Am* M) € mP(N Nm™ M) C N nmPHm M.
s=0
0

This result has the following consequence — the Krull intersection theorem.

2.6. THEOREM (Krull). Let M be a finitely generated A-module. Then
() mPM = {0}.
p=0

PROOF. Put E = ﬂ;io mPM. Then, by 2.5,
E=mP™MNE=m’(m™MNE)=mPE,
in particular, mF = E, and E = 0 by Nakayama lemma. ([l
2.7. LEMMA. Let
0—M —M-—M'—0

be an exact sequence of finitely generated A-modules. Then
(i) d(M) = max(d(M'),d(M"));
(i) if d(M) =d(M') =d(M"), we have e(M) = e(M') + e(M").
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PROOF. We can view M’ as a submodule of M. If we equip M with the
filtration mPM, p € Z,, and M’ and M" with the induced filtrations M’ N m? M,
p€ Zy,and mPM" pe Z,, we get the exact sequence

0—GrM —GrM — GrM" — 0.
This implies that for any p € Z
length 4 (m? M /mP** M)
= length 4, (M’ "m?M)/(M' 0 mPTM)) + length , (m? M" /mP T M")
and, by summation,
length 4, (M /mP M) = length ,(M'/(M' " mPM)) + length 4 (M" /mPM").

Therefore the function p — length 4, (M’/(M’' N mPM)) is equal to a polynomial
in p for large p € Z,. On the other hand, by 2.5,

m? T M C mPT M A M C mPM;

hence, for large p € Z, the functions p — length ,(M'/(M' Nm?M)) and p —
length 4 (M’/mPM’) are given by polynomials in p with equal leading terms. O

2.8. COROLLARY. Let A be a nétherian local ring with s = dimy,(m/m?). Then,
for any finitely generated A-module M we have d(M) < s.

PROOF. By 2.7 it is enough to show that d(A) < s. This follows immediately

from the existence of a surjective homomorphism of k[X1,..., X] onto Gr 4, and
the fact that the dimension of the space of polynomials of degree < n in s variables
is a polynomial in n of degree s. ([l

A nétherian local ring is called regular if d(A) = dimy(m/m?).

2.9. THEOREM. Let A be a ndtherian local ring and (a1, asg, ..., as) a coordinate
system in A. Then the following conditions are equivalent:
(i) A is a regular local ring;
(i) the canonical morphism of k[X1, Xa, ..., X,] into Gr A defined by X; —
a;, 1 <1i<s, is an isomorphism.
PROOF. By definition, the canonical morphism of k[X7,..., X,] into Gr A is
surjective. Let I be the graded ideal which is the kernel of the natural surjection

of k[X1,...,Xs] onto Gr A. If T # 0, it contains a homogeneous polynomial P of
degree d > 0. Let J be the ideal in k[X1, Xs,..., X;] generated by P. Then its

Poincaré series is P(J,t) = % Clearly,
P(k[X1, Xo, ..., Xs]/J.t) = P(k[X1, Xa, ..., Xs],t) — P(J,1)
1—tt  1+4t4-- 0!
(1—t)s  (1—t)s1
The order of the pole of the Poincaré series P(k[X1, Xa,..., Xs]/J,t) at 1is s — 1,
and by 1.5 the function dimy (k[X1, X2, ..., Xs]/J)x is given by a polynomial in n of
degree s—2 for large n € Z,. It follows that the function dimy (k[ X7, ..., Xs]/I), =

dimy Gr™ A is given by a polynomial in n of degree < s — 2 for large n € Z,. This
implies that d(A4) < s — 1. Therefore, I = 0 if and only if d(4) = s. O

2.10. THEOREM. Let A be a regular local ring. Then A is integral.



3. DIMENSION OF MODULES OVER FILTERED RINGS 9

PrOOF. Let a,b € A and a # 0, b # 0. Then, by 2.6, we can find p,q € Z,
such that @ € m?, a ¢ mP*! and b € m9, b ¢ m9Tt. Then their images a € Gr” A
and b € Gr? A are different form zero, and since Gr A is integral by 2.9, we see that
ab # 0. Therefore, ab # 0. O

Finally we want to discuss an example which will play an important role later.
Let k be a field, A = k[X1, Xao,..., X,] be the ring of polynomials in n-variables
with coefficients in k and A = k[[X1, Xs,..., X,]] the ring of formal power series
in n-variables with coeflicients in k. It is easy to check that A is a local ring with
maximal ideal m generated by X7, Xo,...X,. Also, the canonical morphism from
k[X1,Xo,...,X,] into Gr A is clearly an isomorphism.

For any = € k™ we denote by m, the maximal ideal in A generated by X; — z;,
1 <4 < n. Then its complement in A is a multiplicative system in A, and we denote
by A, the corresponding localization of A. It is isomorphic to the ring of all rational
functions on k™ regular at . This is clearly a notherian local ring. The localization
of m,, is the maximal ideal n, = (m,), of all rational functions vanishing at . The
automorphism of A defined by X; — X; — z;, 1 <1 < n, gives an isomorphism of
Ag with A, for any « € k™. On the other hand, the natural homomorphism of A
into A extends to an injective homomorphism of Ay into A. This homomorphism
preserves the filtrations on these local rings and induces a canonical isomorphism
of Gr Ay onto Gr A. Therefore we have the following result.

2.11. PROPOSITION. The rings Ay, © € k™, are n-dimensional regular local
Tings.

3. Dimension of modules over filtered rings

Let D be a ring with identity and (D,, ; n € Z) an increasing filtration of D by
additive subgroups such that
(i) D,, = {0} for n < 0;
(i) Unez =D;
(ili) 1 € Dy;
(iv) Dy, - Dy, C Dy, for any n,m € Z;
(v) [Dn,Dm] C Dpym—1, for any n,m € Z.
Then GrD = @,,., Gr" D = @,, ., Dn/Dy—1 is a graded ring with identity. The
property (v) implies that it is commutative. In particular, Do = Gr° D is a com-
mutative ring with identity. Therefore, we can view Gr D as an algebra over Dy.
Let’s assume in addition that D satisfies
(vi) Gr D is a nétherian ring;
(vii) Gr' D generates Gr D as a Dg-algebra.
Then, by 1.1, Dg is a nétherian ring. Moreover, by (vi), (vii) and 1.2 we know
that we can choose finitely many elements 21, zo, . .., zs € Gr' D such that Gr D is
generated by them as a Dy-algebra. Clearly, by (vii), we also have

Gr""'D=Gr'D-Gt" D forneZ,

and therefore
Dn+1 =D, -D;forne Z+.
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Let D° be the opposite ring of D. Then the filtration (D, ; n € Z) has the
same properties with respect to the multiplication of D°. Moreover, the identity
map D — D° induces an isomorphism of graded rings Gr D and Gr D°.

Let M be a D-module. An increasing filtration F M = (F,, M ; n € Z) of M by
additive subgroups is a D-module filtration if Dy, - Fp, M C Fpyry M, for n,m € Z.
In particular, F,, M are Dy-modules.

A D-module filtration F M is hausdorff if (., Fu M = {0}. It is exhaustive if
Unez Fn M = M. It is called stable if there exists mo € Z such that D,, - F,, M =
Frgn M for all n € Z4 and m > my.

A D-module filtration is called good if

(i) F,, M = {0} for sufficiently negative n € Z;

(ii) the filtration F M is exhaustive;
(iii) F,, M, n € Z, are finitely generated Dyp-modules;
(iv) the filtration F M is stable.

In particular, a good filtration is hausdorff.

3.1. LEMMA. Let F M be an exhaustive hausdorff D-module filtration of M.
Then the following statements are equivalent:
(i) F M is a good filtration;
(ii) Gr D-module Gr M is finitely generated.

PRrROOF. First we prove (i)=-(ii). There exists mg € Z such that D,, - F,,, M =
Frimo M for all n € Z, . Therefore Gr™ D - Gr™ M = Gt M for all n € Z,.
It follows that @, ,,, Gr™ M generates Gr M as a Gr D-module. Since F,, M are
finitely generated Dy-modules, Gr™ M are finitely generated Do-modules too. This
implies, since F,, M = {0} for sufficiently negative n € Z, that , ., Gr" M is a
finitely generated Dy-module.

(ii)=(i). Clearly, Gr™ M = {0} for sufficiently negative n € Z. Also, by 1.2, all
Gr"™ M are finitely generated Do-modules. The exact sequence

0O—F,. 1M —F, M —G"M —0

n<m

implies that F,, M = F,,_1 M for sufficiently negative n, hence there exists nyg € Z
such that (), o, Fry M = F,,; M. Since the filtration F M is hausdorff, F,,, M = {0}.
This implies, by induction in n, that all F,, M are finitely generated Dy-modules.
Let mo € Z be such that @ Gr"™ M generates Gr M as Gr D-module. Let
m > mg. Then

n<mg

Gt M = @ Gt =*pD.Gr* M

kSmo

= @ Gr'D-Gr™ *D.Gr" M c Gr' D-Gr™ M c Gr™ " M,

k<mg
ie., Gr' D Gr™ M = Gr™"' M. This implies that
F""'M =D, F,M+F,,M =D, -F,, M
and by induction in n,
FoyunM=D,-Dy-...-D;-F,, M C D, -F,,, M C Fpy, M.

Therefore, ¥4y M = Dy, - Fpy M for all n € Z. Hence, F M is a good filtration.
O
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In particular, (D, ; n € Z) is a good filtration of D considered as a D-module
for left multiplication.

3.2. REMARK. From the proof it follows that the stability condition in the
definition of a good filtration can be replaced by an apparently weaker condition:

(iv)’ There exists mg € Z such that D,, - Fip oM = Fy1nM for all n € Z..

3.3. LEMMA. Let M be a D-module with a good filtration ¥ M. Then M is
finitely generated.

PROOF. By definition, {J,,c, Fn M = M and Fp, 1y M = Dy, - Fppyy M for n €
Z4 and some sufficiently large mg € Z. Therefore, F,,, M generates M as a D-
module. Since F,,, M is a finitely generated Dp-module, the assertion follows. [

3.4. LEMMA. Let M be a finitely generated D-module. Then M admits a good
filtration.

PrROOF. Let U be a finitely generated Dy-module which generates M as a D-
module. Put ¥, M =0forn<0Oand ¥, M =D, -U forn > 0. Then U = GrOM,
and

Gr"M =F,M/F, 1M = (D,,-U)/(Dy_1-U) C Gr" D -G M c Gi" M,

ie, Gr" M = Gr" D - Gr’ M for all n € Z,. Hence, Gr M is finitely generated as
a Gr D-module. The statement follows from 3.1. O

The lemmas 3.1 and 3.3 imply that the D-modules admitting good filtrations
are precisely the finitely generated D-modules.

3.5. PROPOSITION. The ring D is a left and right notherian.

PrOOF. Let L be a left ideal in D. The natural filtration of D induces a
filtration (L, = LN D, ; n € Z), on L. This is evidently a D-module filtration.
The graded module Gr L is naturally an ideal in Gr D, and since Gr D is a nétherian
ring, it is finitely generated as Gr D-module. Therefore, the filtration (L, ; n € Z) is
good by 3.1, and L is finitely generated by 3.3. This proves that D is left notherian.

To get the right notherian property one has to replace D with its opposite ring
De. O

If we have two filtrations F M and F’ M of a D-module M, we say that F M is
finer than F’ M if there exists a number k € Z, such that F, M C F;,,. M for all

n € Z. If F M is finer than F' M and F' M finer than F M, we say that they are
equivalent.

3.6. LEMMA. Let F M be a good filtration on a finitely generated D-module M .
Then F M s finer than any other exhaustive D-module filtration on M.

ProoF. Fix mg € Z4 such that D, - Fp,y M = Fpqyy M for all n € Z;. Let
F' M be another exhaustive D-module filtration on M. Then F,,, M is finitely
generated as a Dg-module. Since F' M is exhaustive, it follows that there exists
p € Z such that F,,, M C F; M. Since F M is a good filtration, there exists
ng such that F,, M = {0}. Put k& = p + |ng|. Clearly, for m < ng, we have
F,.M =0 C F;nJrkM. For ng < m < mg, we have —|ng| < ng < m and
p=—Ino| +k < m+ k. This yields

Foy M CFpy M CF,MCF, M.
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Finally, for m > mg, we have m — mg < m since my is positive, and p < k. It
follows that

Fiu M = Dyy_yng - Fpng M C Dy - FL M C ¥, M CF, M.

d

3.7. COROLLARY. Any two good filtrations on a finitely generated D-module
are equivalent.

Let M be a finitely generated D-module and F M a good filtration on M.
Then Gr M is a finitely generated Gr D-module, hence we can apply the results on
Hilbert polynomials from §1. Let A be an additive function on finitely generated
Dg-modules. Assume also that A takes only nonnegative values on objects of the
category M 4(Dy) of finitely generated Do-modules. Then, by 1.5,

A(F,, M) = A(Fp_y M) = \N(Gr™ M)

is equal to a polynomial in n for large n € Z,. By 1.7 this implies that A\(F,, M) is
equal to a polynomial in n for large n € Z,. If F' M is another good filtration on
M, by 3.7 we know that F M an F’ M are equivalent,i.e., there is a number k € Z,
such that

FoM CF, M CF,ioM
for all n € Z. Since )\ is additive and takes nonnegative values only, we conclude
that
/\(Fn M) < A(F’/ﬂ-’-k M) < A(Fn+2k M)
for all n € Z. This implies that the polynomials representing A(F,, M) and A(F,, M)
for large n have equal leading terms. We denote the common degree of these
polynomials by dy (M) and call it the dimension of the D-module M (with respect to
A). By 1.6 the leading coefficient of these polynomials has the form ey (M)/dx(M)!
where e (M) € N. We call ey (M) the multiplicity of the D-module M (with respect
to \).
Let
0— M LML u—o
be an exact sequence of D-modules. If M is equipped by a D-module filtration F M,
it induces filtrations F M’ = (f~1(f(M') N F, M);n € Z) on M’ and FM" =
(g(F,M);neZ)on M". Clearly, these filtrations are D-module filtrations.
Moreover, the sequence

0 — GrM’ % GrM ﬂ» GrM" —0

is exact. If the filtration F M is good, Gr M is a finitely generated Gr D-module,
hence both Gr M’ and Gr M" are finitely generated Gr D-modules. By 3.1, F M’
and F M" are good filtrations. Therefore, we proved the following result.

3.8. LEMMA. Let
0— M —M-—M'—0

be an exact sequence of D-modules. If F M 1is a good filtration on M, the induced
filtrations F M’ and F M" are good.
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By the preceding discussion
AMGr™ M) = XNGr" M) + X\(Ge™ M)
for all n € Z. This implies, by induction in n, that
AF, M) =\F, M") + \(F,, M")
for all n € Z. This leads to the following result.
3.9. PROPOSITION. Let
00— M —M-— M —0

be an exact sequence of finitely generated D-modules. Then
(i) dx(M) = max(dx(M'), dx(M"));
(ii) if d)\(M) = dA(M/) = d)\(M”), then 6>\(M) = e)\(MI) + e)\(M”).

Finally, let ¢ be an automorphism of the ring D such that ¢(Dg) = Dy. We
can define a functor ¢ from the category M(D) of D-modules into itself which

attaches to a D-module M a D-module ¢(M) with the same underlying additive
group structure and with the action of D given by (T,m) —— ¢(T)m for T' € D

and m € M. Clearly, ¢ is an automorphism of the category M (D), and it preserves
finitely generated D-modules.

3.10. PROPOSITION. Let M be a finitely generated D-module. Then

dx(¢(M)) = dx(M).

PROOF. Let Ty,T5,...,Ts be the representatives in Dy of classes in Gr' D
generating Gr D as a Dg-algebra. Then there exists d € N such that ¢(T;) € Dy
for 1 <4 <s. Since T1,T5,...,Ts and 1 generate Dy as a Dg-module, we conclude

that ¢(D1) C Dg. )
Let F M be a good filtration of M. Define a filtration F ¢(M) by

F, ¢(M) = Fg, M for p € Z.

Clearly, F ¢(M) is an increasing filtration of ¢(M) by finitely generated Do-submodules.
Also,

Dy -Fp (M) = ¢(D1)Fapy M C DyFy M C Fyny1y M = Fppiq (M)
for m € Z. Hence, by induction, we have
Dy Frd(M)=Dy-Dy_1-Fpy (M) C Dy Fppin1 (M) C Fppypr 6(M)
for all n,m € Z, i.e., FJ)(M) is a D-module filtration. By 3.6, there exists a good

filtration F’ gZ;(M ) which is finer than this filtration, i.e, there exists k € Z, such
that
Fl o(M) C Fppk (M) =Fynypy M
for all n € Z. Therefore,
A(F), (M) < AMFa(nrr) M)

for n € Z. For large n € Z, N(Fy(n4x) M) is equal to a polynomial in n with the
leading term equal to

ex(M)dH D - )

My
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Since A(F/, $(M)) is also given by a polynomial of degree dy(¢(M)) for large n € Z,
we conclude that dy(¢(M)) < dx(M). By applying the same reasoning to ¢~ we
also conclude that

dx(M) = dx(¢™ 1 (#(M))) < dr($(M)).

4. Dimension of modules over polynomial rings

Let A = k[Xy,...,X,] where k is an algebraically closed field. We can filter A
by degree of polynomials, i.e., we can put A, = {>_crx! | c; € k,|I| < m}. Then
GrA = k[Xy,...,X,], hence A satisfies properties (i)-(vii) from the preceding
section.

Since Ag = k we can take for the additive function A the function dimy. This
leads to notions of dimension d(M) and multiplicity e(M) of a finitely generated
A-module M.We know that for any p € Z,, we have

dimy, A, — (n + p> p

= — + lower order terms in p,
n n!

ie., d(A) = n and e(A) = 1. In addition, for any finitely generated A-module M

we have an exact sequence

0— K — A — M — 0,

hence, by 3.9, d(M) < n. We shall give later a geometric interpretation of d(M).

Let € k™ and denote by m, be the maximal ideal in k[X7,...,X,] of all
polynomials vanishing at z. We denote by A, the localization of A at z, i.e., the
ring of all rational k-valued functions on k™ regular at z. As we have seen in
2.11, A, is an n-dimensional regular local ring with the maximal ideal n, = (m,),
consisting of all rational k-valued functions on k™ vanishing at z. Let M be an
A-module. Its localization M, at x is an Az-module. We define the support of M
by supp(M) = {x € k™ | M, # 0}.

4.1. LEMMA. Let
0— M —M-—M—0
be an ezxact sequence of A-modules. Then
supp(M) = supp(M") U supp(M").
PRrROOF. By exactness of localization we see that
O—>M;—>Mz—>M;’—>O
is an exact sequence of A, -modules. This immediately implies our statement. [
For anideal I C k[X1,...,X,] wedenote V(I) = {x € k" | f(z) =0 for f € I}.
4.2. PROPOSITION. Let M be a finitely generated A-module and I its annihilator
in A. Then supp(M) = V(I).

PROOF. We prove the statement by induction in the number of generators of
M.

Assume first that M has one generator, i.e., M = A/I. Then M, = (A/I), =
Ay /1. Let x € V(I). Then I C m, and I, C n,. Hence I, # A,. It follows that
(A/I); # 0 and = € supp(M). Conversely, if © ¢ V(I), there exists f € I such
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that f(x) # 0, ie., f ¢ m,. Therefore, f is invertible in the local ring A, and
f € I, implies that I, = A,. Hence (A/I); = 0 and = ¢ supp(A/I). Therefore,
supp(A/T) = V(I).

Now we consider the general situation. Let my,...,m, be a set of generators
of M. Denote by M’ the submodule generated by my, ..., m,_1. Then we have the
exact sequence

00— M —M-—M'—0
and M" is cyclic. Moreover, by 4.1, supp(M) = supp(M’) U supp(M"). Hence,
by the induction assumption, supp(M) = V(I') U V(I") where I’ and I" are the
annihilators of M’ and M" respectively.

Clearly, I’ - I" is in the annihilator I of M. On the other hand, I annihilates
M’ and M", hence I C I' N I". Tt follows that

I''1"crcrnlr”.
This implies that
VI UVI" C V(I NIy CV(I) C V(I I,
Let © ¢ V(I'")UV(I"). Then there exist f € I’ and g € I such that f(z) # 0 and
g(x) # 0. Tt follows that (f - g)(z) = f(z) - g(z) # 0 and « ¢ V(I' - I""). Hence,

V(' I") c V(I')UV(I"”) and all inclusions above are equalities. Hence, we have
V() =V({I'")UV(I") and supp(M) = V(I). O

This immediately implies the following consequence.

4.3. COROLLARY. Let M be a finitely generated A-module. Then its support
supp(M) is a Zariski closed subset in k™.

The next lemma is useful in some reduction arguments.

4.4. LEMMA. Let B be a nétherian commutative ring and M # 0 be a finitely
generated B-module. Then there exist a filtration 0 = Mg C My C -+ C Mp_1 C
M, = M of M by B-submodules, and prime ideals J; of B such that M;/M;_1 =
B/J;, for 1 <i<mn.

PrOOF. For any x € M we put Ann(z) = {a € B | ax = 0}. Let A be the
family of all such ideals Ann(z), z € M, © # 0. Because B is a notherian ring,
A has maximal elements. Let I be a maximal element in A. We claim that I is
prime. Let € M be such that I = Ann(z). Then ab € I implies abr = 0. Assume
tha b ¢ I, i.e, bx # 0. Then I C Ann(bz) and ¢ € Ann(bz). By the maximality
of I, a € Aun(bz) = I, and [ is prime. Therefore, there exists x € M such that
J1 = Ann(z) is prime. If we put My = Bz, M; = B/J;. Now, denote by F the
family of all B-submodules of M having filtrations 0 = Ng C N1 C -+ C Ny = N
such that N;/N;_1 & B/J; for some prime ideals J;. Since M is a nétherian module,
F contains a maximal element L. Assume that L # M. Then we would have the
exact sequence:

0—L—M—L —0,
and by the first part of the proof, L’ would have a submodule N’ of the form B/J’
for some prime ideal J’, contradicting the maximality of L. Hence, L = M. This
proves the existence of the filtration with required properties. O

4.5. THEOREM. Let M be a finitely generated A-module and supp(M) its sup-
port. Then d(M) = dimsupp(M).
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This result has the following companion local version. The localization A, of
A at © € k™ is a ndtherian local ring. Moreover, its maximal ideal n, is the ideal
generated by the polynomials X; — z;, 1 <i < n, and their images in n, /n2 span
it as a vector space over k. Therefore, X; —x;, 1 < i < n, form a coordinate system
in A,. For any finitely generated A-module M, its localization M, at x is a finitely
generated A,-module, hence we can consider its dimension d(My).

For any algebraic variety V over k and « € V we denote by dim, V' the local
dimension of V' at z.

4.6. THEOREM. Let M be a finitely generated A-module and x € supp(M).
Then d(M) = dim, (supp(M)).

We shall simultaneously prove 4.5 and 4.6. First we observe that if we have an
exact sequence of A-modules:

0— M —M-—M'—0
and 4.5 and 4.6 hold for M’ and M”, we have, by 3.9 and 4.1, that

d(M) = max(d(M'"),d(M")) = max(dim supp(M’), dim supp(M""))
= dim(supp(M’) U supp(M")) = dim supp(M).

Also, for any = € supp(M), by the exactness of localization we have the exact
sequence:

0 — M, — M, — M — 0;
hence, by 2.7 and 4.1,

d(M,) = max(d(M.),d(M.)) = max(dim, supp(M’), dim, supp(M"))
= dim, (supp(M") U supp(M")) = dim,, supp(M).

Assume that 4.5 and 4.6 hold for all M = A/J where J is a prime ideal. Then
the preceding remark, 4.4 and an induction in the length of the filtration would
prove the statements in general.

Hence we can assume that M = A/.J with J prime. Assume first that J is such
that A/J is a finite-dimensional vector space over k. Then A/J is an integral ring
and it is integral over k. Hence it is a field which is an algebraic extension of k. Since
k is algebraically closed, A/J = k and J is a maximal ideal. In this case, by Hilbert
Nulstellenatz, supp(M) = V(J) is a point z in k", i.e., dimsupp(M) = 0. On the
other hand, since M, is one-dimensional linear space, d(M,) = 0, and the assertion
is evident. It follows that we can assume that J is not of finite codimension in A,
in particular it is not a maximal ideal. Let J; D J be a prime ideal different form
J. Then there exists f € J; such that f ¢ J. It follows that J C (f)+ J C J; and
J # (f) + J. Therefore, A/J; is a quotient of A/((f) + J), and A/((f) + J) is a
quotient of A/J. In addition, A/((f)+ J) = M/fM. Counsider the endomorphism
of M given by multiplication by f. Then, if g + J is in the kernel of this map,
0=f(g+J) = fg+J and fg € J. Since J is prime and f ¢ J it follows that
g € J, g+ J =0 and the map is injective. Therefore, we have an exact sequence of
A-modules:

0— ML M— M/fM — 0.
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This implies, by 3.9, that d(M/fM) < d(M). If d(M/fM) = d(M), we would have

in addition that e(M) = e(M) 4+ e(M/fM), hence e(M/fM) = 0. This is possible

only if d(M/fM) = 0, and in this case it would also imply that d(M) = 0 and M is

finite-dimensional, which is impossible by our assumption. Therefore, d(M/fM) <

d(M). Since A/Jy is a quotient of M/ fM, this implies that d(A/J1) < d(4/J).
Let € V(J1). Then, by localization, we get the exact sequence:

0— M, L M, — M,/fM, — 0

of Az-modules. This implies, by 2.7, that d(M,/fM,) < d(M,). If d(M,/fM;) =
d(M,), we would have in addition that e(M,) = e(My) + e(M,/fM,), hence
e(My/fM,) = 0. This is possible only if d(M,/fM,) = 0, and in this case it would
imply that m, (M, /fM,) = M,/ f M, and, by Nakayama lemma, M, /fM, = 0. Tt
would follow that the multiplication by f is surjective on M,, and, since f € my,
by Nakayama lemma this would imply that M, = 0 contrary to our assumptions.
Therefore, d(M,/fM,) < d(M). Since A/Jy is a quotient of M/ fM this implies
that d((4/J1)2) < d((A/J)a).

Let

Zo={z}CZ1C---CZy1CZp=k"
be a maximal chain of nonempty irreducible closed subsets of k™. Then
I(Zy) =m, D I(Z1) D - D I(Zy-1) D 1(Z,) = {0}
is a maximal chain of prime ideals in A. By the preceding arguments we have the
following sequences of strict inequalities
0<d(A/I(Zy)) < d(A/I(Z1)) < --- < d(A/1(Z,)) = d(A) = n,

and

0 < d((A/1(Z0))z) < d((A/1(Z1))a) < -+ < d((A/1(Zn))2) = d(Az) = n,
by 2.11. It follows that

d((A/1(Z)))a) = d(A/1(Z;)) = j = dim Z;

for 0 < 7 < n. Since every closed irreducible subset Z can be put in a maximal
chain, it follows that d((A/I(Z)).) = d(A/I(Z)) = dim Z for any closed irreducible
subset Z C k™ and any « € Z. On the other hand, this implies that d((A/J),) =
d(A/J) = dimV(J) for any prime ideal J in A and = € V(J). By 4.2, this ends
the proof of 4.5 and 4.6.

Next result follows immediately from 4.5 and 4.6.

4.7. COROLLARY. Let M be a finitely generated A-module. Then
d(M)= sup d(M,).

z€supp(M)
Finally, we prove a result we will need later.
4.8. LEMMA. Let be I an ideal in A. Then dimV (I) = dim V(Gr ).
PrOOF. The short exact sequence of A-modules
0—I—A— A/ —0,

where the modules are equipped with the filtrations induced by the natural filtration
of A leads to the short exact sequence

0—Grl —A— Gr(A/I) —0
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of graded A-modules. Hence, we have

P
dimy Fp(A/T) = " (dimg Fo(A/T) — dimy, Fy—1(A/T))
q=0
P P
= Z dimy, GrP(A/I) = Z(dimk Gr? A — dim Gr? 1)
q=0 q=0
= dimy, F,A — dimy F, Gr I = dimy, F,,(A/ GrI).

Therefore, d(A/I) = d(A/ GrI). The assertion follows from 4.4 and 4.5. O

5. Rings of differential operators with polynomial coefficients

Let k be a field of characteristic zero. Let A be a commutative algebra over k.
Let Endy(A) be the algebra of all k-linear endomorphisms of A. It is a Lie algebra
with the commutator [S,T] = ST — TS for any S,T € Endi(A). Clearly, Endy(A)
contains, as a subalgebra, the set End(A) of all A-linear endomorphisms of A.
To any element a € A we can attach the A-linear endomorphism of A defined by
b +—— ab for b € A. Since this endomorphism takes the value a on 1, this map is
clearly an injective morphism of algebras.

On the other hand, if '€ End4(A), we have

T(b) =bT(1)=T(1)b
for any b € A, i.e., T is given by multiplication by T'(1). This implies the folowing
result.

5.1. LEMMA. The algebra homomorphism which attaches to an element a € A
the A-linear endomorphism b —— ab, b € A, is an isomorphism of A onto Enda(A).

In the following, we identify A with the subalgebra End4(A) of Endg(A).
A k-derivation of A is a T € Endy(A) such that
T(ab) = T(a)b+ aT(b)

for any a,b € A. In particular, [T,a](b) = T(ab) — aT'(b) = T(a)b, i.e., [T,a] =
T(a) € A for any a € A. This implies that [[T, ao], a1] = 0 for any ag,a; € A.

This leads to the following definition. Let n € Z,. We say that an element
T € Endy(A) is a (k-linear) differential operator on A of order < n if

[...[[T,a0],a1],...,an] =0

for any ag,aq,...,a, € A. We denote by Diff;(A) the space of all differential
operators on A.

5.2. LEMMA. Let T, S be two differential operators of order < n, < m respec-
tively. Then T o S is a differential operator of order < n 4+ m.

PrROOF. We prove the statement by induction in n +m. If n = m = 0,
T,S € End4(A), hence To S € End,(A) and it is a differential operator of order 0.
Assume now that n +m < p. Then

[ToS,a]l=TSa—aTS =TI[S,a|+[T,a]S,
and [T, a] and [S, a] are differential operators of order < n —1 and < m — 1 respec-

tively. By the induction assumption, this differential operator is of order < n+m—1.
Therefore T o S is of order < n + m. O



5. RINGS OF DIFFERENTIAL OPERATORS WITH POLYNOMIAL COEFFICIENTS 19

Therefore Diff;,(A) is a subalgebra of Endg(A). We call it the algebra of all
k-linear differential operators on A. Also, we put F,, Diff,(4) = {0} for n < 0 and

F,, Diff;,(A) = {T € Diff;,(A) | order(T) < n}

for n > 0. clearly, this is an increasing exhaustive filtration of Diff;(A) by vector
subspaces over k. This filtration is compatible with the ring structure of Diff(A),
i.e., it satisfies

F,, Diff, (A) o F,, Diff;, (A) C Fn_;,_m Diffy, (A)

for any n,m € Z.

5.3. LEMMA. (i) FoDiffp(A) = A.
(ii) F, Diff,, (A) = Dery, (A) ®A.
(iii) [F,, Diffy(A),F,, Diff,(A)] C Frym—1 Diffx(A) for any n,m € Z.

PROOF. (i) is evident.

(ii) As we remarked before, Dery(A) C Fy Diff,(A). Also, for any T' € Dery(A4),
we have T'(1) = T(1-1) = 2T(1), hence T'(1) = 0. This implies that Dery(A)NA = 0.

Let S € Fy Diff,(A) and T'= S — S(1). Then T'(1) = 0, hence T'(a) = [T, a](1),
and

T(ab) = [T’ ab](1) = ([T’ a]b)(1) + (a[T’ b])(1)
— (O[T al)(1) + (@[T, B)(1) = T(a)b + aT(b),
ie, T € Dery(A).
(iv) Let T, S be of order < n, < m respectively. We claim that [T, S] is of order

<n+m —1. We prove it by induction on n +m. If n = m = 0, there is nothing
to prove. In general, by Jacobi identity, we have

[[T7 S]va] = [[T= a]= S] + [T, [57 a]]

where [T, a] and [S,a] are of order < n — 1 and < m — 1 respectively. Hence, by
the induction assumption, [[T, 5], a] is of order < n+m — 2 and [T, S] is of order
<n+m-—1. O

This implies that the graded ring GrDiff;(A) is a commutative A-algebra. In
addition, Diff;(A) satisfies properties (i)-(v) from §3.
Let n > 1. Let T be a differential operator on A of order < n. Then we can
define a map from A™ into Diff(A) by
on(T)(ar,as,...,an—1,a,) =[[...[[T,a1],a2],...,an—1], an]
Since 0, (T)(a1,az2, ..., an-1,ay) is of order < 0, we can consider this map as a map
from A™ into A.
5.4. LEMMA. Let T be a differential operator on A of order <mn. Then:
(i) the map 0,(T) : A" — A is a symmetric k-multilinear map;

(i) the operator T is of order < n —1 if and only if 0,(T) = 0.

PROOF. (i) We have to check the symmetry property only. To show this, we
observe that, by the Jacobi identity, we have

[[Sv a]vb] = [[Sv b]aa]
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for any S € Diff;(A) and a,b € A. This implies that

on(T)(a1,a2, ..., Qi Qig1, -y Qpe1, )
=[[...[[.-[[T,a1],az], - .,ai],ai+1] - - -, @n-1], an)
=1L..0[--[[T,a1],az], ..., ait1],ai] - . .y an—1], an]
=on(T)(a1,a2,...,0i41, Qi .., An_1,0n),
hence o(T') is symmetric.
(ii) is obvious. O
Now we want to discuss a special case. Let A = k[X1, X2,...,X,]. Then we

put D(n) = Diff,(A). We call D(n) the algebra of all differential operators on k™.
Let 01, 02,...,0y, be the standard derivations of k[X1, Xo,..., X,]. For I,J € Z}
we put o

X' =Xixi. X
and

07 =010 .. o0
Then X197 € D(n), and it is a differential operator of order < |J| = j1+ja+- - -+ Jn.
Moreover, if T is a differential operator given by

T=Y Pi(X1,Xa,...,X,)0,

[T|<p
with polynomials P; € k[X1, Xo,..., X,], we see that T is of order < p.

5.5. LEMMA. The derivations (0;; 1 < i < n) form a basis of the free k[ X1, ..., X,]-
module Dery (k[ X1, Xa, ..., X,]).

PrROOF. Let T € Dery(k[X1,X2,...,X,]). Put P, =T(X;) for 1 <i <n, and

define S = >"" | P,9;. Clearly,
S(Xi) =Y P;0;(X;) = P, = T(X;)
j=1

for all 1 <i < n. Since X1, Xs,..., X, generate k[X1, Xa,..., X,,] as a k-algebra it
follows that T" = S. Therefore, (0;; 1 < i < n) generate the k[X1, Xo,..., X,]-
module Der(k[X1, Xa,...,X,]). Assume that > ., Q;0; = 0 for some Q; €
k[Xl,XQ,...,Xn]. Then 0 = (E?:l Qjaj)(Xl) = Ql for all 1 S ) S n. This
implies that 9;, 1 <i < n, are free generators of Dery (k[X1, Xa, ..., X,]). O

Let T be a differential operator of order < p on k[X1, Xo,...,X,]. If p <0,
T =0 and we put Symb,(T) =0. If p=0,T € A, and we put Symb,(T") = T'. For
p > 1, we define a polynomial Symb,(T) in k[X1, Xa,..., X5, &1,&2,...,&n] in the
following way. Let (£1,&2,...,&,) € k™. Then we can define a linear polynomial
le =" &X; € k[X1,Xo,...,X,] and the function

1
(517627 s 7€n) — HUp(T)(Eg,ég, - ,fg)

on k™ with values in k[ X1, X, ..., X,,]. Clearly, one can view this function as a poly-
nomial in X1, Xo,..., X, and &, &, ..., £, homogeneous of degree pin &1, &a, ..., &y,
and denote it by Symb,(T). The polynomial Symb,(T’) is called the p-symbol
of the differential operator 7. By its definition, Symb,(T') vanishes for 7" of
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order < p. Therefore, for p > 0, it induces a k-linear map of Gr, D(n) into
k[ X1, Xo, ..., X0, 61,82,...,€,]. We denote by Symb the corresponding k-linear
map of Gr D(n) into k[X1, Xo,..., Xn,&1,&2,...,&xn].

5.6. THEOREM. The map Symb : Gr D(n) — k[X1, Xa,..., X5, &1, &2, ..., &)
is a k-algebra isomorphism.

The proof of this result consists of several steps. First we prove the symbol
map is an algebra morphism.

5.7. LEMMA. Let T,S € D(n) of order < p and < q respectively. Then
Symb,,, ,(T'S) = Symb,(T') Symb,(S).

PROOF. Let & € k™, and define the map 7¢ : D(n) — D(n) by 7¢(T') = [T, 4¢].
Then

Tg(TS) = [TS, 65] = TSég — €§TS = [T, ég]S + T[S, 65] = Tg(T)S + TTg(S).
Therefore, for any k € Z,, we have
ko sk , _
e (TS) = Z (i)Tg—l(T) 7e(9).
i=0
This implies that

1
Symb, ., (TS) = ———apro(T) (e, le, ..., le) = rrTs
ym p+q( ) (p+q)!0'P+q( )( §HtEs ) E) (p+q)'75 ( )
1
= Jigi7e (1) 7 (8) = Symb,, (T) Symb(S).

O

Since Symby(X;) = X; and Symb, (9;) = &, 1 < i < n, we see that for X197
with p = |J| we have
Symb, (X187) = XT¢”.
In particular, for
T= > P(X1,Xa,...,X,)0,
[7]<p
with polynomials Py € k[X1, Xs,...,X,], we see that
Symb,(T) = > Pr(X1,Xa,..., Xn)&".
[Il=p
Hence, the symbol morphism is surjective. It remains to show that the symbol map
is injective.
5.8. LEMMA. Let T € F, D(n). Then Symb,(T') = 0 if and only if T is of
order <p—1.

PROOF. We prove the statement by induction in p. It is evident if p = 0.
Therefore we can assume that p > 0. Let £ € k™, and define the map 7¢ :
D(n) — D(n) by 7¢(T) = [T, £¢]. Then, for any A € k and n € k", we have

Teron(T) = [T began] = [T be] + AT £y] = 7¢(T') + Ary (T).
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Since ¢ and 7, commute we see that, for any k € Z_, we have

k
@) =3 (’“) X7k (7(T)).

i
i=0
By our assumption, Tgp y /\n(T> = 0 for arbitrary A € k. Therefore, since the field k is

infinite, 7¢" (7, (T)) = 0 for 0 <4 < p. In particular, we see that Tg_l(Tn(T)) =0
for any £,n € k™. This implies that Symb, ([T, £,]) = 0 for any n € k", in
particular

Symb,, ([T, X;]) =0
for 1 < i < n, and by the induction assumption, [T, X;], 1 < i < n, are of order
<p-—2. Let P,Q € k[X1,X2,...,X,]. Then

[T, PQ] =TPQ— PQT =[T,P|Q + P[T, )],

hence the order of [T, PQ)] is less than or equal to the maximum of the orders of
[T, P] and [T, Q). Since X;, 1 < i < n, generate k[X1, Xo, ..., X,] we conclude that
the order of [T, P] is < p — 2 for any polynomial P. This implies that the order of
Tis<p—1. 0

This also ends the proof of 4.6. In particular, we see that D(n) satisfies prop-
erties (i)-(vii) from §3. From 3.5 we immediately deduce the following result.

5.9. THEOREM. The ring D(n) is right and left notherian.

5.10. COROLLARY. (X197 I,J € Z1) is a basis of D(n) as a vector space over
k.

PROOF. If |J| = p, the p-symbol of X797 is equal to X'¢/ and (X1¢7 5 I,J €
7% ) form a basis of k[X1,..., Xy, &1, ...,&,] as a vector space over k. O

The following caracterization of D(n) is frequently useful.

5.11. THEOREM. The k-algebra D(n) is the k-algebra generated by X1, Xa, ..., X,
and 01,04, ...,0, satisfying the defining relations [X;, X,;] = 0, [0;,0;] = 0 and
(05, Xj] = 655 for all 1 <4,j < n.

PRrROOF. Let B be the k-algebra generated by X1, Xo, ..., X,, and 01,02, ...,0,
satisfying the defining relations [X;, X;] = 0, [9;,0;] = 0 and [0;, X;] = &;; for
all 1 < 4,5 < n. Since these relations hold in D(n) and it is generated by
X1,Xs,...,X, and 01,04, ..., 0, we conclude that there is a unique surjective mor-
phism of B onto D(n) which maps generators into the corresponding generators.
Clearly, B is spanned by (X707 ; I,J € Z7). Therefore, by 5.10, this morphism is
also injective. O

5.12. PROPOSITION. The center of D(n) is equal to k - 1.

PROOF. Let T be a central element of D(n). Then, [T, P] = 0 for any polyno-
mial P, and T is of order < 0. Therefore, by 5.3, T € k[X1,Xs,...,X,]. On the
other hand, 0 = [9;,T] = 0;(T) for 1 < i < n. This implies that T is a constant
polynomial. O

Let D(n)° be the opposite algebra of D(n). Then, by 5.11, there exists a unique
isomorphism ¢ : D(n)° — D(n) which is defined by ¢(X;) = X; and ¢(9;) = —0;
for 1 < ¢ < n. The morphism ¢ is called the principal antiautomorphism of D(n).
This proves the following result.
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5.13. PROPOSITION. The algebra D(n)° is isomorphic to D(n).

Moreover, by 5.11, we can define an automorphism F of D(n) by F(X;) =
9; and F(9;) = —X; for 1 < i < n. This automorphism is called the Fourier
automorphism of D(n). The square F2 of F is an automorphism ¢ of D(n) which
acts as +(X;) = —X; and +(9;) = —0; for 1 <i < n. Clearly, (2 = 1.

In contrast to the filtration by the order of differential operators, D(n) has
another filtration compatible with its ring structure which is not defined on more
general rings of differential operators. We put

D,(n) = {ZQUXI(?J } I+ |J| Sp}

for p € Z. Clearly, (Dy(n) | p € Z) is an increasing exhaustive filtration of D(n) by
finite-dimensional vector spaces over k.
5.14. LEMMA. For any p,q € Z we have
(1) Dyp(n) o Dg(n) C Dpiq(n);
(ii) [Dp(n), Dg(n)] C Dpiq—2(n).
PRrROOF. By 5.10 and the definition of the filtration (D,(n); p € Z), it is enough
to check that
(0", X7] € Di114151—2(n).
We prove this statement by an induction in |I|. If |I| = 1, we have 87 = 9; for some

1 <i<nand[0;,X"]=0i(X7) € Dy_1(n). If |I| > 1, we can write 07 = o' o,
for some I’ € 7"} and 1 <7 < n. This leads to

[0, X7 =[0"8;, X" =" 9, X7 — X790,
= 0" [0, X7+ [0, X710 = 0", 03, X7]] + [0, X TJ0" + [0", X 7)o
hence, by the induction assumption, [0, X7] € D71 |s—2(n). O

This implies that (Dy(n); p € Z) is a filtration compatible with the ring struc-
ture on D(n). In addition, the graded ring Gr D(n) is a commutative k-algebra. If
we define the linear map ¥, from D,(n) into k[X1, Xo,...,Xn,&1,62,...,&] by

‘I/p< Z aIJXI3J>— Z argX'¢’

HI+1J1<p [1+1J1=p

we see that it is a linear isomorphism of Gr, D(n) into the homogeneous polynomials
of degree p. Therefore, it extends to a linear isomorphism

V:GrD(n) — k[X1,Xa,..., X0, &1, &, .., &l

By 5.14 we see that this map is an isomorphism of k-algebras. Therefore, the ring
D(n) equipped with the filtration (D,(n); p € Z) satisfies the properties (i)-(vii)
from §3. The filtration (D,(n); p € Z) is called the Bernstein filtration of D(n).

Evidently, the principal antiautomorphism and the Fourier automorphism of
D(n) preserve the Bernstein filtration.
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6. Modules over rings of differential operators with polynomial
coefficients

In this section we study the category of modules over the rings D(n) of differen-
tial operators with polynomial coefficients. Denote by M*(D(n)), resp. ME(D(n))
the categories of left, resp. right, D(n)-modules. These are abelian categories. The
principal antiautomorphism ¢ of D(n) defines then an exact functor from the cat-
egory ME(D(n)) into the category M%(D(n)) which maps the module M into its
transpose M*, which is equal to M as additive group and the action of D(n) is given
by the map (T, m) — ¢(T)m for T € D(n) and m € M. An analogous functor
is defined from MZ%(D(n)) into ME(D(n)). Clearly these functors are mutually
inverse isomorphisms of categories. If we denote by M%Q(D(n)) and M)}?g(D(n))
the corresponding full subcategories of finitely generated modules, we see that these
functors also induce their equivalence. Therefore in the following we can restrict
ourselves to the discussion of left modules and drop the superscript L from our
notation (except in the cases when we want to stress that we deal with right mod-
ules). Since D(n) is a nétherian ring, the full subcategory M ,(D(n)) of M(D(n))
is closed under taking submodules, quotient modules and extensions.

First we consider D(n) as a ring equipped with the Bernstein filtration. Since in
this case Do(n) = k we can define the dimension of modules from ./\/l%g (D(n)) and
M ?G(D(n)) using the additive function dimyj on the category of finite-dimensional
vector spaces over k. This dimension d(M) and the corresponding multiplicity
e(M) of a module M are called the Bernstein dimension and the Bernstein multi-
plicity respectively. Since the principal antiautomorphism preserves the Bernstein
filtration we see that d(M) = d(M?") for any finitely generated D(n)-module M.

For any finitely generated D(n)-module M we have an exact sequence D(n)? —
M — 0, hence d(M) < d(D(n)). In addition, from 5.6 we conclude the following
result.

6.1. LEMMA. For any finitely generated D(n)-module M we have d(M) < 2n.

6.2. ExaMPLE. Consider the algebra D(1) of polynomial differential operators
in one variable. Let M be a finitely generated D(1)-module different from 0. Then
its Bernstein dimension d(M) can be 0, 1 or 2. Clearly, d(M) = 0 would imply
that for any good filtration F M of M, the function p —— dim F,, M is constant for
large p € Z. Since F M is exhaustive, this would mean that M is finite dimensional.
Denote by 7(z) and 7(9) the linear transformations on M induced my the action
of x and 0 respectively. Then we have [r(z),7(9)] = 1. Taking the trace of both
sides of this equality we would get dimg M = 0, i.e., contradicting our assumption
that M # 0. It follows that d(M) is either 1 or 2.

The main result of the dimension theory of D(n) is the following statement
with generalizes the above example.

6.3. THEOREM (Bernstein). Let M be a finitely generated D(n)-module and
M #0. Then d(M) > n.

PROOF. Since M is a finitely generated D(n)-module, by 3.4, we can equip
it with a good filtration. Also, by shift in indices, we can clearly assume that
F,M =0 forn <0and Fo M # 0.

For any p € Z, we can consider the linear map Dp(n) — Homy(F, M, Fa, M)
which attaches to T' € D,(n) the linear map m —— T'm. We claim that this map
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is injective. For p < 0 this is evident. Assume that it holds for p — 1 and that
T € D,(n) satisfies Tm = 0 for all m € F,M. Then, for any v € Fp_1 M and
1 <i<n we have X;v € F, M and 0,v € F, M, hence

[Xi, T]U = XZT’U - TXZ’U =0
and
[(%,T]’U = aZTU - Taﬂ) =0
and [X;,T),[0;,T] € Dp—1(n) by 5.14. By the induction assumption this implies
that [X;,T] =0 and [9;,T] = 0 for 1 <4 < n, and T is in the center of D(n). Since
the center of D(n) is equal to k by 5.12, we conclude that T'= 0. Therefore,

dim (Dyp(n)) < dimg(Homy (Fp M, Fop, M)) = dimy (Fp M) - dimg, (Fop M)

for any p € Z. On the other hand, for large p € Z, the left side is equal to a
polynomial in p of degree 2n with positive leading coefficient and the right side is
equal to a polynomial in p of degree 2d(M) with positive leading coefficient. This
is possible only if d(M) > n. O

In the next section we are going to give a geometric interpretation of the Bern-
stein dimension.

Finally, if M is a D(n)-module, we can define its Fourier transform F (M) as the
module which is equal to M as additive group and the action of D(n) is given by the
map (T,m) — F(T)m for T € D(n) and m € M. Clearly the Fourier transform is
an automorphism of the category M (D(n)). It also induces an automorphism of the
category My,(D(n)). From the fact that the Fourier automorphism F preserves
the Bernstein filtration (or 3.9) we conclude that the following result holds.

6.4. LEMMA. Let M be a finitely generated D(n)-module. Then d(F(M)) =
d(M).

7. Characteristic variety

Now we want to study an invariant of finitely generated D(n)-modules which
has a more geometric flavor. In particular, it will be constructed using the filtration
F D(n) of D(n) by the degree of differential operators instead of the Bernstein
filtration. In contrast to the Bernstein filtration, the degree filtration makes sense
for rings of differential operators on arbitrary smooth affine varieties.

First, since any D(n)-module M can be viewed as a k[X1, Xo, ..., X,]-module,
we can consider its support supp(M) C k™.

7.1. PROPOSITION. Let M be a finitely generated D(n)-module. Then supp(M)
is a closed subvariety of k™.

PRrROOF. Fix a good filtration F M on M. Then, for x € k™, M, = 0 is equiva-
lent to (F, M), = 0 for all p € Z. Therefore, by the exactness of localization, it is
equivalent to (Gr M), = 0. Let I, be the annihilator of the k[X1,Xo,...,X,]-
module Gr, M, p € Z. Since Gr, M are finitely generated k[X1,Xo,...,X,]-
modules, by 4.2 their supports supp(Gr, M) are equal to V(I,). This implies
that supp(M) = UpeZ V(Ip). Let mi,ma,...,ms be a set of homogeneous gen-
erators of Gr D(n)-module Gr M. Then the annihilator I of mq,ma,...,ms in
k[X1,Xo,...,X,] annihilates whole Gr M. Therefore, there is a finite subset S of
Z such that Npesl, = I C I, for all ¢ € Z. This implies that UpesV (Ip) = V(I) D
V(1) for all ¢ € Z, and supp(M) = V(I). O
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Let D be a filtered ring with a filtration F D satisfying the properties (i)-(vii)
from the beginning of 3. Let M be a finitely generated D-module and F M a good
filtration of M. Then Gr M is a graded Gr D-module. Let I be the annihilator of
Gr M in GrD. This is clearly a graded ideal in Gr D. Hence, its radical r(I) is
also a graded ideal. In general, I depends on the choice of the good filtration on
M, but we also have the following result.

7.2. LEMMA. Let M be a finitely generated D-module and F M and F' M two
good filtrations on M. Let I, resp. I' be the annihilators of the corresponding graded
Gr D-modules Gr M and Gr' M. Then r(I) = r(I").

PROOF. Let T € r(I) N Gr? D. Then there exists s € Zy such that T° € I. If
we take Y € F, D such that Y +F, 1 D =T, weget Y°F; M C Fyi,—1 M for all
q € Z. Hence, by induction we get

Y™ Fy M C Fypmepm M

for all m € N and g € Z. On the other hand, by 3.7, we know that F M and F' M
are equivalent. Hence there exists [ € Z, such that F, M C F;H M C Fgp M for
all ¢ € Z. This leads to

Y™ F) M C Y™ Fyyt M C Fypigmep—m M C F! M

q+2l4+msp—m

forall ¢ € Z and m € N. If we take m > 21, it follows that Y"** F; M C F;+m5p71 M
for any ¢ € Z, i.e., T™ € I'. Therefore, T € r(I') and we have r(I) C r(I’). Since
the roles of T and I’ are symmetric we conclude that r(I) = r(I"). O

Therefore the radical of the annihilator of Gr M is independent of the choice
of a good filtration on Gr M. We call it the characteristic ideal of M and denote
by J(M).

Now we can apply this construction to D(n). Since Gr D(n) = k[X1,..., Xn, &1, ...

by 5.6, we can define the closed algebraic set
Ch(M) =V (J(M)) C k*"

which we call the characteristic variety of M.
Since J(M) is a homogeneous ideal in last n variables, we immediately obtain
the following result.

7.3. LEMMA. The characteristic variety Ch(M) of a finitely generated D(n)-
module M has the following property: if (x,€) € Ch(M) then (x,\§) € Ch(M) for
any A € k.

We say that Ch(M) is a conical variety.
7.4. PROPOSITION. Let
0— M —M-—M"—0
be an exact sequence of finitely generated D(n)-modules. Then
Ch(M) = Ch(M")U Ch(M").

PROOF. Let F M be a good filtration on M. Then it induces a filtration F M’
on M’ and FM"” on M"”. By 3.8 we know that these filtrations are also good.
Moreover, we have the exact sequence

0—GrM —GrM — GrM" —0

’ fn]
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of finitely generated k[X71,...,X,,&1,...,&]-modules, and their supports are, by
4.2, the characteristic varieties of D(n)-modules M, M’ and M" respectively.
Therefore the assertion follows from 4.1. O

The next two results shed some light on the relationship between the charac-
teristic variety and the support of a finitely generated D(n)-module.
Let 7 : k™ — k™ be the map defined by 7(z, &) = x for any z, & € k™.

7.5. PROPOSITION. Let M be a finitely generated D(n)-module. Then supp(M) =
7(Ch(M)).

PROOF. Denote by m1,ms, ..., ms a set of homogeneous generators of Gr M.
Then, as in the proof of 7.1, the annihilator I of my,ma, ..., ms in k[ X1, Xo, ..., X,]
satisfies supp(M) = V(I). On the other hand, if J is the annihilator of mq,ma, ..., ms
in k[ X1, Xo,..., X5, 61,8, ...,&,], it is a homogeneous ideal in &1, &s, . .., &, which
satisfies I = k[X1, Xo,..., X, ] NJ, and Ch(M) = V(J). This implies that = €
V(I) = supp(M) is equivalent with (x,0) € V(J) = Ch(M). Since Ch(M) is
conical this implies the assertion. O

Let M be a finitely generated D(n)-module. Define the singular support of M
as
sing supp(M) = {x € k" | (x,&) € Ch(M) for some £ # 0}.

Clearly, we have sing supp(M) C supp(M).

7.6. LEMMA. Let M be a finitely generated D(n)-module. Then sing supp(M)
is a closed subvariety of supp(M).

PROOF. Let p: k™ — {0} — P"~!(k) be the natural projection. Then
Ixp:k™x (K" ={0}) — k™ x P"" (k)

projects Ch(M)— (k™ x {0}) onto the closed subvariety of k" x P"~!(k) correspond-
ing to the ideal J(M) which is homogeneous in &7, &s, . . ., &,. Finally, the projection
to the first factor k™ x P"~1(k) — k™ maps it onto sing supp(M). Since P~ (k) is
a complete variety, the projection k™ x P"~1(k) — k™ is a closed map. Therefore,
sing supp(M) is closed. O

The fundamental result about characteristic varieties is the following theorem.
It also gives a geometric description of the Bernstein dimension.

7.7. THEOREM. Let M be a finitely generated D(n)-module. Then
dim Ch(M) = d(M).

To prove the theorem we need some preparation.

Let A = k[X7,Xo,...,X,]. Let t = (t1,...,t,) € N". We define the grading
Gr® 4 by putting Grf,tl) A to be the linear span of X! such that Z?:l tit; =
m. Clearly, in this way A becomes a graded ring. Moreover, we can define the
corresponding filtration F® 4 by Ffot) A= ngp Grg) A. Clearly, if we denote by

F A the natural filtration of A by degree of polynomials and put t = maxj<;<n t;,
we have

FMACF,Aand F,ACFY A
for any p € Z.
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Let I be an ideal in A. Then we can consider the exact sequence
0—I—A— A/ —0

of A-modules equipped with the filtrations induced by the filtrations on A. Then
we have

FM(A/I) C Fy(A/I) and F,(A/I) C FE(A/T)
for any p € Z. This in turn implies the following lemma.
7.8. LEMMA. For any p € Z, we have
dimy FO(A/1) < dimy, F(A/I) and dimy, Fy(A/I) < dimy F{ (A/1).
Let s € N. Then we define a filtration F*) D(n) of the algebra D(n) by

F) D(n) = {T € D(n) ‘ T= |I|+2|J:|< cr X197, ¢r g€ k}

Clearly, FY) D(n) is the Bernstein filtration of D(n). The filtrations F®) D(n)
have the properties (i)-(iii) of the ring filtrations considered in §3. Moreover, T' €
F® D(n) if and only if T € Fl(jl) D(n) and the order of T is < ¢ for some p and
q satisfying m = p + (s — 1)g. Therefore, if T € F(¥) D(n) and S Fg;? D(n),
there exist p,p’ and ¢,q¢' such that m = p+ (s — 1)g and m’ = p' + (s — 1)¢/,
T € Fz()l)D(n), S e F;})D(n), and the orders of T and S are < ¢ and < ¢
respectively. This implies that the order of TS is < g+ ¢’ and T'S € F;ﬁp, D(n).
It follows that TS € F* D(n). Hence, the filtration F*) D(n) satisfies also

m-+m/
(iv), i.e., it is a ring filtration. In the same way we can check that (v) holds, i.e.,

the graded ring Gr®) D(n) is commutative. Moreover, the graded ring Gr'® D(n)
is isomorphic to the graded ring A = k[X1,...,X,,&,...,&,] with the graded
structure corresponding to s = (1,...,1,s,...,s). We denote that graded module

by Gr'® A and its associated filtration by F(*) A.
Moreover, we have

s 1 1 s
F$) D(n) ¢ F{V D(n) and FV D(n) € F) D(n)

for any p € Z.
Let L be an ideal in D(n). Then we can consider the exact sequence

0— L— D(n) — D(n)/L—0

of D(n)-modules equipped with the filtrations induced by the filtrations on D(n).
Then we have
F)(D(n)/L) C F)(D(n)/L) and FyP(D(n)/L) C FG)(D(n)/L)

p

for any p € Z. This in turn implies the following lemma analogous to 7.8.
7.9. LEMMA. For any p € Z, we have
dimy, F{*(D(n)/L) < dimy F$V(D(n)/L)

and
dimy, FY(D(n)/L) < dimg F$) (D(n)/L).
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7.10. LEMMA. Let L be a left ideal in D(n). Then
d(D(n)/L) = dim V(Gr® L)
for any s € N.
PROOF. The exact sequence
0— L— D(n) — D(n)/L — 0,

where D(n) is equipped with the filtration F®) D(n) and L and D(n)/L with the
induced filtrations F*) L and F*)(D(n)/ L) respectively, leads to the exact sequence

0 — Gr® L — Gr'® D(n) — Gr®)(D(n)/L) — 0.
This implies that

dimy F{*)( = (dimg F{)(D(n)/L) — dimj, FSY (D(n)/L))
q=0

p q
Z im Gr(S (n)/L) = Z(dimk Grgs) D(n) — dimg, Grgs) L)

q=0 q=0

p
= Z(dim Grgs) A — dim Grfls) L) Z dim Gr (A Gr' L)
q=0

= dimy, F;s)(A/ G L)
for any p € Z. This in turn implies, using 7.8 and 7.9 that
dimy, FV(D(n)/L) < dimy F$)(D(n)/L) = dimj, F) (A/ Gr*) L)
< dimy, Fyp(A/ G L)
and
dimy, Fp(A/ Gr' L) < dimy F&)(4/ Gr'®) L) = dimy, F))(D(n) /L)
< dim;, F{})(D(n)/L).

Since the functions p —— dimy Ffol)(D(n)/L) and p — dimg F,(A/ Gr'® L) are
represented by polynomials for large p € Z, these polynomials have to have equal
degrees. This in turn implies that d(D(n)/L) = d(A/ Gr'® L). O

For any s € N, we denote by o (T) the projection of T € F\*D(n) in
Grps) D(n) = A. Also, for the natural filtration on A given by the degree of the
polynomials, we denote by o, the map which attaches to a polynomial of degree p
its homogeneous component of degree p.

7.11. EXAMPLE. Let D = D(1) and T € D given by T = 239 + 9*. Then the
degree of T is equal to 2 and Symb,(T) = £2. Hence, o2(Symb,(T)) = £2.

On the other hand, we have o\"(T) = 23¢; {2 (T) = 23¢, o{(T) = 43¢ + €2
and Uéi) (T) = &2 for s > 3.

Hence, for large s, the o(*)(T) becomes equal to o(Symb(T)). This holds in
general, more precisely we have the following result.
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7.12. LEMMA. Let T be a differential operator in D(n) of order < m such that
its symbol Symb,, (T') is a polynomial of degree p. Then there exists sy such that

op(Symb,,,(T)) = o' ), (T)
for s > sg.
PROOF. By our assumption
T = Z C]”]XI(?J.
[7]<m
Also, we can fix go such that ¢y, # 0 implies that |I| < go. Then we have
Symb,, (T) = Z cryXte’
|J|=m
is a polynomial of degree p and its leading term is

op(Symb,, (T)) = > croXxle’.

[ |=p—m,|J|=m

On the other hand, the terms X/97 are in F|(;|)+S|J| D(n). Assume that ¢y ; # 0.
Then we have the following possibilities:

(i) |J| =m and |[I| =p —m: X107 is in F;(nsl(sfl)m D(n).
(i) |J| =m and |I| < p—m: X197 in F;ﬁ(sfl)mfl D(n).
(iii) m > 1, |J] <m and |I| < go: X107 isin F((Zz)_ks(m_l) D(n). Moreover,

G+sm—1)=qg+sm—s=qg+m-—s+(s—1)m.
Hence, if s > so = go+m —p+ 1, we have go + s(m — 1) < p+ (s —
1)m — 1. Tt follows that in this case the differential operator X797 is also
()
inF 0 D(n).
This implies that for s > sy we have

(s) _ (s I
Up+(s—1)m(T) = Optr(s—1)m Z cr,g X0

[I|=p—m,|J|=m

= Y e X'¢) = 0y(Symb,, (T)).

[I|=p—m,|J|=m

O

In particular, if L is a left ideal in D(n), we have the following consequence.

7.13. COROLLARY. Let L be a left ideal in D(n). Then there exists sg € Z4
such that Gr(Gr L) = Gr'® L for s > so.

PROOF. Since L is finitely generated, there exist 11,75, ...,T; € L which gen-
erate L. This implies that the symbols Symb(74 ), Symb(75), . .., Symb(T},) generate
GrL and 0©)(Ty),00)(Ty),...,0)(T,) generate Gr'® L. In addition, we see that
o(Symb(T1)), o(Symb(T3)),...,o(Symb(T;)) generate Gr(Gr L). Hence the asser-
tion follows from 7.12. O
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Now we can prove 7.7. Assume first that M = D(n)/L where L is a left ideal in
D(n). Then, by 7.10, we have d(M) = dim V(Gr®) L) for any s € N. In addition,
if s is large enough, by 7.13, we have d(M) = dim V(Gr(Gr L)). finally, by 4.8, we
have dim V(Gr(Gr L)) = dim V(Gr L). On the other hand, the exact sequence of
D(n)-modules

0—L—Dn —M-—70
leads to the exact sequence
0—GrL— GrD(n) —GrM —0

of A-modules, where A = Gr D(n) = k[Xq1,...,Xn,&1,...,&]. Therefore, Gr M
is the quotient A/ Gr L and the annihilator of Gr M is equal to Gr L. Hence, by
definition, V(Gr L) is the characteristic variety of M. This proves the equality in
this case.

To prove the general result we consider the exact sequence

0— M —M-—M—0

where M has ¢ generators, M’ has ¢ — 1 generators and M" is cyclic. Therefore,
M’ is isomorphic to D(n)/L for some left ideal L.

By the first part of the proof, we have d(M") = dim Ch(M"). In addition, by
the induction assumption, we have d(M') = dim Ch(M’). From 3.9 and 7.4 we see
that

d(M) = max(d(M"),d(M")) = max(dim Ch(M"), dim Ch(M"))
— dim(Ch(M’) U Ch(M")) = dim Ch(M).

This completes the proof of 7.7.
In particular, by combining 6.3 and 7.7, we get the following result.

7.14. THEOREM. Let M be a finitely generated D(n)-module, M # 0, and
Ch(M) its characteristic variety. Then dim Ch(M) > n.

8. Holonomic modules

Let M be a nontrivial finitely generated D(n)-module. Then, by 7.14, the
dimension of its characteristic variety Ch(M) is > n.

We say that a finitely generated D(n)-module is holonomic if the dimension of
its characteristic variety Ch(M) is < n. Therefore, M is holonomic if either M = 0
or dim Ch(M) = n.

Roughly speaking, holonomic modules are the modules with smallest possible
characteristic varieties.

The following result is the fundamental observation about holonomic modules.

8.1. THEOREM. (i) Holonomic modules are of finite length.
(ii) Submodules, quotient modules and extensions of holonomic modules are
holonomic.

PRrROOF. (ii) follows immediately from 3.9.

(i) Let M be a holonomic D(n)-module different from zero. Then, by definition,
its the dimension of its characteristic variety Ch(M) is equal to n. By 7.7, its
Bernstein dimension d(M) is also equal to n. Since M is finitely generated and
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D(n) is a nétherian ring, there exists a maximal D(n)-submodule M’ of M different
from M. Therefore we have an exact sequence

0— M — M — M/M' — 0.

By (ii), M’ and M/M’ are holonomic and M /M’ is an irreducible D(n)-module.
If M’ # 0, we conclude from 3.9 that e(M’) < e(M). Therefore, by induction in
e(M), it follows that M has finite length. O

Therefore, the full subcategory Hol(D(n)) of the category M ;4(D(n)) is closed
under taking submodules, quotient modules and extensions. Moreover, if we denote
by My (D(n)), the full subcategory of M 4(D(n)) consisting of D(n)-modules of
finite length, we see that Hol(D(n)) is a subcategory of M y;(D(n)). One can show
that Hol(D(n)) is strictly smaller than M s (D(n)) for n > 1.

In addition, the transpose functor and the Fourier functor map holonomic mod-
ules into holonomic modules.

Now we are going to discuss some examples of holonomic modules.

8.2. EXAMPLE. Let O,, = k[X1, Xo,...,X,]. Then O,, = D(n)/(D(n)(d1,02,...,0n))
is a finitely generated D(n)-module. Moreover, if we put F, O,, = 0 for p < 0 and
F, O, = O, for p > 0, the filtration F O,, is a good filtration for the degree filtra-
tion of D(n). The corresponding graded module GrO,, is such that G O,, = 0
for p # 0 and Gr° O,, = k[X1, Xa,...,X,]. Tt follows that the annihilator of Gr O,,
is equal to the ideal in k[X1, Xo,..., X, &1, &, ..., &, generated by &1,&a,...,&,.
This implies that Ch(O,) = k™ x {0} C k*". In particular, dim Ch(O,) = n and
O,, is holonomic. Moreover, supp(O,,) = k™ and the projection 7 : k?" — k™ is
an bijection of Ch(O,,) onto O.

By differentiation, we see that any submodule of O,, has to contain contants.
Therefore, O,, is irreducible.

8.3. EXAMPLE. Counsider now A,, = F(0O,,). Then, we have A,, = D(n)/(D(n)(X1, X2,...,Xy)).
Clearly, A,, is holonomic and irreducible. Let é be the vector corresponding to
1 € O;. Then X;6 = 0 for any 1 < i < n. Clearly, A, is spanned by §(1) = 974,
I e Zfr. Let F A, be a filtration of A, such that: F,A, = {0} for p < 0
and F, A, is spanned by U |I| < p, for p > 0. Denote be ¢; the multiindex
0,...,0,1,0,...,0) with 1 ant ¢-th position. Then, by the definition of the Fourier
transform, we have

aj5(1) = 6(I*<) and de(l) = _ijg(lffj)

foralll1 < j<nandI € Zi. This implies that F, A, are k[X1,Xo,..., Xy]-
submodules of A,,. Moreover, 0;F, A, C Fpi1 Ay, forall 1 <i < nandp e Z.
Hence, F A, is an exhaustive D(n)-module filtration for D(n) filtered by the order
of differential operators. Let 60 be the cosets represented by 67 in Grl'TA,,.
Then GrP A, is spanned by 6(!) for I € Z, such that [I| = p. Clearly, X; act
as 0 on GrA,, and & map 6) into 6(/+¢). Therefore, § generates Gr A, as a
kX1, Xo,..., Xn,&1,82,...,&]-module, and F A, is a good filtration. Moreover,
the annihilator of GrA,, is the ideal generated by X;, 1 < i < n. Hence the
characteristic variety of A,, is Ch(A,) = {0} x k™ C k*". The support supp(A,,)
of A, is {0} C k™.

Now we want to construct more holonomic modules. We start with a simple
criterion for holonomicity.



8. HOLONOMIC MODULES 33

8.4. LEMMA. Let D(n) be equipped with the Bernstein filtration. Let M be a
D(n)-module and F M an exhaustive D(n)-module filtration on M. If

dimy Fp, M < % p" + (lower order terms in p)
n

for allp € Zy, M is a holonomic D(n)-module and its length is < c.
In particular, M is a finitely generated D(n)-module.

PROOF. Let N be a finitely generated D(n)-submodule of M. Then F M in-
duces an exhaustive D(n)-module filtration on N. By 3.6 there exists a good
filtration F' N of N and s € Z, such that F; N C Fpis N for any p € Z. It follows
that

dimy, F; N <dimg Fpps N < dimg Fpps M < 51)” + (lower order terms in p)

for p € Zy. Therefore, d(N) < n and N is holonomic. If N # 0, we have
e(N) < ¢. Clearly this implies that the length of N is < e(N) < ¢. Tt follows that
any increasing sequence of finitely generated D(n)-submodules of M stabilizes, and
that M itself is finitely generated. O

8.5. EXAMPLE. Let n =1 and put D = D(1). Consider the D-modules M, =
D/D(z0 — «) for any « € k.

Let E = z0. Asin the proof of 5.10, we see that the operators (2P E?,0PE?; p,q €
Z4) form a basis of D as a linear space over k. Moreover, the ideal D(z0 — «) is
spanned by the elements (2P E4(E — «),0PEY(E — «); p,q € Z4). Hence, M, is
spanned by the cosets corresponding to (27,07 ; p € Z).

Clearly,

[E,2] = 202 — 2°0 = 2
and
[E,0] = 20* — 020 = —0.
Therefore, we have
Ez=2FE+1)and EQ=90(E —1).

This immediately implies that the coset of z" is an eigenvector of F with eigenvalue
a+n for any n € Z;. On the other hand, the coset of 0" is an eigenvector of E
with eigenvalue oo —n for any n € Z,. Therefore, the spectrum of F on M, is equal
to {a +n;n € Z}, and the multiplicity of each eigenvalue is equal to 1.

The Fourier transform of M, is isomorphic to

D/D(-9z—a) =D/D(20+ o+ 1) = M_q_;.

Assume first that a ¢ Z. Then, F is a linear isomorphism and z must be sur-
jective. Since z maps the eigenspace for the eigenvalue oo + n onto the eigenspace
for the eigenvalue o + n + 1, z is also injective. Therefore, we can construct in-
ductively a family of vectors 2", n € Z, such that Ez*t" = (o + n)z**t™ and
229t = zotntl Clearly, these vectors form a basis of M. Moreover,

0201 = 02201 = 9, 2]zt + B2t = (a4 m)2o T

for any n € Z. This immediately implies that M, = M., for any integer p € Z.

Moreover, any nonzero D-submodule of M is invariant under F, so it contains
an eigenvector of E. This in turn implies that it contains 2™ for some p € Z.
It follows that it contains all z%*™, n € Z, i.e., it is equal to M,. Hence, M, are
irreducible D-modules.
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We define a filtration F M, of M, by: F, M, = {0} for p < 0; and F, M, is
the span of {227 |n| < p} for p > 0. Clearly, F M,, is an increasing exhaustive
filtration of M, by linear subspaces. Moroever, by the above remarks, z F, M, C
Fpi1 My and 0F, My, C Fpp1 M, for any p € Z. Therefore, F M, is a D-module
filtration for D equipped by Bernstein filtration. Since dimy F, M, = 2p + 1 for
p >0, by 8.4, we see that M, is holonomic.

To calculate its characteristic variety, consider the another filtration F M, such
that F,, M, = {0} for n < 0 and F,, M, is spanned by {z*?; p > —n} for n >
0. Clearly, this is an exhaustive fitration of F M, by modules over the ring of
polynomials in z. Moreover, 0F, M, = Fp1 M,, for any p € Z,, and this a a
good D-module filtration for the filtration of D by the order of differential operators.
The graded module Gr M, is a direct sum of Gr? M,,, where Gr™ M,, = 0 for n < 0;
Gr’ M, is equal to the span of z®t? for p > 0; and Gr? M, is spanned by the
coset of 2P modulo {2%7%; ¢ > —p}. Therefore, 2z annihilates Gr? M, for p # 0,
and the symbol & of & annihilates Gr® M, and maps Gr? M, onto GrP™* M, for
p > 0. It follows that the annihilator of Gr M, is the ideal generated by z¢ in
k[z,&]. Hence, the characteristic variety Ch(M,) is the union of lines {z = 0} and
{£ =0} in k2.

Assume now that a € Z. Then the eigenvalues of E are integers. If v is a
nonzero eigenvector of E for an eigenvalue m # 0, dv is an eigenvector of E for
eigenvalue m — 1 and z0v = mv # 0. Therefore, z maps all eigenspaces of E with
eigenvalues ¢ # —1 onto the eigenspaces for the eigenvalue ¢ + 1.

Assume first that n = —a > 0. Then the coset of 2"~!, is an eigenvector of
E for the eigenvalue —1. Therefore, z maps the eigenspace of F for eigenvalue —1
onto the eigenspace for the eigenvalue 0. Hence, in this case, we can select basis
vectors v™ for the eigenspaces for the eigenvalues m € Z, such that zo™ = p™+!
for m € Z. We have

o™ = 0zv™ !t = [0, v 4 Ev™ T = mo™ !

for all m € Z. This implies that all M_,,, n > 0, are mutually isomorphic.

Moreover, by an inspection of the action of z and 0, we see that the vectors
v"™ m € Zy, span a D-submodule N_,, isomorphic to O; from 8.2. In particular
M_,, is reducible.

Clearly, zv_1 € N_,. It follows that the coset § € M_,,/N_,, of v_; satisfies
26 = 0.

The spectrum of F on L_,, = M_,,/N_, consists of all strictly negative integers.
Therefore, 0 is injective on L_,. Hence §(™ = 9™§ are nonzero eigenvectors of
E for eigenvalues —(m + 1), m € Z,, i.e., they are proportional to the cosets of
V_(m+1)- Clearly, we have

20 = 295~V = _ps(m=1)

for all m > 0. It follows immediately that L_,, is isomorphic to the D-module A;
described in 8.3. Hence we have the exact sequence

00— 0 —M_, — A —0

and this exact sequence doesn’t split. In particular, all these D-modules are iso-
morphic to M_;.
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By Fourier transform, we see that D-modules M,,, n > 0, are isomorphic to
Mjy. Moreover, we have the exact sequence

0—A] —M_,, —0; —0

which also doesn’t split.
Since O; and A; are holonomic by 8.2 and 8.3, by 8.1 we see that M,,, n € Z,
are holonomic. Moreover, from 7.4 we conclude that we have

Ch(M,) = Ch(O1) U Ch(A;)

for all n € Z. Hence, by 8.2 and 8.3, they are equal to the union of lines {z = 0}
and {£ =0} in k2.

From the above example we see that the characteristic varieties do not de-
termine the corresponding D-modules. Moreover, the characteristic variety of an
irreducible holonomic D(n)-module can be reducible.

Now we are going to generalize the construction of the module M_; from the
above example.

Let M be a D(n)-module and P € k[X7, Xo,...,X,]. Then on the localization

Mp of M we can define k-linear maps 0; : Mp — Mp by
m m oym

Oi(pr) = —pOh(P) s + o

for any m € M and p € Z,. By direct calculation we can check that

95, 0,)(F5) =0

and
m

m

19, 25)(55) = 0ii
for any 1 < 4,5 <nand p € Z,. By 5.11 this defines a structure of D(n)-module
on Mp.

8.6. PROPOSITION. Let M be a holonomic D(n)-module and P € k[ X1, Xo, ..., X,].
Then Mp is a holonomic D(n)-module.

PROOF. We can clearly assume that P # 0. Let F M be a good filtration on
M such that F,, M =0 for p < 0 and m = deg P. Define F, Mp =0 for p < 0 and

F, Mp = {% ve F(m+1)pM}
for p € Z,. Clearly F, Mp, p € Z, are vector subspaces of Mp.

Let w € F, Mp, p > 0. Then w = 55 = % for some v € F(;, 41y, M. Since
Pv € Fimi1yprm M CFnynypr1) M, we see that w € F,1.1 Mp. This proves that
the filtration F Mp is increasing.

Let v € Fg M. Then 55 = ;;—sfs for any s € Z4. Also, P*v € Fyygm M for
any s € Z4. Moreover, (m+ 1)(p+s)— (¢g+sm) = s+ (m+1)p—q > 0 for

s> q—(m+1)p. Hence

Pv e Fq+5m M C F(m+1)(p+s) M

and 55 € Fpys Mp. Therefore, the filtration F Mp is exhaustive.
It remains to show that it is a D(n)-module filtration. First, for v € F(,,41), M,

i Pv € F(my1)(p+1) M, hence x; 55 = f;p—lf{ € Fpi1 Mp. Also,

31‘( v ) _ —pd;(P)v + Pdv

ﬁ pr+1
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and —p(?l-(P)v + Po;v € F(m+1)(p+1) M ; hence 0; (%) € Ferl Mp.

Therefore, we constructed an exhaustive D(n)-module filtration on Mp. Since
((m + p)"
n!
for p € Z,, Mp is holonomic by 8.4. O

8.7. COROLLARY. Let P € k[X1,Xo,...,X,]. Then k[X1,Xa,...,Xy]p is a
holonomic D(n)-module.

dimy F, Mp < dimy, Fpq1)p, M < e(M) + (lower order terms in p)

9. Exterior tensor products

Let X = k™ and Y = k™ in the following, and denote by Dx and Dy the
corresponding algebras of differential operators with polynomial coefficients. Then
we can consider the algebra Dx X Dy which is equal to Dx ®; Dy as a vector
space over k, and the multiplication is defined by (T ® S)(T"® S") =TT’ ® 5SS’ for
T,T7' € Dx and S,S’ € Dy. We call Dx X Dy the exterior tensor product of Dx
and Dy.

The following result is evident.

9.1. LEMMA. Dx XDy = Dxxy.

If M and N are Dx-, resp. Dy-modules, we can define Dx xy-module M X N
which is equal to M ®; N as a vector space over k, and the action of Dx X Dy =
Dxxy isgiven by (T® S)(m®@n) =Tm® Sn for any T € Dx, S € Dy, me M
and n € N.

9.2. LEMMA. Let M be a finitely generated Dx-module and N a finitely gen-
erated Dy -module. Then M R N is a finitely generated D x «y-module.

PROOF. Let e1,€eg,...,e, and f1, fo,..., fy be generators of M and N respec-
tively. Then for any m € M and n € N, we have m = Y. Tie;, T; € Dx,
and n = )Y S;f;, S; € Dy. This implies that m @ n = Y > Tie; ® S;f; =
SITe@S)(ei® f;),and e; ® fj, 1 <i<p,1<j<gq, generate M X N. O

Our main goal in this section is to prove the following result.

9.3. THEOREM. Let M be a finitely generated Dx-module and N a finitely
generated Dy -module. Then d(M X N) =d(M) + d(N).

This result has the following important consequence.

9.4. COROLLARY. Let M be a holonomic Dx-module and N a holonomic Dy -
module. Then M X N is a holonomic Dx «y-module.

Let Dx and Dy be equipped with the Bernstein filtration. Let M and N
be finitely generated Dx-, resp. Dy-modules with good filtrations F M and F NV
respectively. Define the product filtration on M X N by

Fi(MRN)= > F,M@,F,N
p+q=j
for any j € Z. Clearly the product filtration on Dx X Dy = Dx «y agrees with the
Bernstein filtration. Therefore, F(M X N) is an exhaustive hausdorff Dx xy-module
filtration.
To prove that this filtration is good we need some preparation in linear algebra.
We start with the following lemma.
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9.5. LEMMA. Let M, M', N and N’ be linear spaces over k, and ¢ : M — M’
and v : N — N’ linear maps. Then they define a linear map ¢ @ : M @ N —
M’ @, N'. We have

(i)
im(¢ ®¢) =im¢ ®imy;
(i)
ker(¢ ® ) = ker ¢ @k N + M ®, ker 1.

PROOF. (i) This is obvious from the definition.
(ii) By (i), to prove (ii) we can assume that ¢ and 1 are surjective. In this
case, we have short exact sequences

0— M — MM —0
where M" = ker ¢, and
0—N'—NLN —0

where N = ker 1.
Clearly, we have ¢ ® 1) = (¢ ® idn+) o (idps ® ). Since the tensoring with N’
is exact, the first exact sequence implies that the sequence

0— M" @ N' — M &, N 229 0 @0 N — 0

is exact. Hence, ker(¢ @ idy/) = M" ®j N’ = ker ¢ ®j N'. Therefore, an element
z in M ®j, N is in the kernel of ¢ ® v if and only if (idy ® 9)(2) is in ker ¢ @ N'.

Since

0— M &g N’ — M@g N 2% Aro, N — 0

is also exact, ker ¢ ®, N maps surjectively onto ker ¢ @ N’ and ker(idys ® ) =
M ®; N” = M ® kerv. Therefore, z is in the kernel of ¢ ® ¢ if and only if

z €kerp ®r N + M R ker . (I
9.6. LEMMA. Let X1, Xo,..., X, be linear subspaces which span a linear space
X. If

Xin» X, ={0}
i
for 1 <i <mn, the linear space X is the direct sum of X1, Xs,..., X,.

ProoF. Let z; € X;, 1 < i < n, be such that 1 + 22+ --- 4+ z,, = 0. Then
zp = = ;% € X; N3, X;, and by our assumption is equal to 0, for any
1<i<n. O

Now we want to describe Gr(M K N). Let j € Z. If p + g = j we have a well-
defined k-linear map F, M ®, F; N — F;(M X N). Hence, we have a well-defined
k-linear map F, M ®, Fq N — Gr/(MXN). By 9.5, the kernel of the natural map
FypM@p,FgN — G’ M@, Gr? N isF,_1 M @, Fg N+F, M@, F,_1 N, ie., it is
contained in F;_; (M X N). Hence, the linear map F, M @, F; N — Gr/ (M X N)
factors through Gr” M ®; Gr? N. This leads to the linear map

m: P G’ M@z Gr'N — G/ (MR N).

p+q=j
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Clearly, by its construction, this map is surjective. Moreover, its restriction to each
summand Gr? M ®; Gr? N in the direct sum is injective. Let X, ; be the image of
Gr’ M ®j, Gr? N in Gr’/ (M X N). Since we have

Fp 1 M®Fy N+F, M@, F, 1 N = (F, M@,F, N)m( > Fy M@ Fy N>,
p'+q'=j, P'#p, 4'#q
we see that

Xpq N < Z Xpﬂq’) = {0}.
P'+q'=j, P'#p, 4'#q
Hence, by 9.6 the map is an isomorphism. This implies that Gr;j(M K N) =
D, —; Grp M ®; Grq N for any j € Z.

If we define analogously the algebra Gr Dx X Gr Dy with grading given by the
total degree, we see that Gr Dx X Gr Dy = Gr Dx«y. In addition, Gr M X Gr NV
becomes a graded Gr Dx xy-module isomorphic to Gr(M X N) by the preceding
discussion. Since the filtrations F M and F N are good, Gr M and Gr N are finitely
generated Gr D x-, resp. Gr Dy-modules by 3.1. By an analogue of 9.2, Gr(M X N)
is a finitely generated Gr D x «y-module. This implies that the product filtration is
a good filtration on M X N.

Let

P(M,t) = dimg(Gr, M) ¢’
PEZL
and
P(N,t) = dimy(Gry N) ¢
qEZ
be the Poincaré series of Gr M and Gr N. Then

P(M,t) P(N,t) =Y " dimg(Gr, M) dimy,(Gry N) 749
PEZ qEL

= Z Z dimy,(Gr, M) dimy(Gry, N) | #/

JEZ \p+q=j

= Z Z dimy,(Gr, M ®j Gry N) | #

JELZ \p+q=j
= dim; Gr;(M X N)t/ = P(M KN, t)
JEZ

is the Poincaré series of M I N. Therefore, the order of the pole at 1 of P(MX N, t)
is the sum of the orders of poles of P(M,t) and P(N,t). From 1.5, we see that this
immediately implies 9.3.

We can deduce 9.3 also by considering characteristic varieties. Consider Dx,
Dy and Dxxy as rings filtered by the order of differential operators. Let M and N
be finitely generated Dx-, resp. Dy-modules, equipped with good filtrations F M
and FN. As above, we define a Dxxy-module filtration F(M K N) on M X N.
Then, as in the above argument, we see that F(M X N) is a good filtration of
M X N. Let I be the annihilator of Gr M in Gr Dx and J the annihilator of Gr IV
in Gr Dy. Then, by 9.5, we see that the annihilator of Gr(M X N) is equal to the
ideal I ®, GrDy + GrDx ® J in Gr Dx«y = GrDx X Gr Dy
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We can identify Gr Dx with the polynomial ring k[z1,...,zp,&1,...,&,] and
Gr Dy with the polynomial ring k[y1, . .., Ym, M1, - . ., m]. Moroever, we can identify
Gr Dx xy with the polynomial ring k[z1,...,Zn, Y1, -« s Ums &1y s Eny My - v Nl
Then the annihilator of Gr(MXN) corresponds to the ideal in k21, ..., Zn, Y1, -y Ym,
&1,y &n, M, - - -, Mm| generated by the images of I and J in that ring. If we define
the map ¢ : k2" x k2" — k2(ntm) by

Q(‘Tlu'"7:1;77,7517"'7§n7y17'"7ym7n17"'777m)
= (xlv"'7xnay17"'7ym7§15'"7§n57717"'777m)5
we have the following result.

9.7. THEOREM. Let M and N be finitely generated Dx -, resp. Dy -modules.
Then we have
Ch(M X N) = q(Ch(M) x Ch(N)).

This in turn implies that dim Ch(M K N) = dim Ch(M) + dim Ch(N), and by
7.7, we get another proof of 9.3.

Either by using (the proof of) 7.1 and arguing like in the above proof, or by
using 7.5 we also see that the following result holds.

9.8. PROPOSITION. Let M and N be finitely generated Dx -, resp. Dy -modules.
Then we have
supp(M B N) = supp(M) x supp(N).

10. Inverse images

Let X = k™ and Y = k™ and denote by x1,2s,...,2, and y1,¥y2,...,Yn the

canonical coordinate functions on X and Y respectively. Let R(X) = k[z1, 22, ..., Ty
and R(Y) = k[y1, Y2, - - ., Ym] denote the rings of regular functions on X and Y re-
spectively.

Let F: X — Y be a polynomial map, i.e.,
F(zi,xa,...,xy) = (F1(z1,22, ..., 2p), Fo(1,22, .-, Zn)y e ooy Frp (@1, 29, ..., )
with F; € R(X). Then F defines a ring homomorphism ¢r : R(Y) — R(X) by
¢p(P) = Po F for P € R(Y). Therefore we can view R(X) as an R(Y)-module.

Hence, we can define functor F* from the category M(R(Y)) of R(Y)-modules into
the category M(R(X)) of R(X)-modules given by the following formula

F*(N) = R(X) ®ry) N

for any R(Y)-module N. Clearly F* : M(R(Y)) — M(R(X)) is a right exact
functor. We call it the inverse image functor from the category M(R(Y')) into the
category M(R(X)).

Now we want to extend this functor to D-modules. Denote now by Dx and
Dy the algebras of differential operators with polynomial coeflicients on X and Y
respectively. If IV is a left Dy-module, we want to define a D x-module structure on
the inverse image F*(N). (As we remarked at the beginning of §6, the transposition
functor is an equivalence of the category of left D-modules with the category of right
D-modules, hence we can analogously treat right modules.) First we consider the
bilinear map

oP . _9F; d
P P—Lg_—
( ’”)Haxi@’”; 8xi®8ij,
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from R(X) x N into R(X) ®pg(yy N. Since

P(Qo F) OF;, 0
8:171' @ 8ij
aQ OF; Fj d
(ayj ) ® —l—ZP 8 v
8 BF 0
aQ +Q5-0)

0P

oF; 0
& —(Qu
5, (@

for any @ € R( ), this map factors through a linear endomorphism of F*(N) which
we denote by -2 5. - By direct calculation we get
o 0
P 0
[8;101 (%c]] (P®v)=

and
0
{3—%7%‘] (P ®v) =bi;(P®v),

hence, by 5.11, we see that F'*(IN) has a natural structure of a left D x-module.
Its structure can be described in another way. Let

Dx_y = F*(Dy) = R(X) ®g(y) Dy

Then, as we just described, Dx_y has the structure of a left Dx-module. But
it also has a structure of a right Dy-module given by the right multiplication on
Dy . These two actions clearly commute, hence Dx_,y is a (left Dx, right Dy )-
bimodule. Moreover, for any Dy-module N we have

F*(N) = R(X) ®g(yy) N = (R(X) ®g(y) Dy) ®py N = Dx_y @p, N

and the action of Dx on F*(N) is given by the action on the first factor in the last
expression.

We denote this Dx-module by F*(N) and call it the inverse image of the
Dy-module N.

It is evident that the inverse image functor F'T is a right exact functor from
ME(Dy) into ME(Dx). Tts left derived functors L'FT are given by

L'FH(N) = Tor®Y (Dx_y, N)

for a left Dy-module N.

Let For denote the forgetful functor from the category of Dx-modules (resp.
Dy-modules) into the category of R(X)-modules (resp. R(Y')-modules). Then the
following diagram of functors commutes

Ft

M(Dy) ——— M(Dx)

Forl lFor

*

M(R(Y)) —— M(R(X))
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We claim that analogous statement holds for the left derived functors, i.e., we
have the following statement.

10.1. PROPOSITION. The following diagram of functors commutes

L'F*

M(R(Y)) —— M(R(X))
for any i € Z.

PROOF. Let F" be a left resolution of a Dy-module N by free Dy-modules.
Since a free Dy-module is also a free R(Y)-module by 5.10, by the above remark,
we have

For(L'FT(N)) = For(H (F*(F"))) = H'(For(F(F")))
= H'(F*(For F')) = L'F*(For N)

for any i € Z. O

Now we want to study the behavior of derived inverse images for compositions
of morphisms. First we need an acyclicity result.

10.2. LEMMA. Let P be a projective left Dy -module. Then F*(P) is a projective
R(X)-module.

PrOOF. Let P be a projective Dy-module. Then it is a direct summand
of a free Dy-module (Dy)). This implies that F+(P) is a direct summand of

F+(D§,I)). Since Dy is a free R(Y')-module, For(F*‘(Dg/I))) = R(X) ®ry) Dg/l) is
a free R(X)-module. O

10.3. THEOREM. Let X = k™, Y = k™ and Z = kP, and F : X — Y and
G:Y — Z polynomial maps. Then

(i) the the inverse image functor (G o F)* from MY (D) into M*(Dx) is
isomorphic to F+ o GT;
(ii) for any left Dz-module N there exist a spectral sequence with Ea-term
E¥ = LPFT(LIGT(N)) which converges to LPT4(G o F)™(N).
PROOF. (i) We consider first the polynomial ring structures. In this case

(GoF)'(N) = R(X) @r(z) N = R(X) @r(y) (R(Y) ®@r(z) N) = F*(G"(N))

for any Dz-module N.
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On the other hand,

0 0
(9P

aF oG
(Z—’“%—z;@)
— ®U+ZP28I‘<8G’“ F)@%v

3%

_ z”: GkoF 00,
B 8Zk

T h—1

for any P € R(X) and v € N. Hence the Dx-actions agree.

(ii) By 10.1 and 10.2, for any projective D z-module P, the inverse image G (P)
is Ft-acyclic. Therefore, the statement follows from the Grothendieck spectral
sequence. 0

This result has the immediate following consequence.
10.4. COROLLARY. Let X = k™, Y =k™ and Z = kP, and F : X — Y and
G :Y — Z polynomial maps. Then
(i) Dx_7z =Dx_y ®py Dy_z;
(i) TorJDY (Dx—y,Dy_z)=0 for j €N.
PROOF. (i) By 10.3.(i) we have
Dx_z=(GoF)Y(Dy)=F"(G"(Dy)) = F"(Dy_z) =Dx_y ®p, Dy_.z.
(ii) As we remarked in the proof of 10.3.(ii), by 10.1 and 10.2, we see that
Dy _ .7z = GT(Dgz) is FT-acyclic. Hence, for j > 0, we have
0= L7F(G"(Dz)) = Tor? (Dx—y,G"(Dz)) = Tor?¥ (Dx_y,Dy_z).
O

Now we consider two simple examples. First, let p be the projection of X x Y
defined by p(z,y) =y for z € X, y € Y. Then, as it is well known, R(X xY) =
R(X)X R(Y). Therefore, for a R(Y)-module N we have

p*(N) = R(X xY) @py) N = (R(X) W R(Y)) ®py) N = R(X) X N

as a module over R(X xY) = R(X) X R(Y). On the other hand, if N is a

Dy-module, it follows immediately that the actions % and % also agree, i.e.,

J
pt(N) = R(X)X N. From 9.3 and 9.4 we immediately get the following result.

10.5. PROPOSITION. Let p: X xY — Y be the canonical projection. Then,
(i) p+ is an ezxact functor from ML (Dy) into M¥(Dxxy);

(ii) p )= R(X)X N for any left Dy -module N ;

(iii) p ) is a finitely generated Dx xy-module if N is a finitely generated;

(iv) d(pT(N)) =d(M) + n for any finitely generated left Dy -module N.

(N
(N
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In particular, a finitely generated Dy -module N is holonomic if and only if p*(N)
is holonomic.

Now we consider another example. Let ¢ be the canonical injection of X into
X x Y given by i(x) = (z,0) for any z € X. Then

Dx _.xxy =1"(Dxxy) = R(X)®rx)®r()(DxXDy) = DxXDy /((y1,y2, - - - s Ym)Dy)

with the obvious actions of Dx by left multiplication in the first factor and Dx xy =
Dx X Dy by the right multiplication.
Assume in addition that m = 1. Then we have the exact sequence

0 — Dy %5 Dy — Dy /y1Dy — 0

where the second arrow is given by left multiplication by y;. By tensoring with
Dx, we get the short exact sequence

Y1
0 — Dxxy — Dxxy — Dx_xxy — 0

of left D x-modules for left multiplication and right Dx xy-modules for right mult-
plication. Therefore, we can consider the first two terms of this exact sequence as a
left resolution of Dx_, xxy by (left Dx, right Dx xy )-bimodules which are free as
Dx yy-modules. Therefore, for a Dx xy-module N, the cohomology of the complex

0—NLN—0
computes the derived inverse images. In particular, we have the following lemma.

10.6. LEMMA. LetdimY = 1. Let i be the canonical injection of X into X xY.
Then, for any Dx xy-module N we have
(i) iT(N) = cokery;;
(i) L7Y%T(N) = kery;
(iii) LPit(N) =0 for p different from 0 or —1.

In particular, the left cohomological dimension of it is < 1.
The last statement has an obvious generalization for arbitrary Y.

10.7. LEMMA. Let i be the canonical injection of X into X xY . Then, the left
cohomological dimension of it is < dimY.

ProOOF. The proof is by induction in dim Y. We already established the result
for dimY = 1. We can represent Y = Y’ x Y" where Y/ = k™ ! and Y" = k.
Denote by ¢’ the canonical inclusion of X into X x Y’ and by j the canonical
inclusion of X x Y/ into X x Y/ xY” = X xY. Then ¢ = joi'. Moreover, by 10.6,
the left cohomological dimension of j is < 1, and by the induction assumption the
left cohomological dimension of 7’ Tis < dimY’. Therefore, from the Grothendieck
spectral sequence in 10.3.(ii) we conclude that derived inverse images L~ i vanish
for p >dimY’ +1=dimY. O

Let FF: X — X be an isomorphism of X and G its inverse. Then the map
a: R(X) — R(X) defined by a(f) = foF is an automorphism of the ring R(X).
Its inverse is § given by B(f) = fo G for f € R(X). If M is a R(X)-module,
F*(M) is isomorphic to M as a linear space over k via the map ¢ : m — 1 ® m.
On the other hand, for f € R(X), we have

fom)=f@m=foGoF®@m=1&(foG)m=¢(B(f)m)
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for any m € M, i.e., the R(X)-module F*(M) is isomorphic to M with the R(X)-
module structure given by (f,m) — B(f)m. for f € R(X) and m € M.

Now we want to give an analogous description of FT(M). First we want to
extend the automorphism 3 to Dx.

Let T be a differential operator on X, and put 3(T)(f) = B(Ta(f)) for any
f € R(X). Clearly, 3(T) is a k-linear endomorphism of R(X). Moreover, T —
8 (T) is a linear map. In addition, for two differential operators T and S in Dy, we
have

B(TS)(f) = B(TSa(f)) = B(Ta(B(Sa(f))))
= B(Ta(B(Sa(f)))) = BTa(B(S)(f)) = BT)(B(S)(f))

for all f € R(X), i.e., f3 is a homomorphism of the k-algebra Dx into the algebra
of k-linear endomorphisms of R(X). Since for g € R(X) we have

B(g)f = Blga(f)) = Blg) f

for all f € R(X), we see that 3 extends the automorphism 3 of R(X). This in

turn implies that w(T) € Dx for T € Dx, i.e., B is an automorphism of Dx which

extends the automorphism 8 of R(X). Therefore, we can denote it simply by 5.
Let 1 <4 <n. Then we have

B(2)(f) = B(Oia(f)) = B(Oi(f o F))

=B (D (@) o F)oiF; | =) ((0:F;) 0 G)o;f = ZﬁaF (f)-

j=1 j=1

Consider now the bimodule Dyx_,x attached to the map F. The linear map ¢ :
f®T — B(f)T, identifies it with Dx. The D x-module structures given by right
multiplication are identical. On the other hand,

©((1®T)) Za Fj00,T| = Zn:g(aiFj)ajT = B(8;)p(1®T)

Jj=1 Jj=1

for any T' € Dx and 1 < i < n. Therefore, the bimodule Dx_, x is isomorphic to
Dx with right action by right multiplication and left action of by the composition
of B and left multiplication. This in turn implies that FT (M) is isomorphic to
M with the Dx-module structure given by (T,m) — B(T)m for T € Dx and
m e M.

Therefore, by 3.10, we established the following result.

10.8. LEMMA. Let F : X — X be an isomorphism of X.

(i) Let M be a Dx-module. Then Ft(M) is equal to M as a linear space
with the Dx-action given by (T, m) — B(T)m for T € Dx and m € M.
(ii) The functor F* : ML(Dx) — M¥(Dx) is ezact.
(iii) The functor F* maps finitely generated D x-modules into finitely gen-
erated Dx-modules. If M is a finitely generated Dx-module, we have
d(FT(M)) = d(M).

In particular, F* maps holonomic modules into holonomic modules.
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We can make the above statement more precise by describing the characteristic
variety Ch(FT(M)) for a finitely generated Dx-module M. First, from the above
calculations we see that the automorphism (§ of Dx induces an automorphism Gr 3
of Gr Dx = k[X1,Xo,..., X, &1,&, ..., &,] which is defined by X; — B(X;) = G;
and & —— >0, B(9;Fy)E = 225, ((0iFj) 0 G) & for 1 < i <.

Now we want ot describe this construction in more geometric terms. If z =
(x1,2,...,2,) is a point in X = k™, we identify the cotangent space T (X) at x
with k™ via the map df (z) — ((01f)(x), (O2f)(x), ..., (Onf)(x)). Therefore, the
cotangent bundle 7*(X) of X can be identified with k2" via the map (z, df (z)) —
(@1, oy, (O1 ) (), ..., (Onf)(z)) for z € X. Let F : X — X be an isomor-
phism of X and G its inverse. Then the map G maps a point z in X into G(x) and
F maps G(X) into x. Their differentials T;,(G) and T, (F) are mutually inverse
linear isomorphisms between the tangent spaces T(X) and T (y)(X). Therefore,
their adjoints 75 (G)* : g,y (X) — T3(X) and T ) (F)* : T3 (X) — T, (X)
are mutually inverse linear isomorphisms. This implies that we can define an iso-
morphism 7 of the cotangent bundle 7% (X) of X by (z,&) —— (G(z), T (z) (F)*§)
for £ € T7(X) and z € X. If we identify T*(X) with k*", by inspecting the above
formulas, we see that (Gr 3)(P) = Poyforany P € k[X1, Xo,...,Xn, 81,82, ..., &l

Let M be a finitely generated Dx-module with a good filtration F M. Then we
can realize F* (M) as M with the action described above. Clearly, F M is a good
filtration of F'* (M) realized that way. Therefore, Gr F* (M) can be identified with
Gr M equipped with the action (Q, m) — (Gr 8)(Q)m for Q € k[X1, Xa,..., Xn,&1,82, .. .,&n)
and m € GrM. Hence, if Q is in the annihilator of Gr F* (M) if and only if
(GrB)(Q) is in the annihilator of Gr M. If I is the annihilator of Gr F* (M),
(GrB)I is the annihilator of Gr M. Hence, (x,€) is in Ch(FT(M)) if and only if
v (z,€) is in Ch(M).

10.9. LEMMA. Let M be a finitely generated Dx-module. Then
Ch(F*(M)) = y(Ch(M)).

Finally, this allows to give an estimate of the left cohomological dimension of
the inverse image functor.

10.10. THEOREM. Let X = k™, Y =k™ and F : X — Y a polynomial map.
Then the left cohomological dimension of FT is < dimY.

ProoOF. To prove this statement we use the graph construction. Let ¢ : X XY
be the morphism given by i(x) = (2,0) forx € X. Let @ : X XY — X x Y be
the morphism given by ®(z,y) = (z,y + F(z)) for z € X and y € Y. Finally, let
p: X xY — Y be the projection given by p(x,y) =y forallz € X andy € Y.
Then F' = po ® o 4. Moreover, ® is an isomorphism of X x Y with the inverse
(w,y) — (w,y - F(‘T))

By 10.3, F* = iT o ®* o p™. Moreover, by 10.5 and 10.8, the functors p™ and
&7 are exact. Therefore, LIF*+ = L%+ o ®T o pt for all ¢ € Z. By 10.7, it follows
that LIFT =0 for ¢ < —dimY. O

11. Direct images

Let X = k™ Y =k" and F : X — Y a polynomial map, as in the last section.
The composition with F' defines a natural ring homomorphism F': R(Y) — R(X).
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This homomorphism in turn defines a functor Fi form the category of R(X)-
modules into the category of R(Y')-modules. For any R(X)-module M we define
F.(M) as the module which is equal to M as a linear space over k, and the action
of R(Y) is given by (f,m) — F(f)-m, for any f € R(Y) and m € M. The functor
F, : M(R(X)) — M(R(Y)) is called the direct image functor. Clearly, F, is an
exact functor.

Unfortunately, if M is a Dx-module, the direct image Fi.(M) doesn’t allow
a Dy-module structure in general. For example, if we consider the inclusion ¢ of
X = {0} into Y = k, Dx = R(X) is equal to k and Dy is the algebra of all
differential operators with polynomial coefficients in one variable. The category of
D x-modules is just the category of linear spaces over k. By 6.2, the inverse image
of a nonzero finite-dimensional D x-module M cannot have a structure of a Dy-
module. Therefore, the direct images for D-modules will not be related to direct
images for modules over the rings of regular functions, as in the case of inverse
images.

If we apply the transposition to the both actions on Dx_,y we get the (left
Dy, right Dx)-bimodule Dy . x. This allows the definition of the left Dy-module

F—‘,—(M) :DY<—X ®DX M

for any left Dx-module M. Clearly, F is a right exact functor from M*(Dx) into
ME(Dy). We call it the direct image functor. The left derived functors L'F, of
F, are given by
L7 Fy (M) = Tor?* (Dy_x, M)
for a left Dx-module M.
Let X =k", Y =FK"and Z =k, and F: X — Yand G:Y — 7
polynomial maps. If we transpose the actions 10.4 implies the following statements

Dz x =Dz y ®p, Dy—x

and
Tor?Y (Dz—y,Dy—x) =0
for j e N.
If P is a projective left Dx-module, P ® Q = Dg) for some left Dx-module @
and some I. Therefore, F (P) & F(Q) = F+(Dg)) = (Dy_x)U. This implies

the following result.
11.1. LEMMA. Let P be a projective left Dx-module. Then
Tor?Y (Dzey, Fy(P)) =0
for j € N.
11.2. THEOREM. Let X = k™, Y = k™ and Z = kP, and F : X — Y and

G :Y — Z polynomial maps. Then

(i) the direct image functor (G o F); from MY (Dx) into MY (Dz) is iso-
morphic to G4 o Fy;

(ii) for any left Dx-module M there exist a spectral sequence with Ea-term
EY = LPG(LYF(M)) which converges to LPT1(G o F')4(M).
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PROOF. (i) For any left Dx-module M by 10.4.(i) we have

(GoF)y(M)=Dz x ®py M =(Dz—y ®p, Dy_x)®py M
=Dz vy ®py (Dy—x ®@px M) = Dzy ®p, F\(M) =G (Fy(M)).
(ii) By 11.1, for any projective Dx-module P, the direct image Fy (P) is G-

acyclic. Therefore, the statement follows from the Grothendieck spectral sequence.
O

Now we consider a simple example. Let ¢ be the canonical injection of X into
X xY given by i(z) = (z,0) for any z € X. Then

Dx_xxy =i (Dxxy)=i"(Dx X Dy) = Dx X Dy /((y1,Y2,- - -,Ym)Dy)
and

Dxxy—x = Dx X Dy/(Dy(y1,y2,- - Ym))-
This implies that

'L+(M) = M&DY/(DY(ylayQV"vym))

for any left Dx-module M. Moreover, the module Dy /(Dy (y1,y2,-.-,Ym)) is
isomorphic to A,, discussed in 8.3.
11.3. PROPOSITION. Leti: X — X XY be the injection defined by i(x) =
(z,0) for x € X. Then,
(i) iy is an ezact functor from MY (Dx) into M*(Dxxy);
(ii) i+ (M) = M X Dy /(Dy(y1,Y2,---,Ym)) for any left Dx-module M ;
(iii) i+ (M) is finitely generated Dx xy -module if M is a finitely generated D x -
module;
(iv) d(i+(M)) = d(M) + m for any finitely generated left Dx-module M.
In particular, a finitely generated Dx-module M is holonomic if and only if i+ (M)
s holonomic.

PROOF. We already proved (ii), and it immediately implies (i). As we remarked
in 8.3, Dy /(Dy (Y1, Y2, - - -, Ym)) is an irreducible holonomic Dy-module, hence (iii)
follows from 9.2. To prove (iv) we first remark that by 9.3, we have

d(iy(M)) = d(M) + d(Dy /(Dy (Y1, Y25 - - -, Ym)))-

Since (Dy /(Dy (y1, 92, ---,Ym)) is holonomic, its dimension is equal to m. O

Now we want to study the direct image of a projection p: X x Y — Y given
by p(z,y) =y forx € X and y € Y.
Consider first the case of dim X = 1. Then

Dxxy—y =p"(Dy) = Dx/Dx(d:) X Dy.
Hence, Dy xxy = Dx/((01)Dx) X Dy. We have an exact sequence
0 — Dxxy 2 Dxxy — Dy xxy — 0

of (left Dy, right Dx «y )-bimodules, where the second arrow represents left multi-
plication by 9;. Clearly, this is a left resolution of Dy. xxy by free right Dy «y-
modules, hence the cohomology of the complex

.—>0—>Ma—1>M—>O—>...



48 1. DIFFERENTIAL OPERATORS WITH POLYNOMIAL COEFFICIENTS

is Tor?xxY (Dy —xxy,M) = L'py(M) for any Dxxy-module M. It follows that
that Lipy (M) =0 for g ¢ {0, —1}.
Therefore, we established the following result.

11.4. LEMMA. Let dim X = 1. Let p be the canonical projection of X XY onto
Y. Then, for any Dx xy-module M we have

(i) p+(M) = coker d;;
(i) L= py(N) =kerdy;
(i) Lipy(N) =0 for q different from 0 or —1.

In particular, the left cohomological dimension of py is < 1.
The last statement has the following generalization for arbitrary X.

11.5. LEMMA. Let p be the canonical injection of X XY onto Y. Then, the left
cohomological dimension of py is < dim X.

ProoF. Let X’ = {z,, = 0} C X, and denote by p’ the canonical projection
of X’ xY onto Y. Also, denote by p” the canonical projection of X x Y onto
X' xY. Then p = p' op”. Hence, by 11.2.(ii), 11.4 and the induction assumption
we conclude that Lip (M) = for ¢ < —dim X. O

Let FF: X — X be an isomorphism of X and G its inverse. As in §10, we
define the automorphisms a and § of Dx. We identified there the bimodule Dx_, x
attached to F with Dx equipped with actions given by right multiplication and left
multiplication composed with 8. Applying « to it, we see that it is also isomorphic
to Dx equipped with actions given by right multiplication composed with o and
left multiplication. By applying the principal antiautomorphism we see that the
bimodule Dx. x is isomorphic to Dx with actions given by left multiplication
composed with « and right multiplication. This in turn implies that for any Dx-
module M, the direct image F (M) is isomorphic to M with the action given by
(T,m) — a(T)m. In particular, F'y (M) = GT(M).

Therefore, from 10.8, we immediately deduce the following result.

11.6. LEMMA. Let F': X — X be an isomorphism of X and G : X — X its
inverse.

(i) Let M be a Dx-module. Then F(M) is equal to M as a linear space
with the Dx-action given by (T, m) — a(T)m for T € Dx and m € M.

(ii) The functor Fy : MY (Dx) — ME(Dx) is ezact.
(iii) The functor Fy maps finitely generated Dx-modules into finitely gen-
erated Dx-modules. If M is a finitely generated Dx-module, we have

A(Fy (M) = d(M).
In particular, . maps holonomic modules into holonomic modules.
In addition, Fy = G and F* = G, and these functors are mutiually quasi-
inverse equivalences of categories.

As in the last section, this allows to give an estimate of the left cohomological
dimension of the direct image functor.

11.7. THEOREM. Let X = k™, Y = k™ and F : X — Y a polynomial map.
Then the left cohomological dimension of F. is < dim X.
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PROOF. As in the proof of 10.10, we use the graph construction. Let i : X x Y
be the morphism given by i(z) = (2,0) forx € X. Let ® : X XY — X XY be
the morphism given by ®(z,y) = (z,y + F(x)) for z € X and y € Y. Finally, let
p: X xY — Y be the projection given by p(z,y) =y forallz € X and y € Y.
Then F' = po ® o 4. Moreover, ® is an isomorphism of X x Y with the inverse
(2,9) — (2. — F(x).

By 11.2, Fy = py o ®; oiy. Moreover, by 11.3 and 11.6, the functors i, and
&, are exact. Therefore, LYF, = Lip; o &4 o iy for all ¢ € Z. By 11.5, it follows
that LYF, =0 for p < —dim X. (]

12. Kashiwara’s theorem

Let X = k" and Y = {z, =0} C X. Weput also Z = {; =22 = -+ =
Zpn—1 =0} = k. Hence X =Y x Z. This also implies that Dx = Dy X Dz. Let M
be a Dx-module and put

Liyy(M) ={m € M | 2},m = 0 for some p € N}.

12.1. LEMMA. Let M be a Dx-module. Then:

(i) Ty)(M) is a Dx-submodule of M;
(i) supp(T'y(M)) CY;

(iii) iof N is a Dx-submodule of M with supp(N) C Y, then N C I'y(M).

PROOF. (i) Let m € F[y] (M). Then x;m € F[y] (M) and 8jm S F[y] (M) for
1 <i<nand1<j<n. It remains to check that 9,m € I'jy)(M). We have

3T 0,m = [22 Op)m 4 Opal Tim = —(j + Dadm 4 9,29 'm
for any j € N. Hence, if 27 m = 0, we see that 27719, m = 0.

(ii) If ¢ Y, 2, ¢ m, and the localization I'y (M), = 0.

(iii) Assume that N is a Dx-submodule of M with supp(N) CY. Let m € N
and denote by N’ the R(X)-submodule generated by m. Then supp(N') C Y.
Since N’ is finitely generated, by 4.2, its support is equal to the variety determined

by its annihilator I in R(X). By Nullstelensatz we see that r(I) D (zy). This
implies that 27, annihilates N’ for some j € N, i.e., m € Ty (M). O

Therefore 'y (M) is the largest Dx-submodule of M supported in Y.
The multiplication by x,, defines an endomorphism of M as Dy-module. Let

My = kerz, C I'iy)(M)
and
M, = coker x,, = M /x, M.

Denote by i the natural inclusion of Y into X. As we established in 10.6, iT (M) =
My, L=Yi+ (M) = My and all other inverse images vanish.

Consider the biadditive map Dx x My — M. Clearly, it factors through
Dx ®p, My — M. Moroever, by the definition of My, the latter morphism
vanishes on the image of Dxz, ®p, M, in Dx ®p, M,. As we remarked in §11,

o0

DX<—Y = Dy X Dz/DZzn = @8%Dy
§=0
Therefore, the above morphism induces a natural D x-module morphism

i+(M0) =Dx vy XDy My — M.



50 1. DIFFERENTIAL OPERATORS WITH POLYNOMIAL COEFFICIENTS

Clearly, its image is contained in I'lyj(M). It is easy to check that this is actually
a morphism of the functor iy o L™ into Iy
The critical result of this section is the next lemma.

12.2. LEMMA. The morphism iy (Mo) — I'1y1(M) is an isomorphism of Dx -
modules.

PROOF. We first show that the morphism is surjective. We claim that
{meM|ztm=0} C Dx - My
for any p € N. This is evident for p = 1. If p > 1 and 2Z2m = 0 we see that
0= 0p(zm) = 22~ (pm + 2,0, m),
and by the induction hypothesis,
pm + x,0pm € Dx - M.
Also, by the induction hypothesis, x,m € Dx - My. This implies that
(p—1)m = pm + |2y, Op)m = pm + 2,0,m — Opzpym € Dx - My

and m € Dx - My. Hence the map is surjective.
Now we prove injectivity. By the preceding discussion

i+(Mo) = Dx—y ®p, My = @%MO-

§=0
Let (mo, Opmi,...,0%m,, 0,...) be a nonzero element of this direct sum which maps
into 0, i.e.,
mo—|—8nm1++3gmq:0,
with minimal possible g. Then

q

q q
0=u,(}_ 0hm;) = [wn, 0m; =~ joi'm;
=0 =

j=1

and we have a contradiction. Therefore, the kernel of the map is zero. O
12.3. COROLLARY. z,I'y (M) = I'1y(M).

PROOF. By 12.2 any element of I'jy(M) has the form ) d¥m; with m; €

Mjy. On the other hand,

T Z j_’_%aﬁflmj =— Z I m;.

JELy JELy

JEL

12.4. COROLLARY. Let M be a Dx-module. Then
(i) Ty)(M) is a finitely generated Dx-module if and only if My is a finitely
generated Dy -module;
(i) d(Tyy)(M)) = d(Mo) + 1.
In particular, Ty (M) is holonomic if and only if L~'i* (M) = My is holonomic.
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PROOF. (i) From 12.2 and 11.3.(iii) we see that I'iy)(M) is finitely generated if
My is finitely generated. Assume that I'jy)(M) is a finitely generated Dx-module.
Let Nj, 7 € N, be an increasing sequence of Dy-submodules of M. Then they
generate Dx-submodules i (N;) = @,2, 95 N; of T'yj(M). Since Iy (M) is a
finitely generated D x-module, the increasing sequence iy (N;), j € N, stabilizes.
Moreover, N; is the kernel of x,, in i4 (IN;) and the sequence N;, j € N, must also
stabilize. Therefore, M is finitely generated.

(ii) Follows from 12.2 and 11.3.(iv). O

12.5. COROLLARY. Let M be a holonomic D x -module. Then My is a holonomic
Dy -module.

ProOOF. If M is holonomic, Iy (M) is also holonomic. Therefore, the assertion
follows from 12.4. (I

Let My (Dx) be the full subcategory of M(Dx) consisting of Dx-modules
with supports in Y. Denote by M,y (Dx) and Holy(Dx) the corresponding
subcategories of finitely generated, resp. holonomic, D x-modules with supports in
Y. Then, by 12.1, we have M = I'jyj(M) for any M in My (Dx). By 10.6 and 12.3
we see that i (M) = 0 for any M in My (Dx), hence L™1i* is an exact functor
from My (Dx) into M(Dy). On the other hand, i; defines an exact functor in
the opposite direction, and by 12.2 the composition iy o L= is isomorphic to the
identity functor on My (Dx). Also it is evident that L= o is isomorphic to
the identity functor on M(Dy).

This leads us to the following basic result.

12.6. THEOREM (Kashiwara). The direct image functor iy defines an equiva-
lence of the category M(Dy) (resp. M4(Dy), Hol(Dy)) with the category My (Dx)
(resp. Mgy (Dx), Holy (Dx)). Its inverse is the functor L= .

PROOF. It remains to show only the statements in parentheses. They follow
immediately from 12.4. O

13. Preservation of holonomicity

In this section we prove that direct and inverse images preserve holonomic
modules. We start with a simple criterion for holonomicity.

Let X = k™ and Y = k™. Let FF: X — Y be a polynomial map. We want
to study the behavior of holonomic modules under the action of inverse and direct
image functors.

First we use again graph construction to reduce the problem to special maps.
As in the proof of 10.10 and 11.7:

X _F, Y

| d
XxY —2 . XxY

where i(z) = (2,0) for all z € X, p(z,y) =y forall x € X and y € YV; and
O(z,y)=(r,y+ F(z)) forr € X andy €Y.

By 10.5, we know that p* is exact and maps holonomic modules into holonomic
modules. By 11.3, we know that ¢4 is exact and maps holonomic modules into
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holonomic modules. Moreover, by 10.8 and 11.6 we know that & and &, are
exact and map holonomic modules into holonomic modules.

Therefore, it remains to study the derived functors of i™ and p .

We first discuss the immersion i : X — X x Y.

13.1. LEMMA. Let N is a holonomic Dxyy-module. Then the Dx-modules
LY%*(N), q € Z, are holonomic.

Since the submodules, quotient modules and extensions of holonomic modules
are holonomic by 8.1.(ii), as in the proof of 10.7 by the spectral sequence argument
we can reduce the proof to the case dimY = 1. In this situation, if we denote by
y the natural coordinate on Y, and consider the D x-module morphism N 2 N,
we have it(N) = cokery and LT (N) = kery and all other derived inverse
images vanish, as we established in 10.6. Moreover, if N is holonomic LT (N) is
holonomic by 12.4. Hence, it remains to treat i ™ (N).

13.2. LEMMA. Let N be a holonomic Dx xy-module. Then it (N) is holonomic.
PROOF. Let N = N/T'ix)(N). Then ve can consider the short exact sequence
0 —Tx(N)—N—N—0.
Since it is a right exact functor, this leads to the exact sequence
i+(I‘[X](N)) — i (N) — it (N) — 0.

On the other hand, by 12.3, we see that i (I'x)(N)) = 0. Therefore, the natural
map i+t (N) — it (N) is an isomorphism.

Let v € I'x)(N) C N and denote by v € N the representative of o. Then
yPv = 0 for sufficiently large p € Z,. Therefore, y?v € I'ix)(N). This in turn
implies that y?*9v = y%(yPn) = 0 for sufficiently large ¢ € Z,. Hence, v € I'x)(N)
and 0 = 0. It follows that I'jx)(N) = 0.

In addition, if N is a holonomic Dxxy-module, N is a holonomic Dxxy-
module.

Therefore, we can assume from the beginning that I'ix)(/N) = 0. This means
that the multiplication by y is injective on N, and N imbeds into its localization
N,. Consider the exact sequence

0—N-—N, — L—0.

Since N is a holonomic Dy xy-module, from 8.6 we know that IV, is a holo-
nomic. Hence, L is a holonomic Dx xy-module. By the above discussion, this
implies L=1i*(L) is a holonomic Dx-module.

Applying the long exact sequence of inverse images of i to our short exact
sequence, we get

- — L7YTN(N,) — L7 T(L) — i T(N) — it (N,) — it (L) — 0.
Since the multiplication by y on N, is invertible, by 10.6 we see that
it(N,) =L~ %T(N,) =0.

Hence, it follows that i T (V) =2 L= (L). By the preceding discussion we conclude
that 7 (N) is a holonomic D y-module. O

Therefore, by 10.3, we get the following result.
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13.3. THEOREM. Let F': X — Y be a polynomial map and M a holonomic
Dy -module. Then LYIF+(M), q € Z, are holonomic D x-modules.

Now we want to study the direct images of p.

13.4. LEMMA. Let M is a holonomic Dx«y-module. Then the Dy -modules
Lip, (M), q € Z, are holonomic.

PROOF. Since the submodules, quotient modules and extensions of holonomic
modules are holonomic by 8.1.(ii), as in the proof of 11.5 by the spectral sequence
argument we can reduce the proof to the case dim X = 1. In this situation, if we
denote by 0 the derivative with respect to the coordinate x on X, and consider the

Dy-module morphism M 9, M, we have p+ (M) = cokerd and L~ 'p, (M) = ker d
and all other derived inverse images vanish, as we established in 11.4. By applying
the Fourier transform we get the complex

=0 — F(M) S F(M) — 0 — ...

which calculates F(L'p4(M)). By the arguments from the proof of 13.2, we see that
this complex calculates the inverse images of the canonical inclusion j : ¥ — X xY
given by j(y) = (0,y) for y € Y. Therefore, its cohomologies are holonomic by 13.2.
By 6.4, we see that Lip, (M) are holonomic for all g € Z. O

Therefore, by 11.2, we get the following result.

13.5. THEOREM. Let F': X — Y be a polynomial map and M a holonomic
Dx-module. Then L1F, (M), q € Z, are holonomic Dy -modules.

13.6. REMARK. The statements analogous to 13.4 and 13.5 for finitely gen-
erated modules are false. For example, if we put X = {0}, Y = k and denote
by i : X — Y the natural inclusion, the inverse image i*(Dy) is an infinite-
dimensional vector space over k. Analogously, if p is the projection of Y into a
point, p4(Dy) is an infinite-dimensional vector space over k.






