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CHAPTER 1

MODULES OVER RINGS OF DIFFERENTIAL OPERATORS
WITH POLYNOMIAL COEFFICIENTS

1. Hilbert polynomials
Let A = &72,An be a graded notherian ring.

1.1. Lemma.

(1) Ao is a notherian ring.
(i) A is a finitely generated Ag-algebra.

Proof. (i) Put AL = ®&32;An. Then AL is anideal in A and Ap = A/A.

(i) A+ is finitely generated. Let Xq,X»,...,Xs be a set of homogeneous generators of
A and denote d; = deg Xxj, 1 < i <'s. Let B be the Ag-subalgebra generated by X, ..., Xs.
We claim that A, € B, n € qﬁlearly, Ag C B. Assume that n>0andy € A,. Then
y € A+ and therefore y =  [_; yiX; where y;j € An—g;. It follows that the induction
assumption applies to yj, 1 <i <s. This implies thaty € B.

The converse of 1. follows by Hilbert’s theorem which states that the polynomial ring
Ao[X1,...,Xn] is notherian if the ring Ap is notherian. Let M = &, zM be a finitely
generated graded A-module. Then each M, n € Z, is an Ap-module. Also, M, = 0 for
su [ciehtly negative n € Z.

1.2. Lemma. My, n € Z, are finitely generated Ap-modules.

Proof. Let m;, 1 < i < Kk, be homogeneous generators of M and deg m; = r;j,
1<i<k ForjeZ, denote by zi(J), 1 <'i j), all homogeneous monomials in
X1, X2, . ..,xfid‘egreej. Letm e Mn. Thenm = ;_, yim; where Y[ﬁ]n—rw 1<i<k.
By 1,vyi = j &iiZj (n —r;), with ajj € Ag. This implies that m = i j QijZj (n —rj) mj;
hence My, is generated by (z(n—ri)m;; 1 <j< (n—r), 1 <i<k). ™

Let M¢q(Ap) be the category of finitely generated Ap-modules. Let A be a function
on Mgg(Ag) with values in Z. The function A is called additive if for any short exact

sequence:
0 —-M—M =MD

we have
AM) = A(MY + AM Y.
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2 DIFFERENTIAL OPERATORS WITH POLYNOMIAL COEFFICIENTS
1.3. Lemma. Let
0O—-Mg—-M; —-My —----—-M,—0

be an exact sequence in Mgy(Ap). Then

1
(—1)'A(Mi) =0.

i=0

Proof. Evident.

Let Z[[t]] be the ring of formal power series in t with coe [ciehts in Z. Denote by Z((t))
the localization of Z[[t]] with respect to the multiplicative system {t" |n € Z, }.
Let M be a finitely generated graded A-module. Then the Poincaré series P (M, t) of
M (with respect to A) is
1
P(M,t) = AMp) " € Z((1)).
n[Z]

For example, let A = k[Xq, X5, ..., Xs] be the algebra of polynomials in s variables with
coe [ciehts in a field k graded by the total degree. Then, Ag = k and for every finitely
generated graded A-module M, we have dim, M, < oo. Hence, we can define the Poincaré
series for A = dimg. In particular, for the A-module A itself, we have

-—
— e Y 1

PAD=  dimcAnt" = o "= e
n[Z] n=0

The next result shows that general Poincaré series have an analogous form.

1.4. Theorem (Hilbert, Serre). For any finitely generated graded A-module M we

have
P(M,t) = J;TL

(1 —td)
where f(t) € Z[t, t71].

Proof. We prove the theorem by induction ins. If s =0, A= Apand M is a
finitely generated Ag-module. This implies that M, = 0 for su Lciehtly large n. Therefore,
A(M,,) = 0 except for finitely many n € Z and P (M, t) is in Z[t,t71].

Assume now that s > 0. The multiplication by Xs defines an A-module endomorphism
fof M. Let K=kerf, I =imf and L =M/Il. Then K, I and L are graded A-modules
and we have an exact sequence

0—>K—>|\/|i>|\/| — L —0.
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This implies that

0 — Kn — Mp s, I\/|n+ds - I—n+d5 —0

is an exact sequence of Ag-modules for all n € Z. In particular, by 3,
A(Kn) = A(Mn) + A(Mn+d,) — MLn+g,) =0,

for all n € Z. This implies that

1 1
(l —tds) P(M,t) = )\(Mn) tn o )\(Mn) tn+dS
i E— nrz1
= (MMn+q,) — A(Mp)) t
i E—
= ()\(I—n+ds) — A(Kn)) tn+d5
n[Z1

=P(L,t) - P(K,t)t%,

i.e.,
(1—t%)P(M,t) =P(L,t) — t%P (K, t).

From the construction it follows that xs act as multiplication by 0 on L and K, i.e., we
can view them as A/(Xs)-modules. Hence, the induction assumption applies to them. This

immediately implies the assertion.

Let dx(M) be the order of the pole of P(M,t) at 1.

1.5. Corollary. Ifdi =1for 1 <i <s, A(My) is equal to a polynomial in n with

rational coe [ciehts of degree d)(M) — 1 for su [ciehtly large n.

Proof. Let k be the order of zero of f at 1. Then we can write f(t) = (t — 1)¥g(t)

with g(1) # 0. In addition, we put d = dx(M) = s — k, hence

_ 9
P(M,t) = a0
Now,
Cad_ Pk, d+k-1) k_@k—l
1-t)y = v th = 41 t
k=0 ' k=0

and if we put g(t) = ki ;:_N a t we get

| —
A(Mp) = ak d—1
k=—N
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for all n > N. This is equal to

Eiih+n—-4y E;;h—k+nm—k+a (n-k+d-1)

NCEIGELE « )]

k=—N

k=—N

hence A(My) is a polynomial in n with the leading term

I:flzllzrl]ol—l nd—1

A G =Gy 20 T

k=—N

We call the polynomial which gives A(My) for large n € Z the Hilbert polynomial of
M (with respect to A). From the proof we see that the leading coe Lcieht of the Hilbert

polynomial of M is equal to (391))!.

Returning to our example of A = k[X3, X, ..., Xs], we see that

L1
s+n—1 ns—1
= +
s—1 (s—1)!

Hence, the degree of the Hilbert polynomial for A = k[X1, X5, ..., Xs] is equal to s — 1.

Evidently, for any s € Z, and q > s we have
LI 1

Y+ Q)

S
=gl
a S

where Q is a polynomial of degree s —1. Therefore any polynomial P of degree d, for large
¢, can be uniquely written as

11 1 [ 1 C 11
P(CI)ZCO(qj +Cp dil +...+Cy—1 i + Cqg,

with suitable coe [ciehts ¢j,0 < i < d. Since binomial coe [ciehts are integers, if cj,
0 <i < d, are integers, the polynomial P has integral values P (n) for integral n > d. The
next result is a converse of this observation.
1.6. Lemma. If the polynomial

Cm 1 1 [1 1

q q q

+cC + ...+ Cy— +C

d  td-1 -1y 7

takes integral values P (n) for large n € Z, all its coe [ciehts c;,0 < i < d, are integers.

qg— P(q) =co

Proof. We prove the statement by induction in d. If d = 0 the assertion is obvious.

Also
1
E:%ﬂl ]
P@@+1)—-P(q) Gog_i — Cig_i

H, ] T

DL P T T B C'o|—|—1’
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using the identity R e e e s O
a+1 _ a _ ¢
S S s—1

for g > s. Therefore, g — P (q+1)—P (q) is a polynomial with coe Lciehts cg, Cq, ... ,C4—1,
and P(n) € Z for large n € Z. By the induction assumption all ¢;, 0 < i <d -1, are
integers. This immediately implies that cq is an integer too.

We shall need another related remark. If F is a polynomial of degree d with the leading
coe [cieht ap,

G(n) =F(n)—-F(n-1)

=(an?+a;n®t+.. ) —(ah—-1"+a(n—1)41+...)=audn®t +...
is polynomial in n of degree d — 1 with the leading coe Lcieht dap. The next result is a
converse of this fact.

1.7. Lemma. Let F be a function on Z such that

G(n)=F(M)-F( -1,

is equal to a polynomial in n of degree d—1 for large n € Z. Then F is equal to a polynomial
in n of degree d for large n € Z.

Proof. Assume that G(n) =P (n—1) forn > N > d, where P is a polynomial in n of
degree d — 1. Then by 6. we have

o1

P(n) = Ci .
o d—i—-1
Hence, for n > N + 1,
r 1 r 1 r 1
F(n) = (Fkk)-Fk-1))+F(N)= G(k) +F(N) = P(kk—-1)+C
k=N-+1 k=N+1 k=d

where C is a constant. Also, by the identity used in the previous proof,

S j=s+1 j=s+1 s—1 j=s s—1

This implies that
1 5
 — rd’rl—r% 1 = =

P(K) = c. = g
ke I‘;_djizo d—i—-1 o Iﬁ d—i—-1

) Eﬂ(_ 'ﬁdfl—li_';l' 'ﬁdtﬂ":'m
= G d—i-1 @ d—i—1 — Gg4q_; *C

i=0 k=d—i i=1 k=d—i i=0
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for some constant CX

In particular, it follows that the sum | _\, A(My) is equal to a polynomial of degree

da(M) for large N € Z. In addition, if we put
L 1
AMp) =aoN? +a;N T+ .. +a4 1N +aq
n=N

for large N € Z, then d!ag is an integer.
For example, if A = Kk[Xq, Xz, ..., Xs], the dimension of the space of all polynomials of
degree < N is equal to

[ ] [ | [ |
 — e T NI NT

n=0 n=0

2. Dimension of modules over local rings

2.1. Lemma (Nakayama). Let A be a local ring with the maximal ideal m. Let V be
a finitely generated A-module such that mV =V. Then V =0.

Proof. Assume that V. # 0. Then we can find a miﬁ';niaf system of generators

Vi,,...,Vs Of V as an A-moEgl_elj By the assumption, vs = ;_; m;v; for some m; € m.
Therefore, (1 — mg)vs = =, Mjv; . Since 1 — mg is invertible, this implies that
Vi,...,Vs—1 generate V, contrary to our assumption.

In the following we assume that A is a notherian local ring, m its maximal ideal and
k = A/m the residue field of A.

2.2. Lemma. dimy(m/m?) < +oo.

Proof. By the ndtherian assumption m is finitely generated. If a,...,a, are genera-
tors of m, their images ay, ...,a, in M/m? span it as a vector space over k.

Let s = dimg(m/m?). Then we can find ay,...,as € m such that aj,...,as form a
basis of m/m?. We claim that they generate m. Let | be the ideal generated by a, .. ., as.
Then | + m? = m and m(m/1) = m/I, hence, by 1, m/1 = 0. Therefore, we proved:

2.3. Lemma. dim,(m/m?) is the minimal number of generators of m.

Any s-tuple (ay, ..., as) of elements from m such that (as, . .., as) form a basis of m/m?
is called a coordinate system in A.

Clearly, (mP; p € Z,) is a decreasing filtration of A. Therefore, we can form GrA =
@g":omp/mp“. We claim that GrA is a finitely generated algebra over k and therefore
a notherian graded ring. Actually, the map X; — a; € m/m? C GrA extends to a
surjective morphism of k[Xy, ..., Xs] onto GrA.

Let M be a finitely generated A-module. Then we can define a decreasing filtration of
M by (mPM ; p € Z+) and consider the graded Gr A-module GrM = @S‘;OmPM/mP“M.
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2.4. Lemma. If M is a finitely generated A-module, Gr M is a finitely generated Gr A-
module.

Proof. From the definition of the graded module GrM we see that m - GrpM =
Grp+1 M for all p € Z,. Hence GrgM = M/mM generates Gr M. On the other hand,
M/mM s a finite dimensional vector space over k.

This implies, by 1.2, that dim,(mPM/mP*1M) < +oo, in particular mPM/mP*1M are
A-modules of finite length. Since length is clearly an additive function, by 1.5. we see that
p — length, (MPM/mP*IM) = dim(mPM/mP*1M) is equal to a polynomial in p with
rational coe [ciehts for large p € Z... Moreover, the function

) |
p — length,(M/mPM) = length,(MIM/m9*1M)
q=0

is equal to a polynomial with rational coe [ciehts for large p € Z+, and its leading coe [=1

cient is of the form e‘é—?, where e,d € Z,. We put d(M) =d and e(M) = e, and call these
numbers the dimension and multiplicity of M.
Now we want to discuss some properties of the function M —— d(M). The critical

result in controlling the filtrations of A-modules is the Artin-Rees lemma.

2.5. Theorem (Artin, Rees). Let M be a finitely generated A-module and N its
submodule. Then there exists mg € Z+ such that

mMPTMOM NN = mP(m™M N N)

for all p € Z..

Proof. Put A== @52 m". Then Athas a natural structure of a graded ring. Let
(a1, ...,as) be a coordinate system in A. Then we have a natural surjective morphism
Alag,...,as] — AbJand As a graded nitherian ring. Let M= @22 om™M. Then M ™
is a graded A=fodule. It is clearly generated by M&—== M as an A%tnodule. Since M is
a finitely generated A-module, we conclude that M s a finitely generated A™~fmodule.

In addition, put N5+ @52 (N nm"™M) ¢ M5 Then

MP(NNmM"™) c mPN Nnm""PM c Nnm""PM

implies that N s an A™3ubmodule of M =7 Since A™s a notherian ring, N s finitely
generated. There exists mg € Z. such that &7, (N N m"M) generates N = Then for any
p E Z+l

M1
NAmPMoM = mPT M S(NNm*M) c mP(N nm™M) c NnmP™™MoM, —
s=0

This result has the following consequence — the Krull intersection theorem.
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2.6. Theorem (Krull). Let M be a finitely generated A-module. Then N5Z,mPM =
0.

Proof. Put E =nNgZ,mPM . Then, by 5.,

E=mP"™MNE =mP(mM™M NE) =mPE,

—_—

in particular, mE = E, and E = 0 by Nakayama lemma.

2.7. Lemma. Let
0 —-=MH-M —=MIT_ 0

be an exact sequence of finitely generated A-modules. Then
(i) d(M) = max(d(M"5, d(MD);
(i) if dIM) =d(MY =d(MD, we have e(M) =e(MY +e(MD.

Proof. We can view M"as a submodule of M. If we equip M with the filtration
(mPM ; p € Z4) and MPand M ™with the induced filtrations (M N mPM ; p € Z,) and
(mPM™ p e Z,) we get the exact sequence

0 —GrM"—= GrM — GrM™— 0.
This implies that for any p € Z,

length , (MPM/mP*1 M)
= length, (M mPM)/(M 5 mP*1M)) + length, (MPM 7mP*iM Y

and, by summation,
length, (M/mPM) = length, (M 7(M 1 mPM)) + length,(MT7mPM T,

Therefore the function p —— length, (M 7(M ™1 mPM)) is equal to a polynomial in p for
large p € Z4. On the other hand, by 5,

mP*MoM e mPrMopM N MPc mPmY
hence, for large p € Z., the functions p —— length,(M7(M"n mPM)) and p
length, (M 7mPMY are given by polynomials in p with equal leading terms.

2.8. Corollary. Let A be a notherian local ring with s = dim(m/m?). Then, for
any finitely generated A-module M we have d(M) <'s.

Proof. By 7. it is enough to show that d(A) < s. This follows immediately from the
existence of a surjective homomorphism of k[Xy, ..., Xs] onto Gr A, and the fact that the
dimension of the space of polynomials of degree < n in s variables is a polynomial in n of
degree s.

A ngtherian local ring is called regular if d(A) = dimx(m/m?).
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2.9. Theorem. Let A be a ndtherian local ring and (a, ap, ..., as) a coordinate system
in A. Then the following conditions are equivalent:

() Ais a regular local ring,
(ii) the canonical morphism of k[Xq, X5, ..., Xs] into Gr A defined by X; — aj, 1 <
i <s, is an isomorphism.

Proof. By definition, the canonical morphism of k[X4, ..., Xg] into Gr A is surjective.
Let | be the graded ideal which is the kernel of the natural surjection of k[Xj, ..., Xs]
onto GrA. If I # 0, it contains a homogeneous polynomial P of degree d > 0. Let J be
the ideal in K[X1, X5, ..., Xs] generated by P. Then its Poincaré series is P (J,t) = ﬁ
Clearly,

P (K[X1, Xz, ..., X}/ 3,8) = P(K[X1, X2, ..., Xs], 1) — P (3, 1)
1t 14+t 0l
S @Q-v @-pt

The order of the pole of the Poincaré series P (k[X1, X2, ..., Xs]/J,t) at L is s—1, and by
1.5 the function dimy(k[Xq, X2, ..., Xs]/J)n is given by a polynomial in n of degree s — 2
for large n € Z,.. It follows that the function dimy(k[X1, X2, ..., XsJ/1)n = dim Grp A
is given by a polynomial in n of degree < s — 2 for large n € Z,. This implies that
d(A) <s—1. Therefore, I =0 if and only if d(A) =s.

2.10. Theorem. Let A be a regular local ring. Then A is integral.

Proof. Let a,b € Aand a# 0, b # 0. Then, by 6., we can find p,q € Z+ such that
aemP, agmP*t and b € md, b £ md*t. Then their images a € Grp A and b € Grg A
are dilerent form zero, and since Gr A is integral by 9., we see that ab # 0. Therefore,
abh#0. —

Finally we want to discuss an example which will play an important role later. Let k be a
field, A = k[Xq, X2, ..., Xn] be the ring of polynomials in n-variables with coe [ciehts in k
and A = K[[X1, X2, ..., Xnp]] the ring of formal power series in n-variables with coe [ciehts
in k. It is easy to check that A is a local ring with maximal ideal m generated by
X1, Xz, ... Xp. Also, the canonical morphism from k[Xq, X5, ..., Xp] into GrA is clearly
an isomorphism.

For any x € k" we denote by my the maximal ideal in A generated by Xj—xX;i, 1 <i <n.
Then its complement in A is a multiplicative system in A, and we denote by Ay the
corresponding localization of A. It is isomorphic to the ring of all rational functions on k"
regular at x. This is clearly a notherian local ring. The localization of my is the maximal
ideal nyx = (my)x of all rational functions vanishing at x. The automorphism of A defined
by Xij — Xj —Xj, 1 <i < n, gives an isomorphism of Ag with Ay for any x € k™. On the
other hand, the natural homomorphism of A into A extends to an injective homomorphism
of Ag into A. This homomorphism preserves the filtrations on these local rings and induces
a canonical isomorphism of Gr Ay onto Gr A. Therefore we have the following result.

2.11. Proposition. The rings A, x € k", are n-dimensional regular local rings.
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3. Dimension of modules over filtered rings

Let D be a ring with identity and (Dn ; n € Z) an increasing filtration of D by additive
subgroups such that

(i) P {0} for n <0;
(i) (zPn=D;
(i) 1 € Do;
(iv) Dp - Dm C Dp+m, forany n,m € Z;
(V) [Dn, Dm] € Dhn+m—1, for any n,m € Z.
Then GrD = &n zGrn D = & zZPn/Dnh—1 is a graded ring with identity. The property
(v) implies that it is commutative. In particular, Dy is a commutative ring with identity.
Therefore, we can view GrD as an algebra over Dg. Let’s assume in addition that D
satisfies
(vi) GrD is a notherian ring;
(vii) Gry D generates GrD as a Dg-algebra.
Then, by 1.1, Dy is a notherian ring. Moreover, by (vi), (vii) and 1.2 we know that we can
choose finitely many elements X1, X2, ..., Xs € Gry D such that Gr D is generated by them
as a Dg-algebra. Clearly, by (vii), we also have

Grh+1D=GriD-Grp,D forne Z,

and therefore
Dn+]_ = Dn * D]_ fOI’ ne Z+

Let M be a D-module. An increasing filtration FM = (F, M ; n € Z) of M by additive
subgroups is a D-module filtration if Dy, - Fn M C F+n M, for n,m € Z. In particular,
F, M are Dg-modules. A D-module filtration is called stable if there exists mg € Z such
that D - FmnM = Fpen M for all n € Z, and m > mg. A D-module filtration is called
good if

(i) Fa M = {0} for su Lciehtly negative n € Z;

(i) the filtration F M is exhaustive (i.e. UnzFn M = M);

(iii) Fn M, n € Z, are finitely generated Dy-modules;

(iv) the filtration F M is stable.

3.1. Lemma. Let FM be an exhaustive hausdor [ID-module filtration of M. Then the
following statements are equivalent:
(1) FM is a good filtration;
(if) GrD-module Gr M s finitely generated.

Proof. First we prove (i)=-(ii). There exists mp € Z such that Dn-Fmn, M = Frem, M
for all n € Z,. Therefore Grp, D - Gring M = Grpem, M for all n € Z,. It follows that
®n=m, Gr'n M generates Gr M as a Gr D-module. Since F, M are finitely generated Do-
modules, Grn, M are finitely generated Do-modules too. This implies, since F, M = {0}
for su Lciehtly negative n € Z, that &n<m, Grn M s a finitely generated Do-module.
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(ii)=(i). Clearly, Grn M = {0} for su Lciehtly negative n € Z. Also, by 1.2, all Gr, M
are finitely generated Dgo-modules. The exact sequence

0—Fh-1M —-FM—->Grp,M — 0

implies that F, M = F,—1 M for su Lciehtly negative n, hence there exists no € Z such
that NhzFn M = Fy, M. Since the filtration FM is hausdor [—F,, M = {0}. This
implies, by induction in n, that all F, M are finitely generated Do-modules. Let mg € Z
be such that ®n<m, Grn M generates Gr M as Gr D-module. Let m > mg. Then

1
Grm+1 M = Grm+1—k D - Grg M

k=mg

1
= GriD-Grjm—kD-Grk M Cc Gry D-Gr,y M C Grj+1 M,

k=mo
i.e., Gry D - Gr,y M = Grp+1 M. This implies that
FneiM =D; -FhWM +F M =D; - Fn M
and by induction in n,
FnenM =D1-D1-... - D1 -FZwM =D - FnM C Fjyen M.
Therefore FM is a good filtration.

In particular, (D ; n € Z) is a good filtration of D considered as a D-module for left
multiplication.

Remark. From the proof it follows that the stability condition in the definition of a
good filtration can be replaced by an apparently weaker condition:

(iv)" There exists mg € Z such that Dy, - FnyM = Frppy4nM for all n € Z.,..

3.2. Lemma. Let M be a D-module with a good filtration FM. Then M is finitely
generated.

Proof. By definition, Uy zFnM =M and Fh4om,M = Dy - FnoM for n € Z, and
some su Lciehtly large mg € Z. Therefore, F,, M generates M as a D-module. Since
Fm, M is a finitely generated Do-module, the assertion follows.

3.3. Lemma. Let M be a finitely generated D-module. Then M admits a good filtration.

Proof. Let U be a finitely generated Do-module which generates M as a D-module.
PutFnM =0forn<0and FnM =D, -U forn > 0. Then U = Grog M, and

GrnM - Fn M/Fn—lM - (Dn . U)/(Dn—l * U) C Grn D -Gro M,

hence Gr M is finitely generated as a Gr D-module. The statement follows from 1.

The lemmas 2. and 3. imply that the D-modules admitting good filtrations are precisely
the finitely generated D-modules.
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3.4. Proposition. D is a left and right notherian ring.

Proof. Let L be a left ideal in D. The natural filtration of D induces a filtration
(Lh = LNDup;n € Z), on L. This is evidently a D-module filtration. The graded
module Gr L is naturally an ideal in Gr D, and since Gr D is a notherian ring, it is finitely
generated as Gr D-module. Therefore, the filtration (L,; n € Z) is good by 1, and L is
finitely generated by 2. This proves that D is left ngtherian.

To get the right ndtherian property one has to replace D with its opposite ring D~.

If we have two filtrations FM and F-M of a D-module M, we say that FM is finer
than F-M if there exists a number k € Z. such that FaM C FL, M for all n € Z. If
F M is finer than F-M and F-M finer than F M, we say that they are equivalent.

—_—

3.5. Lemma. Let FM be a good filtration on a finitely generated D-module M. Then
F M is finer than any other exhaustive D-module filtration on M.

Proof. Fix mg € Z; such that D, - Fy M = Fremo M for all n € Z,. Let ==V
be another exhaustive D-module filtration on M. Then Fp, M is finitely generated as
a Dg-module. Since F'M is exhaustive, it follows that there exists p € Z such that
Fme M C FEM. Since FM is a good filtration, there exists ng such that F,, M = {0}.
Let k = p + |ng|. Then, for ng < m < mg we have

FmnM CFmgM C FM C Fl M,
and for m > mg,

FmM =Dm-my - FmoM C Dm-m, - FilM C Fip sk M C Fn M.

3.6. Corollary. Any two good filtrations on a finitely generated D-module are equiv-
alent.

Let M be a finitely generated D-module and F M a good filtration on M. Then GrM
is a finitely generated Gr D-module, hence we can apply the results on Hilbert polynomials
from 1.. Let A be an additive function on finitely generated Dy-modules. Assume also that
A takes only nonnegative values on objects of M¢4(Dg). Then, by 1.5,

AFa M) — A(Fh—1 M) = A(Gry, M)

is equal to a polynomial in n for large n € Z,. By 1.7 this implies that A(F, M) is equal
to a polynomial in n for large n € Z.. If F-M is another good filtration on M, by 6. we
know that FM an F-M are equivalent, i.e., there is a number k € Z. such that

FnM C Fiiy M C FraokM
for all n € Z. Since A is additive and takes nonnegative values only, we conclude that

AFaM) < AFrlk M) < A(Fnaak M)
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for all n € Z. This implies that the polynomials representing A(F, M) and )\(FEM) for
large n have equal leading terms. Let’s denote the common degree of these polynomials
by dx(M) and call it the dimension of the D-module M (with respect to A). By 1.6 the
leading coe [cieht of these polynomials has the form e)(M)/dx(M)! where ex(M) € N.
We call ex(M) the multiplicity of the D-module M (with respect to A).

Let
0-M" S M S MT_ 0

be an exact sequence of D-modules. If M is equipped by a D-module filtration F M, it in-
duces filtrations FM "= (f " 1(f(MY N FyM); n € Z) on M“and FM™= (g(FaM); n €
Z) on M™ Clearly, these filtrations are D-module filtrations. Moreover, the sequence

0—orM™E L orm &% orm™_ o

is exact. If the filtration FM is good, GrM is a finitely generated Gr D-module, hence
both Gr MPand Gr M ™are finitely generated Gr D-modules. By 1, FMYand FM Mare
good filtrations. Therefore, we proved the following result.

3.7. Lemma. Let
0-M"—-M ->MT— 0

be an exact sequence of D-modules. If FM is a good filtration on M, the induced filtrations
F M Hand F M ™are good.

By the preceding discussion
AGrnM) = A(Gr, MY + A(Grp, M5
for all n € Z. This implies, by induction in n, that
AFaM) = AFa MY+ A(F. MG
for all n € Z. This leads to the following result.
3.8. Proposition. Let
0 -M"-M -MT-0

be an exact sequence of finitely generated D-modules. Then

(i) da(M) = max(da(M1, da(M5);
(i) if da(M) = dax(MJ = dr(M T, then ex(M) = ex(M T + ex(M D,

Finally, let ¢ be an automorphism of the ring D such that ¢(Do) = Do. We can define
a functor cp from M(D) into itself which attaches to a D-module M a D-module (p(M)
with the same underlying additive group structure and with the action of D given by
(T,m) — @(T)m for T € D and m € M. Clearly, ¢ is an automorphism of the category
M(D), and it preserves finitely generated D-modules.
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3.9. Proposition. Let M be a finitely generated D-module. Then

da(@(M)) = da(M).

Proof. Let Ty, T,,...,Ts be the representatives in Dy of classes in Gr; D generating
GrD as a Dg-algebra. Then there exists d € N such that @(T;) € Dq for 1 <i <'s. Since
T1,T2,...,Ts and 1 generate D; as a Dg-module, we conclude that ¢(D;) C Dy.

Let FM be a good filtration of M. Define a filtration F(E(M) by
Fp®(M) = Fgp M for p € Z.

Clearly, F(E(M) is an increasing filtration of (E(M) by finitely generated Dg-submodules.
Also,

D1 - Fm ®(M) = ¢(D1) Fam M C DgFam M C Fym+1y M = Fina1 9(M)
for m € Z. Hence, by induction, we have
Dn - Fim @(M) = D1 - Dn—1 - Fmn ®(M) C D1 Frman—10(M) C Finrn (M)

forallnme Z, i.e., FcE(M) is a D-module filtration. By 5, there exists a good filtration
FEEﬁ(M) which is finer than this filtration, i.e, there exists k € Z, such that

FLo(M) C Frek (M) = Famn+ky M

for all n € Z. Therefore,
AFEO(M)) < AFanrio M)

for n € Z. For large n € Z, A(Fyg(n+ky) M) is equal to a polynomial in n with the leading
term equal to
ex(M)dHM) AAM).
da(M)!

Since A(F,'@(M)) is also given by a polynomial of degree dx(p(M)) for large n € Z,
we conclude that dx(@(M)) < dx(M). By applying the same reasoning to ¢~* we also
conclude that

dA(M) = da(@ 1 (@(M))) < da(@(M)). ~
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4. Dimension of modules over polynomial rings

Let A =K[Xq,...,Xn]where k is an alq%cally closed field. We can filter A by degree
of polynomials, i.e., we can put A, = { a;x' | [I| < m}. Then GrA = Kk[Xq, ..., Xn],
hence A satisfies properties (i)-(vii) from the preceding section.

Since Ag = k we can take for the additive function A the function dimy. This leads to
notions of dimension d(M) and multiplicity e(M) of a finitely generated A-module M. We
know that for any p € Z.., we have

1 [
n+p _p"
~n!

+ lower order terms in p,

i.e., d(A) = n and e(A) = 1. In addition, for any finitely generated A-module M we have
an exact sequence
0 —-K—-A"P =M — 0,

hence, by 3.8, d(M) < n. We shall give later a geometric interpretation of d(M).

Let x € k" and denote by my be the maximal ideal in k[X4, ..., Xu] of all polynomials
vanishing at x. We denote by Ay the localization of A at X, i.e., the ring of all rational
k-valued functions on k" regular at x. As we have seen in 2.11, Ay is an n-dimensional
regular local ring with the maximal ideal ny = (myx)x consisting of all rational k-valued
functions on k™ vanishing at x. Let M be an A-module. Its localization My at x is an
Ax-module. We define the support of M by supp(M) = {x € k" | Mx # 0}.

4.1. Lemma. Let
0—-=MH-M —=MT 0

be an exact sequence of A-modules. Then

supp(M) = supp(M Y U supp(M .

Proof. By exactness of localization we see that
0—MI— M — MIP— 0

is an exact sequence of Ax-modules. This immediately implies our statement.
For an ideal I C k[Xy,...,Xn] we denote V(1) = {x € kK" |f(x) =0 for f € I}.

4.2. Proposition. Let M be a finitely generated A-module and I its annihilator in A.
Then supp(M) =V (I).

Proof. We prove the statement by induction in the number of generators of M.

Assume first that M has one generator, i.e., M = A/l. Then My = (A/1)x = A/ 1.
Let x € V(I). Then I € myx and Ix C ny. Hence Ix # Ax. It follows that (A/1)x # 0 and
X € supp(M). Conversely, if x € V (1), there exists f € | such that f(x) #0, i.e., T € my.
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It follows that f(g+ 1) =0 in A/l for any g € A, hence (A/1)x = 0 and x € supp(A/l).
Therefore, supp(A/1) =V (I).

Now we consider the general situation. Let my,...,mp be a set of generators of M.
Denote by M “the submodule generated by my, .. ., mp—1. Then we have the exact sequence

0—-M"-M-=MT— 0

and M™is cyclic. Moreover, by 1, supp(M) = supp(MY U supp(MT). Hence by the
induction assumption supp(M) =V (15UV (15 where 15and 1 ™are the annihilators of MY
and M Trespectively. Clearly, 1Z15is in the annihilator I of M and 1F1™c I c r(1Fh 11,
This implies that VAN 1Y c v@) c vA= 19 cvahuvad® =van1y; e,
supp(M)=Vv (). —

The next lemma is useful in some reduction arguments.

4.3. Lemma. Let B be a notherian commutative ring and M =% 0 be a finitely generated
B-module. Then there exist a filtration 0 =My C My C --- C Mp—1 C My =M of M by
B-submodules, and prime ideals J; of B such that M;/M;—; = B/J;, for 1 <i <n.

Proof. For any x € M we put Ann(x) = {a € B|ax = 0}. Let A be the family of
all such ideals Ann(x), x € M, x # 0. Because B is a notherian ring, A has maximal
elements. Let 1 be a maximal element in A. We claim that | is prime. Let x € M be
such that I = Ann(x). Then ab € I implies abx = 0. Assume that b £ I, i.e., bx # 0.
Then I € Ann(bx) and a € Ann(bx). By the maximality of I, a € Ann(bx) =1, and I is
prime. Therefore, there exists x € M such that J; = Ann(X) is prime. If we put M; = BX,
M; = B/J;. Now, denote by F the family of all B-submodules of M having filtrations
0=Ng C N7 C...C Nk =N such that N;j/N;—; = B/J; for some prime ideals J;. Since
M is a notherian module, F contains a maximal element L. Assume that L # M. Then
we would have the exact sequence:

0—-L—M—L"—0,

and by the first part of the proof, L”would have a submodule N"of the form B/J for
some prime ideal J% contradicting the maximality of L. Hence, L = M. This proves the
existence of the filtration with required properties. —

4.4. Theorem. Let M be a finitely generated A-module. Then d(M) = dimsupp(M).

This result has the following companion local version. The localization Ax of A at
x € k™ is a notherian local ring. Moreover, its maximal ideal ny is the ideal generated by
the polynomials X; — x;, 1 < i < n, and their images in ny/n2 span it as a vector space
over k. Therefore, X; — Xj, 1 < i < n, form a coordinate system in Ax. For any finitely
generated A-module M, its localization My at x is a finitely generated Ax-module, hence
we can consider its dimension d(My).

For any algebraic variety V over k and x € V we denote by dimy V the local dimension
of V at x.
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4.5. Theorem. Let M be a finitely generated A-module and x € supp(M). Then
d(My) = dimy(supp(M)).

We shall simultaneously prove 4.4 and 4.5. First we observe that if we have an exact
sequence of A-modules:
0—-M"—-M->MT—0

and 4.4 and 4.5 hold for MYand M™ we have, by 3.8 and 1, that

d(M) = max(d(MY, d(M ) = max(dim supp(M Y, dim supp(M 5)
= dim(supp(M Y U supp(M ) = dim supp(M).

Also, for any x € supp(M), by the exactness of localization we have the exact sequence:
0— |\/|XD—> My — I\/I)E:D—> 0;
hence, by 2.7 and 1,

d(My) = max(d(M)), d(M5Y) = max(dimy supp(M Y, dim, supp(M )
= dimy (supp(M 5 U supp(M B)) = dim, supp(M).

Assume that 4.4 and 4.5 hold for all M = A/J where J is a prime ideal. Then the
preceding remark, 3. and an induction in the length of the filtration would prove the
statements in general.

Hence we can assume that M = A/J with J prime. Assume first that J is such that A/J
is a finite-dimensional vector space over k. Then A/J is an integral ring and it is integral
over k. Hence it is a field which is an algebraic extension of k. Since k is algebraically closed,
A/J =k and J is a maximal ideal. In this case, by Hilbert Nulstellenatz, supp(M) =V (J)
is a point x in k", i.e., dimsupp(M) = 0. On the other hand, since My is one-dimensional
linear space, d(My) = 0, and the assertion is evident. It follows that we can assume that
J is not of finite codimension in A, in particular it is not a maximal ideal. Let J; D J
be a prime ideal dilerent form J. Then there exists ¥ € J; such that £ £ J. It follows
that J C (f) +J C J; and J # (F) + J. Therefore, A/J; is a quotient of A/((F) + J),
and A/((f) + J) is a quotient of A/J. In addition, A/((f) +J) = M/TfM. Consider the
endomorphism of M given by multiplication by f. Then, if g + J is in the kernel of this
map, 0 =Ff(g+J)=Ffg+J and fg € J. Since J is prime and f £ J it follows that g € J,
g +J = 0 and the map is injective. Therefore, we have an exact sequence of A-modules:

0—=M =M — M/fM — 0.

This implies, by 3.8, that d(M/fM) < d(M). If d(IM/fM) = d(M), we would have in
addition that e(M) = e(M) + e(M/fM), hence e(M/fM) = 0. This is possible only
if d(M/fM) = 0, and in this case it would also imply that d(M) = 0 and M is finite-
dimensional, which is impossible by our assumption. Therefore, d(IM/fM) < d(M). Since
A/J; is a quotient of M/TM, this implies that d(A/J;) < d(A/J).
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Let x € V (J1). Then, by localization, we get the exact sequence:

0 — My — M, — M /M, — 0

of Ax-modules. This implies, by 2.7, that d(Mx/TMy) < d(My). If d(Mx/TMy) = d(My),
we would have in addition that e(My) = e(My)+e(Mx/TMy), hence e(My/fMy) = 0. This
is possible only if d(Mx/fMy) = 0, and in this case it would imply that my(My/fTMy) =
M, /T My and, by Nakayama lemma, My/fMy = 0. It would follow that the multiplication
by T is surjective on My, and, since T € my, by Nakayama lemma this would imply that
My = 0 contrary to our assumptions. Therefore, d(Myx/TMy) < d(My). Since A/J; is a
quotient of M/fM this implies that d((A/J1)x) < d((A/J)x).
Let

Zo={x}czZyCc---CZh—1 CZh=k"
be a maximal chain of nonempty irreducible closed subsets of k™. Then
1(Zo) =mx D 1(Z1) D--- D 1(Zn-1) D 1(Zn) = {0}

is a maximal chain of prime ideals in A. By the preceding arguments and 2.8, we have the
following sequences of strict inequalities

0 < d(A/1(Z0)) < d(A/1(Z) < --- <d(A/1(Z,)) = d(A) =n,
and
0 < d((A/1(Z0))x) < d((A/1(Z1))x) <--- < d((A/1(Zn))x) = d(Ax) = n,
by 2.11. It follows that
d((A/1(Z;))x) = d(A/1(Z))) = j = dimZ;

for 0 < j < n. Since every closed irreducible subset Z can be put in a maximal chain, it
follows that d((A/1(Z))x) = d(A/1(Z)) = dim Z for any closed irreducible subset Z c k"
and any x € Z. On the other hand, this implies that d((A/J)x) = d(A/J) =dimV (J) for

any prime ideal J in A and x € V (J3). By 2, this ends the proof of 4.4 and 4.5.
Next result follows immediately from 4.4 and 4.5.

4.6. Corollary. Let M be a finitely generated A-module. Then

dM) = sup d(My).
X Lsupp(M)
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5. Homological dimension

Let A be a ring. For any left A-module M we define the projective dimension pd, (M)
as the infimum in Z of the lengths of left projective resolutions of M.

5.1. Proposition. Let M be a left A-module. Then the following statements are
equivalent:
(i) pda(M) < n;
(ii) Exty(M,N) =0 for any left A-module N and any r > n;
(iii) Exti**(M,N) =0 for any left A-module N;
(iv) for any exact sequence of left A-modules

0O—K—=Ppe1 —... 4 P1 —=Po—M —0
with projective Pj, 0 < i < n—1, the A-module K is projective too.

Proof. Implications (i)=-(ii)=-(iii) and (iv)=-(i) are evident.
(iii)=-(iv). First, we claim that for any exact sequence of left A-modules

0—-K—=Pkg—...—2P1 —=Pp—M—0

with projective Pj, 0 < i < k — 1, we have Extf;\(K, N) = Ext',i+j (M,N) for j > 1. We
prove this statement by induction in k. If k = 1 we have the short exact sequence

0—-K—=Pg—M —0,

and by the long exact sequence of Exta(—, N) we see that Extf;\(K, N) = Extj;:l(M, N)
for j > 1. Assume that the statement holds for k > 1. Let

0-K—=Px—=Pk-1—... 5 P1—>Pp—M —0

be an exact sequence of left A-modules with projective Pj, 0 < i < k. Then we can split
it into the exact sequences
0 —-K—Px—K'=0

and
0 >K'S Py —... Py 5Py —M —0,

and by the induction assumption
Exth (K, N) = Exti"™ (KIN) = Ext™ (M, N).

This proves our claim.

Assume that (iii) holds. Then, from the exact sequence in (iv) we conclude that
Exta(K,N) = Exth**(M,N) = 0 for any left A-module N. Therefore, K is projec-
tive.

Let M and N be left A-modules. Then Homa (M, A) is a right A-module with the A-
action defined by right multiplication on A. We define a biadditive map of Homa (M, A) xN
into Homa (M, N) which attaches to (T,n) € Homa(M, A) x N the morphism m —
T(m)n of M into N. This map induces a natural additive map of Homa (M, A) ®a N into
Homa(M, N).
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5.2. Lemma. Let M and N be left A-modules. If M is a finitely generated projective
A-module, the natural map of Homa(M, A) ®a N into Homa (M, N) is surjective.

Proof. If M = A the statement is obvious. Moreover, if M = M=p M T
Homa(M, A) ®a N = Homa(MYA) ®a N & Homa(MT'A) @4 N

and
Homa(M, N) = Homa(M5N) @ Homa(M ' N).

Hence, the statement of lemma is true for M if and only if it is true for M and M™ This
implies first, by induction in p, that the statement is true for M = AP. Moreover, if M is
a finitely generated projective A-module, we can identify it with a direct summand of a
free A-module AP. Hence, the assertion holds for M.

The next result is a converse of 2.

5.3. Lemma. Let M be a left A-module such that the natural map of Homa(M, A)®aM
into Homa (M, M) is surjective. Then M is a finitely generated projective left A-module.

Proof. Hﬂle map is surjective, one can find T; € Homa(M,A)andm; e M, 1 <i <p,
such that T;j®m; € HMM,A) ®a M maps into the identity map in Homa (M, M).
Therefore, we have m = T;(m)m; for any m € M. Define a morphism i of M int?—ip—py
m +— (Tiy(m); 1 <i < p) and a morphism jof AP intoM by (a;; 1 <i<p)— aim;.
Then, joi =1y. Therefore i is injective and M is isomorphic to the image of i. Moreover,
AP =imi @ kerj, hence M is projective and finitely generated.

5.4. Lemma. Let A be a left notherian ring and M a finitely generated left A-module.
Then the following conditions are equivalent:

(1) M is a projective;
(i) M is flat.

Proof. (i)=-(ii) is evident.
(i)=-(i). Since A is a left notherian ring and M finitely generated, we can find free left
A-modules Fo and F; of finite rank such that

Fr—Fo—M —0

is an exact sequence of left A-modules. If we apply the functor Homa(—, A) to this exact
sequence, we get the exact sequence of right A-modules

0 — Homa(M, A) — Homa(Fg, A) — Homa(F1, A).
Since M s flat, by tensoring with it we get the exact sequence of abelian groups

0 — Homa(M, A) ®a M — Homa(Fo, A) A M — Homa(F1, A) ®a M.
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This finally leads to the following commutative diagram:

0 —— HomA(M,@@)AM E— HomA(Foé RaM — HomA(Flé QRa M

0 —— Homa (M, M) _ Homa (Fo, M) _ Homa(F1, M)

Both rows in this diagram are exact and the last two vertical arrows are surjective by
2. This implies that the first vertical arrow is surjective. Hence, by 3, M is a projective
A-module.

5.5. Proposition. Let A be a left notherian ring and M be a finitely generated left
A-module. Then the following statements are equivalent:
(i) pda(M) <n;
(i) M has a projective resolution of length < n consisting of finitely generated A-
modules;

(iii) Exta (M, N) =0 for any finitely generated left A-module N and any r > n;

(iv) ExtR*l(M, N) = 0 for any finitely generated left A-module N;

V) Torf‘(P, M) = 0 for any finitely generated right A-module P and any r > n;

(vi) Torﬁ;l(P, M) = 0 for any finitely generated right A-module P.

Proof. (ii)=(i), (i)=-(iii))=(iv) and (i)=-(v)=-(vi) are evident.
(D=-(ii). Since M s a finitely generated left A-module and A a left ndtherian ring, we
can construct a left resolution

O—K—-Fp-1—...w F1—=Fp—M —0

where Fj, 0 < i < n-—1, are free left A-modules of finite rank and K is finitely generated.
By 1, we conclude that K is also projective.

(iv)=-(i). Since M is finitely generated we can construct a left resolution F* of M
consisting of free A-modules of finite rank. Therefore, Exty (M, Q) = HJ (Homa(F ", Q))
for any left A-module Q. Now, any left A-module Q is a direct limit of a directed system
{Qi;i € I} of its finitely generated submodules, which leads to

Exth (M, Q) = HI(Homa(F ", Q)) = HI(Homa(F ", lim Qi)
= lim HI (Homa(F , Qi)) = lim Ext} (M, Q;).
Hence, ExtR*l(M, Q) = 0 for any left A-module Q and, by 1, pda M < n.

(vi)=(i). Let
0O—K—=F-1—... 2 F1—=Fp—M —0

be a left resolution of M such that F;, 0 < i < k —1, are free A-modules of finite rank and
K is a finitely generated left A-module. We claim that Torf‘(P, K) = Torj (P, M) for
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any right A-module P and j > 1. Assume first that k = 1. In this case, we have a short
exact sequence
00— K—Fg—M —0,

and by the long exact sequence of Tor™(P, —) we see that TorjA(P, K) = TorjA+1(P, M) for
Jj > 1. Assume now that k > 1 and consider the exact sequence
0O—-K—F—=Fk1—...w F1 —=Fp—M — 0.
Then we can split it into two exact sequences
0—-K—=F— KP—0
and
0 -KMsFep — ... —2FL —-Fy—M —0.

By the induction assumption we now have
Torf (P, K) == Torfy; (P, K'Y = Torfy 1, (P, M)

for any j > 1. This proves our claim.
Applying this to k = n we get a resolution

O—K—Fpo1—...w F1 —=Fp—M —0

where Fj, 0 <1 < n -1, are free A-modules of finite rank and K is a finitely generated
left A-module. By (vi) we conclude that Torf (P, K) = Tor4, (P, M) = 0 for any finitely
generated right A-module P.

Since K is finitely generated we can construct a left resolution F* of K consisting of free
A-modules of finite rank. Therefore, Torf‘(Q, K) = H; (Q ®a F") for any right A-module
Q. Now, any right A-module Q is a direct limit of a directed system {Q;; i € I} of its
finitely generated submodules, which leads to

Tor{\(Q, K) = Hi(Q®a F') = H1((lim Qi) ®A F)
= lim H1(Qi ®a F’) = lim Tor{(Qi, K) = 0.

Hence, K is a flat A-module, and by 4, it is a projective A-module.

Homological dimension hd(A) of a ring A is the supremum in Z of n € Z. such that
there exist left A-modules M, N with Exti (M, N) # 0.

5.6. Lemma. Let J be a left A-module such that Extx(C,J) = 0 for every cyclic left
A-module C. Then J is injective.

Proof. We can assume that C = A/L for some left ideal L of A. Let M be a left
A-module, N its submodule and f a morphism f : N — J. We have to show that f is
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a restriction of a morphism of M into J. Denote by F the family of all pairs (N5 f1,
where N "is a submodule of M such that N ¢ NYc M and f%is a morphism of N into J
which extends f. We define a partial order on F by: (NS5 £ < (NTF5 if NPc N™and
fMextends £ By Zorn lemma, there exists a maximal element (P, g) in F. Assume that
P # M. Then we can find m € M such that m € P. Let L = {a € Ajlam € P}. Then
¢(a) = g(am) defines a morphism ¢ : L — J. Since ExtlA(A/L,J) = 0, the long exact
sequence of Ext,(—, J) applied to the short exact sequence

0—-L—-A—-A/L—0

implies that every morphism of L into J extends to the morphism of A into J. Therefore,
there exists j € J such that ¢(a) = aj fora c L. Let PY’=P + Am. Since p € P N Am
implies that p = bm for some b € L, we conclude that g(p) = g(bm) = @(b) = bj. Therefore,
we can define a morphism g™: P”— J by g{p + am) = g(p) + aj. Clearly, (P59 € F
and (P,g) < (P5gY contradicting the maximality of (P,g). Therefore, P = M and J is
injective.

5.7. Proposition. Let n € Z,. Then the following conditions are equivalent

(i) hd(A) <n;

(if) for every left A-module M, pd (M) < n;

(iii) for every finitely generated left A-module M, pd (M) < n;

(iv) for every exact sequence of left A-modules

0 —-K—=Ph1—... 2 P1—=Po

with projective Pj, K is projective too;
(v) for every exact sequence of left A-modules

1° -1t - ... 1™ -J3-=0

with injective 1!, J is injective too;
(vi) every left A-module has an injective resolution of length < n.

Proof. The conditions (i), (ii) and (iv) are equivalent by 1. Evidently, (i)=-(iii) and
(V)=-(vi)=-(i). Hence, it remains to show that (iii) implies (V).
Consider the exact sequence

0 -K—=I1°—=1t— . . .1t 30

with injective 1", 0 < i < k — 1. We claim that Extf;\(M,J) & Extf_:k(M, K) for any left
A-module M and j € N. If k =1, we have the short exact sequence

0—-K—=1°—-3J—-0
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and from the long exact sequence of Ext, (M, —) we conclude that for any j € N we have
Exth (M, J) = Ext"H(M, K). Assume that the statement holds for k > 1, and consider
the exact sequence

k

0 K =19 =11 — . . —1k1 —J — 0,

with injective 17, 0 < i < k. We can split it into two exact sequences
0—-K— |0—>|1—>...—>|k_l—>JD—>0,

and
0—-J=1k—-J—o.

By the induction assumption we conclude that
Exth (M, J) = Exti"'(M, 3 = Ext (M, K),

and this proves our claim.
Now, (iii) implies that for any finitely generated left A-module M and any left A-module
n+1

K we have Ext, ~(M, K) = 0. Hence, if we apply this and the preceding discussion to
the exact sequence

0-K—=1°=1t— . .. 1™l 573 -0,

with injective 1', 0 < i < n—1, we conclude that Exta (M, J) = Exta"}(M, K) = 0. From
6. it follows that J is injective.

5.8. Corollary. Let A be a left notherian ring and n € Z,. Then the following
conditions are equivalent:

(i) hd(A) <n;
(i) for any two finitely generated left A-modules M and N we have ExtR*l(M, N)=0;
(iii) for any finitely generated right A-module P and any finitely generated left A-module
M we have Tory,;(P,M) =0.

Proof. Clearly, (i) implies (ii) and (iii). By 5. and 7, (ii) and (iii) imply (i).

Since the condition (iii) is symmetric with respect to left and right modules, 8. has the
following consequence.

5.9. Proposition. Let A be a left and right ndtherian ring and A° its opposite ring.
Then hd(A) = hd(A°).

5.10. Proposition. Let A be a commutative ring. Then hd(A[X]) = hd(A) + 1.

The proof is based on the following results. Let M be an A[X]-module. We can view it
also as an A-module.
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5.11. Lemma. Let A be a commutative ring and M an A[X]-module. Then
Pda(M) < pdax(M) < pda(M) + 1.

Proof. To prove the first inequality we can assume that pdax;(M) is finite and put
Pdaix;(M) =g. Then we can find a projective resolution

O—)QqHQq_1—>,,,—>Q1—>Q0—>M — 0

of the A[X]-module M. Since any projective A[X]-module Q is a direct summand of a free
A[X]-module, and any free A[X]-module is free as an A-module, we conclude that Q is a
projective A-module. It follows that pd, (M) < g, i.e., pda(M) < pdapx(M).

To prove the other inequality we can assume that pd, (M) is finite and put pd,(M) =
m. Then we have a projective resolution

O—Pm—Ppn-1—...wP1—>Pg—M —0
of the A-module M and, since A[X] is a free A-module, the sequence
0— A[X]@Apm — A[X]@Apm_l — ... A[X]@AP]_ — A[X]@APO — A[X]@AM — 0

is exact. We also claim that, for any projective A-module P, A[X] ®a P is a projective
A[X]-module. This follows immediately from the natural isomorphism

HomA[x](A[X] ®a M,N) =Homa(M, N)

for any A-module M and A[X]-module N. Therefore we see that pda(A[X]®aM) < m
and ExtjA[x](A[X] ®a M, N) = 0 for any A[X]-module N and j > m.

Define the maps @ : A[X]®aM — A[X]®aM by ¢(P ®m) = XP @m—-P ®Xm and
P :AX]®aM — M by (P @ m) =Pm for P € A[X] and m € M. Then we have the
exact sequence

0 - AX]oaM & AX]oaM LM 0.

Clearly, U is surjeci'ﬁgpd o = 0. Moreover, an arbitrary element s of A[X]®a M can
be writtenass = X" ® mp. Therefore,

L (N L 1
ps)=¢  X"omp = X"™emp-X"@Xmp) = X"®(Mn—1 —Xmy),

and s is in the kernel of ¢ if and only if mp—; = Xmy, for all n € Z,.. Since m, =0 for
large n, by downward induction in n, this implies that m, =0 foralln e Z,, i.e., s=0.
Hence, @ is injective. —

Assume that s is in the kernel of . Then  X"mp, = 0. Therefore,

L 1 L 1
s = X"omp=  X"@my—-1®X"mp).
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Denote by T and S the A-module endomorphisms of A[X] ®a M defined by T(P @ m) =
XP®mand S(P®m) =P ® Xmfor P € A[X]and m € M. Then T and S commute
and @ =T — S. This immediately implies that

1 1
1 [ I —
s= (T"-sS"HA®m,)=(T-9) L1t Lk m,) eimo
n j=0

This completes the proof of the exactness.
From the long exact sequence of Extyx;(—, N) corresponding to this short exact se-

quence and the preceding result we see that Ext’A[x](M, N) = 0 for any A[X]-module N
and j > m + 1. Hence, by 1, pdax;(M) < pda(M) +1.

As a consequence, we see that hd(A[X]) < hd(A) + 1. To finish the proof of 10. it
remains to show that hd(A[X]) > hd(A) + 1.

Let M be an A[X]-module. Denote by Xy, the morphism of M induced by the multi-
plication by X.

5.12. Lemma. Let M be an A[X]-module. Then:

(i) if Xm is injective, we have pdp(M/XM) < pdx;(M);

(i) if M # 0 and Xm = 0, we have pda (M) = pdax;(M) — 1.

Proof. (i) We can assume that pd,x;(M) is finite. We prove, by induction in k, that
PdA(M/XM) < pdax (M) if pdax (M) < k. If M is a projective A[X]-module, M is a
direct summand of a free A[X]-module. On the other hand, if F is a free A[X]-module,
F/XF is a free A-module. Therefore, M/XM is a direct summand of a free A-module and
hence projective. It follows that pd,(M/XM) < pdax;(M) if pdax;(M) = 0. Assume
now that pdapx;(M) = k and consider a short exact sequence of A[X]-modules

O—N—=F—M-—=0

with F free. This leads to the commutative diagram
0 N F M
XN % XF % XM %

0 N F M 0

We can consider it as a short exact sequence of complexes, and from the associated long
exact sequence conclude that Xy is injective and that

0 — N/XN — F/XF - M/ XM — 0

is an exact sequence of A-modules. From the long exact sequence of Extyx;(—, L) we see
that the connecting morphism of Exth_[)l(](N, L) into Exth[X](M, L) is surjective for any
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A[X]-module L and j € N. Hence, by 1, we conclude that pdajx;(N) =k — 1, and by the
induction assumption pd (N/XN) < pdapx;(N) = k—1. Analogously, from the long exact
sequence of Ext,(—, Q) we deduce that the connecting morphism of ExtL_l(N/XN,Q)
into Exth (M/XM, Q) is surjective for any A-module Q and j € N, which implies that
pd,(M/XM) < k.

(i) By 11. the assertion is trivial if pdapx;(M) is infinite. Also, if pdapx;(M) =0, M
is projective and a direct summand of a free A[X]-module. Since Xu = 0 impliesu =0
in a free A[X]-module, XM = 0 would imply that M = 0, contrary to our assumptions.
Therefore, we can assume that pdax;(M) = k > 0. Considering again the short exact
sequence

O—-N—F—M—0

with a free A[X]-module F, we see that pda;x;(N) = k — 1, Xy is injective and the
sequence of A-modules

0—M —=N/XN —-F/XF —-M —0

is exact. Hence, by (i), we conclude that pd,(N/XN) < k — 1. We can split the above
exact sequence into two short exact sequences of A-modules:

0—M —=N/XN—-K —=0

and
0 —-—K—=F/XF —-=M —0.

By using the long exact sequence of Ext,(—, L) and 11. we conclude from the last one
that pda(K) < k — 1. Now, the same argument applied to the first one implies that
pda(M) <k —1. By 11. we conclude that pd,(M) =k —-1.

Let M be an A-module. We can consider it as an A[X]-module by defining X - M = 0.
Denote this A[X]-module by M. By 12. we see that pda(M) = pdax;(M) — 1, hence
hd(A) < hd(A[X]) — 1. This ends the proof of 10.

5.13. Theorem. Let k be a field. Then
hd(k[Xq1, X2, ..., Xn]) =n.

Now we want to study the homological dimension of local rings. We start with the
following characterization of free A-modules of finite rank.

5.14. Proposition. Let A be a notherian local ring and m its maximal ideal. Let M
be a finitely generated A-module. Then the following conditions are equivalent:

(1) M is a free A-module;
(i) M is a projective A-module;
(iii) Torf*(M,A/m) = 0.
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Proof. Clearly, we have (i)=-(ii)=-(iii). Therefore, it remains to prove that (iii)=(i).
Let X1, Xo,...,Xn be elements of M such that their images in M/mM form a basis of the
k-vector space M/mM. Let F be the free A-module with the basis e, e»,...,es. Denote
by ¢ the A-module morphism from F into M defined by @(ej) = x; for 1 < i < n. If we
put C = ker @ and K = coker ¢ we get the exact sequence

0—-C—=F2XM-K=0

of finitely generated A-modules. By tensoring with A/m ®a — it gives the exact sequence

F/mF 22'M/mM — K/mK — 0

of vector spaces over k. By the construction, 1 ® @ is surjective and K/mK = 0. By
Nakayama lemma this implies that K = 0. Therefore, we have the exact sequence

0—-C—F %Mo

By applying to it the long exact sequence of Torf‘(A/m, —) and (iii), we conclude that

0 — C/mC — F/mF 2*'M/mM — 0

is an exact sequence of vector spaces over K. Since 1 ® @ is injective, C/mC = 0 and by
Nakayama lemma, C = 0. Therefore, M is a free A-module.

5.15. Proposition. Let A be a notherian local ring, m its maximal ideal and n € Z..
Then the following conditions are equivalent:
(i) hd(A) < n;
(i) Tor4,;(A/m,A/m) =0.

Proof. Clearly (i)=-(ii). Assume that (ii) holds. Let M be a finitely generated A-
module and

0O —K—FF~g—++—F—F—M—0

a left resolution of M such that the modules F;, 0 <i < n-—1, are free A-modules of finite
rank. Then, as in the proof of 5, we conclude that Tor'f‘(K,A/m) = TorﬁH(M,A/m).
Applying this to M = A/m we conclude that in this case Tor'f‘(K,A/m) = 0, and by
14, K is a free A-module of finite rank. It follows that A/m has a free left resolution of
length n, i. e. pds(A/m) < n. This implies that Tor4, (M, A/m) = 0 for any finitely
generated A-module M, and by repeating the argument, pd,(M) < n. By 7. we conclude
that hd(A) <n. —

Finally, we make two technical remarks we shall use in the following.
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5.16. Lemma. Let A be a left ndtherian ring with hd(A) < oco. Let M be a finitely
generated A-module and n € Z,.. Then the following conditions are equivalent:

(i) Exth(M,A) =0 for j >n;
(i) pda(M) <n.

Proof. Clearly (ii)=-(i). It remains to show the opposite implication. Let N be
a finitely generated A-module. Since A is left notherian, we have an exact sequence
0 - K — AP — N — 0 with finitely generated A-module K. By the long exact sequence
of Ext, (M, —) we conclude that the connecting morphism Exth (M, N) — Extf:l(M, K)
is an isomorphism for j > n. Since the homological dimension of A is finite, by downward
induction in j we see that Extl, (M, N) = 0 for j > n. By 5. this implies that pd,(M) <
n.

5.17. Corollary. Let A be a left notherian ring with hd(A) < oo and n € Z,.. Then
the following statements are equivalent:

(i) hd(A) < n;
(ii)) Extl(M,A) =0 for any finitely generated left A-module M and any j > n.

—_—

Proof. This follows immediately from 7. and 16.

5.18. Corollary. Let A be a left ndtherian ring with hd(A) < oo and M a finitely
generated left A-module. Then the following statements are equivalent:
(i) M =0;
(ii) Exti(M,A)=0 for all j € Z..

Proof. Clearly, (i)=-(ii). If (ii) holds, M is projective by 16, and therefore a direct
summand of some AP. This implies that Homa(M, M) = 0 which is possible only if
M=0. "

6. Some homological algebra of polynomial rings

Let k be an algebraically closed field. Denote by A the ring of polynomials in n variables
k[X1, Xz, ..., Xu] with coe Lciehts in k.

Since A is commutative, for any two A-modules M and N, Homa (M, N) has a natural
structure of an A-module given by (p- T)(m) = pT(m) for any p € A, T € Homa(M, N)
and m € M. In addition, we can view Exth (—, —), 1 < j < oo, as rightderived functors of
this functor Homa(—, ), i.e., all Ext},(M, N) have natural structures of A-modules.

Also, M ®a N hasa a natural structure of an A-module given by p(m®n) =pm®n =
m® pn, forany p € A, m € M and n € N. Therefore, we can view TorjA(—, —) as left
derived functors of — ®a —, i.e., all Torf(M, N) have natural structures of A-modules.

We want now to analyze these modules more carefully. First, by 5.13 we know that
hd(A) = n. Therefore, for any two A-modules M and N, we have Ext},(M,N) = 0 and
Torf (M,N) =0 for j >n.

Also, for any x € k" we can consider the localization Ay of A with respect to the
maximal ideal my.
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6.1. Lemma. Let x € k™ and M and N be A-modules. Then
Torf™(Mx, Nx) = Torf\(M, N)y

forall j € Z,.

Proof. Let
.—Fk—... 2 FF—=Fp—M —0

be a resolution of M by free, finitely generated A-modules. Then Torf‘(M, N) is the
jt™-homology module of the complex

o= Fk®aAN — ... 5 F1®a N — Fo®a N — 0,

and since localization is exact, Torf‘(M, N)y is the jt-homology module of the complex

. — (Fk®aN)x — ... = (F1®a N)x — (Fo®a N)x — 0.
On the other hand, if F = A(,

(F ®a N)x = (AL @a N)x = NP = (N)® = (A" @a, Nx = Fx @a, Nx,
which implies that Torf‘(M, N), is the jt-homology module of the complex
.= (Fidx ®a, Nx — ... — (F1)x ®a, Nx — (Fo)x ®a, Nx — 0.
Since localization is exact,
o= (Fx — ... = (F)x — (Fo)x = Mx — 0

is a free resolution of the Ax-module My, and TorjA(M, N)x = TorjAX(MX, Nyx) for all
jez
By 5.8, it follows that Torﬁil(Mx, Nx) = 0 for any two A-modules M and N. The

local ring Ay of rational functions on k" regular at x has the maximal ideal ny = (mMy)x
consisting of all rational functions vanishing at x. Clearly,

(A/My)x = Ax/(My)x = Ax/Nx.
This implies that
Tory™ (As/Ny, Ax/Ny) = Torf> ((A/m, ), (A/mMy)y) = Torf (A/my, A/my)x
and by the preceeding discussion
Torte, (Ax/Ny, Ax/ny) = 0.

Hence, by 5.15, we have the following result.
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6.2. Lemma. hd(Ax) < n for any x € k".
We shall see later in 8. that this inequality is actually an equality.

6.3. Lemma. Let x € k™ and M be a finitely generated A-module and N any A-module.
Then

Exth (M, Ny) = Exth (M, N)x
forall j € Z,.

Proof. Let
.—Fk—... 2 F1F—>Fp—M —0

be a resolution of M by free, finitely generated A-modules. Then ExtjA(M, N) is the
jt-cohomology module of the complex

0 — Homa(Fo,N) — Homa(F1,N) — ... — Homa(Fx,N) — ...,
and since localization is exact, ExtjA(M, N)y is the jt-cohomology module of the complex
0 — Homa(Fo, N)x — Homa(F1,N)x — ... — HOMa(FK, N)x — ... .
On the other hand, if F = AP,
Homa(F, N)x = (NP)x = NE = Homa, (Fx, Nx),
which implies that ExtjA(M, N)y is the jt-cohomology module of the complex
0 — Homa, ((Fo)x; Nx) — Homa, ((F1)x; Nx) — ... — Homa, ((Fk)x; Nx) — ... .
Since localization is exact,
= (F)x — .. = (F1)x — (Fo)x = Mx — 0
is a free resolution of the Ax-module My, and Exth(M,N)x = Exth (M, Ny) for all
jez —

6.4. Proposition. Let M be a finitely generated A-module. Then
(i) Exth(M,A), 0 <j <n, are finitely generated A-modules;

(i)
1 .
supp(M) = supp(Exth(M, A)).
j=0
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Proof. (i) Let 0 — K — AP — M — 0 be an exact sequence of A-modules. By the
long exact sequence of EXta(—, A), Homa(M, A) is a submodule of AP. This implies that

Homa(M, A) is finitely generated. Moreover, Ext’A(M A) is a quotient of ExtJ 1(K A)

for any 1 < j < n. By the induction in j, it follows that all Ext},(M,A) are finitely
generated A-modules.

(ii) Let I be the annihilator of M and f € 1. Then the multiplication by f induces
a morphism of a projective resolution P of M which is homotopic to zero. Therefore, T
annihilates Ext}, (M, A) for any 0 < j < n. It follows that the annihilators of Ext} (M, A),

0 <j <n, contain I. By 4.2, supp(Ext‘A(M A)) C supp(M) for 0 < j < n. Therefore,
UPo SUpP(EXt) (M, A)) C supp(M ). Take now x € k" such that x ¢ supp(Extl, (M, A))
for 0 < j < n. Then we have Exth (M,A)x =0 for 0 < j < n and, by 3, this implies
Ext‘AX(MX,AX) = 0 for 0 < j < n. Since the homological dimension of Ay is finite by 2,
we conclude that My = 0 by 5.18. Hence, x £ supp(M). —

By 5.18, for any finitely generated A-module M di[erknt from zero we can define
J(M) =min{j € Z, | Ext] A(M,A) # 0}
and for any x € supp(M),
i(My) =min{j € Z, | Exth, (My,Ay) # 0} = min{j € Z. | Exth(M, A)x # 0}.

Clearly, 0 < J(Myx) < n and
iM) = .j—L,no'” J(My).

The main result of this section is the next theorem.

6.5. Theorem. Let M be a finitely generated A-module. Then
(i) Exth(M,A) =0 for j <n—d(M);

(i) d(Exth(M,A)) <n—jforall0<j<n;

(iii) d(Exty ‘™M, A)) = d(M).

In addition, if M # 0, Exth “™(M,A) %0, i.e
d(M) +j(M) =n.

In fact we shall show the following localized version of 5.

6.6. Theorem. Let M be a finitely generated A-module and x € supp(M). Then
(i) Exth(M,A)x =0 for j <n — d(My);

(i) d(Exth(M,A)x) <n—jforall0<j<n;

(iii) Exth “™(M, A) # 0 and d(Exty ‘™I (M, A),) = d(My).
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In particular,
d(My) +j(Mx) =n.

Clearly, 6. combined with 4.6 implies 5. Therefore, it remains to prove 6.

First we show that (iii) follows from (i) and (ii). By (ii), d(Exty ‘™M, A),) <
d(My). Assume that d(Exth “™<(M, A),) < d(M). Then, by (i) and (ii), we would
have d(Exth(M,A)X) < d(My) for 0 < j < n, which contradicts 4. and 4.5. Therefore,
d(Exta MM, A),) = d(M,).

If d(M,) # 0, d(Exta ™ (M, A),) = d(M,) implies that Exth ™M, A), = 0. If
d(My) =0, ExtjA(M,A)X =0 for j < n by (i), and ExtA(M,A)x # 0 by 4.

We shall prove (i) and (ii) by induction in d(M). We begin with a lemma.

6.7. Lemma. Let x € k™. Then

Exth (A/my, A) =0 for 0 < j <n and Exth(A/my, A) = A/my.

Proof. By induction in p we shall prove the following statement:
Exth (M, A) = 0 for j # p,

and
Exti (Mp, A) = M.

For p = n this proves our assertion.
Because of My = A, the statement (x) holds for p = 0. Assume that it holds for
p—1> 0. Then we have the exact sequence

0 — Mp_g 2% My_; — My — 0.

By the long exact sequence of Ext,(—, A) we have
0 — Ext? N (Mp, A) — ExtZH(Mp_1, A) 2222 Ext2 1 (Mp_1, A) — ExtA(Mp, A) — 0

and all other Extl (M,, A) vanish. By the induction assumption, ExtX (M, A) is iso-
morphic to the kernel of the map induced on Mp—; by multiplication by X, — X, and
Extl (Mp, A) is isomorphic to the cokernel of this map. It follows that Ext%_l(Mp, A)=0
and Exti (Mp, A) = M,. ~

By 3, this implies, that

Extgx (Ax/Nny, Ay) = EXtZX(AX/(mX)X, Ay) = EXtRX((A/mX)X, Ay)
= ExtiA (A/my, A)x = (A/My)x = Ax/(My)x = Ax/Ny # 0.

Combined with 2, this implies the following result.
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6.8. Theorem. For any x € k", we have
hd(k[X1, Xz, ..., Xnlx) = n.

Now we can start the proof of 6. First we remark that if we have an exact sequence
0—-M"-M—-MT-0

and (i) and (ii) hold for MYand M™ then they hold for M. In fact, since localization is
exact, we have the exact sequence

OHMEHMXHM)E[DHO,

and if j < n —d(My), we have j < n —d(M,), j < n—d(My) and Exth (MFA), =
Exth (MTA)y = 0. Hence, the localization of the long exact sequence of Exta(—,A)
implies that Ext}, (M, A)x = 0 and (i) holds for M. On the other hand, for any 0 < j < n,

.. — Exth (MTA), — Exth (M, A)yx — Exth(MTA), — ...
also implies that
d(Exth (M, A),) < max(d(Exth (M TA),), dExth(MTA))) < n —j,

and (ii) holds for M.

Assume that d(M) = 0. Then M is a finite-dimensional vector space over k. By 7. we
know that (i) and (ii) hold if dimyM = 1. The general case follows by an induction in
dimg. In fact, M has a one-dimensional A-submodule MY hence we can form an exact
sequence 0 — MP— M — M™— 0 such that (i) and (ii) hold for M ™by the induction
assumption. Then the preceding discussion applies, and (i) and (ii) hold for M. This ends
the proof for d(M) = 0.

Now we prove the induction step. Assume now that (i) and (ii) hold for all finitely
generated A-modules N with d(N) < p for some p > 0. Let M be a finitely generated
A-module with d(M) = p. Then, by 4.3, we can find a filtration 0 = My C M; C ... C
Ms—1 C Mg = M such that M;/M;_; = A/J; for some prime ideals Jj, 1 < i <'s, and
V (Ji) C supp(M) for 1 <i <s. It follows that d(A/J;) < p and we have an exact sequence

0 — Mj—1 — M; — A/J; — 0

for 1 < i < s. Hence, if we assume that (i) and (ii) hold for A/J with J prime and
dimV (J3) = p, by the induction assumption and an induction in i we see that (i) and (ii)
hold for M.

This reduces the proof of the induction step to the case M = A/J, J a prime ideal and
dimV (J) = p. Let x € V(J). Since V (J) is irreducible, dimyxV (J) = p and d(Mx) = p
by 4.5. Moreover, since dimV (J) > 0, myx # J and we can find f € A, T € J such that
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f(x) = 0. Consider the endomorphism of M induced by the multiplication by f. As in
the proof of 4.4 and 4.5 we conclude that it is injective, hence we have the exact sequence

0—=M =M — M/fM — 0.

Moreover, d(M/fM) < d(M). If we would have d(M/fM) = d(M) it would follow that
e(M/fM) =0 and M/fM = 0. This would imply that d(M) = d(M/fM) = 0 contrary
to our assumption. Hence, d(M/fM) < d(M) = p and M/TfM satisfies (i) and (ii) by the
induction assumption. )

Now we can prove (i) for M. By the induction assumption Ext, (M/fM, A), = 0 for
J <n-—p+1. Hence, for any j <n —p, from the localization of the long exact sequence
of Extx(—, A) we see that multiplication by f induces an automorphism of Extl (M, A)x;
and, since f € my, we have ny Exty (M, A)x = ExtL (M, A)x. By Nakayama lemma we
conclude that Extl, (M, A)x = 0.

It remains to prove (ii). We consider the following part of the long exact sequence of
Exta(—, A)

. — Exth (M/fM, A) — Exth (M, A) 5 Exth, (M, A) — ExtiH(M/EM, A) — ...

If j = n, by 5.13, we have ExtR*l(M/fM,A) = 0. Hence the morphism Exta (M, A) L

ExtA (M, A) is surjective. By localization at X, we see that Exti (M, A)yx LN ExtA (M, A)x
is also surjective. As in the proof of (i), it follows that ny ExtA (M, A)x = Exta(M, A)x.
Again, by Nakayama lemma, we conlude that Exta (M, A)x = 0. Hence, d(Exta (M, A)x) =
0, and (ii) holds in this case.

Consider now the case j < n. By the induction assumption we know that

d(Extl, (M/FM, A),) < n—j and d(ExtY(M/FM, A),) <n—j — 1.

If we put

¢ : Exth (M, A) 5 Exth (M, A)
and denote N = ExtjA(M,A), K = kerg, C = cokerg and I = im@ we get the exact
sequence

0—-K—-=NXN-C—0.
By localizing we get
0 — Ky — Ny 25 Ny — Cx — 0
withd(Ky) <n—jandd(Cx) <n—j—1.
Let Ix =im@x. Then

Ix N1 NINK D F(NSINL) = nd 11y
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for any q € Z., and this implies that
dimi(1x/(1x N NINL)) < dimi(1,/n311y)
for any q € Z4. On the other hand, we have the short exact sequence
0—I1x—Ny —-Cx—0
which leads to the short exact sequence
0 — Ii/(Ix N NINK) — Ny/nINy — Cx/nICyx — 0
for any q € Z+. Hence,

dimi(Nx/N%Ny) = dimi(Ce/NSCyr) + dimic(1x/(1x N NINK))

for any q € Z,.. Also, the short exact sequence
0 Ky — Ny —1x—0
leads to the short exact sequence
0 — Kyx/(Kx N NINy) — Nx/nINy — I/ndlx — 0

and

for any q € Z,.. Putting these formulas together we get
dimi(Nx/n3N,) — dimi(Nx/n% N,) < dimg(Cx/N%Cy) — dimy (Ky/(Kx N N3 1NL))

for any q € N. Clearly, the left side of this inequality is greater or equal to zero for all
g € N. From the discussion in the proof of 2.7 we know that for large g € N the right side
of this inequality is given by a polynomial of degree < n — j.

Assume first that its degree is equal to n —j, i.e., that d(Kx) = n —j and its leading
coe [cieht is —e(KX)%. In particular, it takes negative values for large q € Z4. This
is clearly a contradiction.

Therefore, we must have d(Kx) < n—j — 1. Then, for large q, the function q —
dimg (Nx/n9Ny) — dim(Nx/n3~1Ny) is given by a polynomial of degree < n—j — 1. By
1.7, d(Nx) < n —j. This ends the proof of 6.
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7. Some homological algebra of filtered rings

Let D be a filtered ring with an increasing filtration (D, ; n € Z) by abelian subgroups
satisfying the properties (i)-(vii) from the beginning of 3. Let M and N be two filtered left
D-modules with filtrations FM and FN respectively. We define an increasing filtration
of Homp (M, N) by abelian subgroups

Fp Homp (M, N) = {¢ € Homp(M,N) |¢(Fn M) C Fhap N, ne Z}

for all p € Z. We first want to study some basic properties of this filtration.

7.1. Lemma. Assume that:

() M is a finitely generated D-module and its filtration is exhaustive,
(if) the D-module filtration on N has the property that Fq N = 0 for some ¢ € Z.

Then there exists p € Z such that F, Homp(M, N) = 0.

Proof. By the assumption, there exists m € Z such that F,, M generates M as a D-
module. On the other hand, for any ¢ € Fg—m Homp(M, N) we have ¢(Fn M) C FgN =
0. Therefore g =0. —

7.2. Lemma. Assume that:

() M is a finitely generated D-module with a good filtration,
(i) the D-module filtration on N is exhaustive.

Then the filtration on Homp (M, N) is exhaustive.

Proof. Take ¢ € Homp(M,N). Let m € Z be such that Fh,4+m M = Dy, - Fy M for
all ne Z,. Then ¢(Fn, M) is a finitely generated Dy-submodule of N, hence we can find
k € Z such that ¢(F, M) C Fx N. This implies that for n > m, we have

O(FAnM) = 0(Dn—m - Fm M) = Dpn—m@(Fm M) C Dh—m Fk N C Fh—m+k N

On the other hand, since the filtration of M is good, Fq M = 0 for a su Lciehtly negative
g. For g < n <m, we have

—_—

Hence, ¢ € Fx—q Homp(M, N).

In particular, if M and N are finitely generated D-modules with good filtrations, the
filtration on Homp (M, N) is exhaustive and Fq Homp (M, N) = 0 for su Lciehtly negative
qeZ.

In the following, we want to describe the structure of GrHomp(M,N). Let ¢ €
Fp Homp (M, N). Then ¢(F, M) C Fr+p N for any n € Z. Therefore, ¢ defines a graded
morphism @, : GrM — GrN of degree p, i.e., §p(GrnM) C Grh+p N for n € Z. Also,
¢p € Homg,p(GrM, GrN). Clearly, ¢, =0 if and only if ¢ € F,—1 Homp(M, N), hence
@ — @p induces an injective additive map from Gr, Homp (M, N) into the subgroup of
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Homg,p(Gr M, GrN) consisting of graded homomorphisms of degree p. This defines an
imbedding of Gr Homp (M, N) into Homg,p(Gr M, Gr N).

Now we study some functorial properties of our filtration. Let N be a filtered D-
module. Assume that M and M “are two filtered D-modules equipped with filtrations F M
and FMMand f : M — MUa morphism compatible with the filtrations, i.e., satisfying
f(FnM) Cc FnM5 n € Z. Then f induces the morphism ¢ — @ o f of Homp(M5N)
into Homp (M, N). If ¢ € Fy Homp(MEYN), we have

(@oF)(FaM) C 9(Fn MY C FripN, n€ Z;

hence gof € F, Homp(ME'N). Therefore, @ — @of is a map compatible with filtrations
on Homp (M, N) and Homp (M5 N). Moreover, the diagram

Gr Hom%/l UN) —— Homg,p(GrMYGrN)

GrHomp(M,N) —— Homg,p(GrM, GrN)

IS commutative.

The next step is to analyze the conditions which imply that the canonical map from
GrHomp (M, N) into Homg,p(GrM, GrN) is surjective. We start with the following
observation.

7.3. Lemma. Let M be a finitely generated D-module with a good filtration F M, such
that GrM is a free Gr D-module with a basis e, ey, ..., es consisting of homogeneous ele-
ments of degree rq,r»,...,rs respectively. Let my, my, ..., mg be elements of M such that
m; =¢; for 1 <i <s. Then M is a free D-module with basis m1, m,, ..., ms and

1
i=1
for any p € Z.

Proof. First Wtﬁﬂ that my, my, ..., mg generate M. We shall prove, by induction
inp, that FpbM C  ;_; Dp—r;m;. First, FgM = 0 for su Lciehtly negative q € Z. me
that the statement holds for p — 1. Takq:\;—_ele M. Thenv € Gr and v = [_, dig;
With@;-—_e| Dp—r;. It follows that v — ;_,dimj € Fop-1M C  ;_; Dp—1—r;m;, hence
ve -, Dp—r;m;i. This proves our statement and, in particular, my, my, ..., ms generate

M. —
We show next that m;, m,,...,mg are free generators. Let dim; = 0, ¢ Dp;»
di € Dy,_,, be a nontrivial relation. Take p = maxX;<i<s(pi + ri). Then we get iei=0
where the sum is taken over indices i such that p; + rj = p. This implies that for such i,
di = 0, contrary to our assumption. Therefore, (m;,1 <i < sly_sa_relfree generators of M.

This implies, by the first part of the proof, that F,M C  ;_; Dp—r;m;. The opposite
inclusion is evident.

We call a free Gr D-module with a basis consisting of homogeneous elements, a free
graded Gr D-module.



7. SOME HOMOLOGICAL ALGEBRA OF FILTERED RINGS 39

7.4. Lemma. Let M be a finitely generated D-module with a good filtration F M, such
that GrM is a free graded Gr D-module. Then the canonical map GrHomp(M,N) —
Homg,p(Gr M, GrN) is an isomorphism.

Proof. Since GrM is a free graded Gr D-module it has a basis e1,...,es as a free
Gr D-module consisting of homogeneous elements of degrees ry, ..., rs. Therefore, we have

L1 L1
E_ 1 E_ 1

Homg,p(GrM, GrN) = Homg,p GrD-¢;,GrN = Homg,p(GrD - ej, GrN).
i=1 i=1

Moreover, the linear map Homg,p(GrD - ej, GFrN) — GrN given by T —— T(gj) is a
linear isomorphism, and it maps the graded homomorphisms of degree p — r; into ho-
mogeneous elements of degree p for all p € Z. Therefore, Homg,p(GrD - e, GrN) is a
direct sum of spaces of graded homomorphisms of degree p, p € Z, and the same holds for
Homg,p(GrM, GrN).

Hence, it is enough to show that all graded homomorphisms in Homg,p(Gr M, GrN)
are in the image. In the following we use the notation from the preceding argument. Let
® € Homg,p(GrM, GrN) be a morphism of order q. This means that ®(e;) € Gry;+qN.
Let w; € Fr,+q N such that ®(e;j) = w;. Define ¢ € Homp(M, N) by @(m;) = w; for
1 <i<s. We see from 3. that

FE 1
i=1

—_—

and ¢ € Fg Homp (M, N). It is evident that ¢q = ®.

7.5. Lemma. Let M be a filtered D-module, L a free graded Gr D-module and f : L —
Gr M a morphism of graded Gr D-modules. Then there exists a filtered free D-module P,
a morphism g : P — M of filtered D-modules and an isomorphism j : Gr P — L of graded
Gr D-modules such that the diagram

GrP -2, Grm

H H

L —'  Gorm
commutes.

Proof. Let ( ;i€ 1) be a basis of L such that ; are homogeneous and deg( ;) = r;j,
iel. Lleill-be a free D-module with the basis (pi; i € I) and define its filtration by
FoP = i Pp-r:pi, for p € Z. Let (m;; i € I) be a family of elements of M such that
m; € Fr, M and m; = f( ;) for i € 1. Then there exists a unique morphismg : P — M
such that g(pj) = m;, for i € 1. Moreover,

1
g(FpP) = Dp—r;9(pi) C Fp M,
i (11
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L1 _
for any p € Z, ﬂ is a morphism of filtered D-modules. Clearly, GrP = ; {rD - p;
and GrnP = ; 3rn—r; D - pi. This implies that the morphism j : GrP — L defined
by j(pi) = i, i€ 1, is an isomorphism of Gr D-modules. Also,

(Grg)(pi) = mi =TF( i) = (Foj)(pi),
hence Grg =f oj.
7.6. Lemma. Let
ML M & mT
be a sequence in the category of filtered D-modules such that g o f = 0. Assume that the

filtration of M is exhaustive and F, M = 0 for su Lciehtly negative p € Z. If the sequence

oarM”E L orm S8 orm™

of graded Gr D-modules is exact, the original sequence is exact too.

Proof. By our assumption imf C kerg; i.e.,
imfNF,M CkergnFp M
for p € Z. We shall prove by induction that
imfNF,M =kergnFp M

for p € Z. Since the filtration of M is exhaustive, this shall imply that imf = kerg. The
assertion is clear for su [ciehtly negative p. Assume that the assertion holds for p — 1 and
X € kergnFp M. By the assumption there exists y € F, M such that (Gr f)(y) = X. Hence,
f(y) —x € Fo—1 M. Also g(f(y) —x) = g(f(y)) —9(X) =0, hence f(y) — x € kerg. By the
induction assumption X — f(y) € im T, hence there exists z € M such that x — f(y) = (z)
and x =Ff(y +2), i.e, xeimf.

7.7. Lemma. Let M be a finitely generated D-module with good filtration FM. Let L.
be a left resolution of Gr M in the category of graded Gr D-modules by free graded Gr D-
modules of finite rank. Then there exists a left resolution P. of M in the category of filtered
D-modules such that:

(i) the D-modules P, n € Z,, are free;
(i) the complex GrP. is isomorphic to L..

Proof. By 5. we can construct a filtered free D-module Py and a morphism of filtered

modules P — M such that
Gr [

Gr P; " Gl’é

Lo, —— GrM
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commutes. By 3.1 the filtration F Py is a good filtration, and by 3. Py is a free D-module
of finite rank. In addition, Gr is surjective. By 6, is also surjective. Assume that we

constructed filtered D-modules Pg, P4, ..., Px—1 and morphisms dg, dy, ..., dk—1 such that
dk—1 dk—> do dq (]
Pk—1 Pk—2 .. —P1—Pg—=M—=0

is an exact sequence of filtered D-modules, Pj, 0 <i < k — 1, are free D-modules of finite
rank and

Grdk— Grdk— Grd Gr ]
GrPg—y ——— GrPy_, & :

H H R H

Lk — Lgy1 —— Lgko2 —— ...— Lo — GrM

is commutative. Let K be the kernel of dx—; equipped with the induced filtration. Then
Gr K is identified with a submodule of Gr P,—; = Lx—,. Moreover, with this identification,
GrK C ker Grdg—1.

We claim that GrK = kerGrdx—1. Let & € kerGrpdyk—1. Let x € FyPr—1 be such
that x = &. Then (Grdk—1)(X) = 0 and dx—1(X) € Fp—1Px—2. Let S be the set of all
s e Z, s <p-—1, such that there exists x € F, Px—1 with the property that X = & and
dk—1X € FsPk—z. Letq € S. Assume that xHs such that X“= & and y = dx—1x"€ Fq Pk—2.
Then dx—2(y) = (dk—2 o dk—1)(XY = 0 hence y € ker Grdx—» = imGrdi—. It follows that
one can find z € Fy Px—1 such that y = (Grdk—1)(2), i.e., y — dx—1Z € Fq—1 Pk—2. Now, if
we put x™= x"— z we get x™= x"= & and

de—1X™= dk—1X— dx—1Z =y — dy—1Z € Fg—1 Pk—2

and g —1isin S. Therefore, S = {q € Z|q < p—1}. Since FqPx—, = 0 for su Lciehtly
negative ¢, we conclude that there exists x € F, Px—; with the property that x = & and
dx—1x=0,1i.e. £ € GrK.

We proved that Gr K = ker Grdk—1, hence under the isomorphism of GrPy—_; with
Lk—1, it corresponds to the image of Ly in Lx—;. This implies that, by 5, we can construct
Pk and di : Px — Pk—1 such that

() Pk is a filtered free D-module,

(i) dk is a morphism of filtered D-modules,

(iii) imdx C K,

(iv) the diagram

Grdg
GrP

& H

Lk —— Lk

is commutative.
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Now 6. implies that imdy = ker dx—; and

d d |
Pk = Py—g —= ... 5P 5Py =M —0

is exact. By induction we get the required resolution.

Now, let M be a finitely generated D-module with a good filtration FM. Then GrM isa
finitely generated Gr D-module. We can find homogeneous generators ey, eo,...,es of Gr M
as Gr D-module. Letrq,ry,. .., rs be the degrees of these generators respectively. Let Lg be
the free graded Gr D-module with basis 1, 2,..., s consisting of homogeneous elements
of degrees ry,rp,...,rs. Then we can define a Gr D-module morphism f : Lo — GrM
by f( i) =ej, 1 <i<s, and it is a surjective morphism of graded Gr D-modules. Since
GrD is a notherian ring, ker T is a finitely generated Gr D-module and by induction we
can construct a left resolution

.—Ln—...—2Li—Lo—GrM —0

by free graded Gr D-modules of finite rank. By 7. this implies the existence of a left
resolution in the category of filtered D-modules

.—Ph—...—-P1—>Pp—M—0

by filtered free D-modules, such that the complex GrP. is a left resolution of Gr M and

—>Ci:r:§ E% J:%—>GrM

. — Ln Li —— Lo —— GrM

is a commutative diagram. By 3.1 this implies that F P; are good filtrations of P; for any
i€ Z+.

Let N be a finitely generated D-module with good filtration FN. Then we can consider
the complex K* = Homp (P., N). Clearly,

HI(K) = Extl, (M, N)
for any j € Z.. Moreover, by 1. and 2, KJ, j € Z, have natural exhaustive filtrations
compatible with the diCerentials in the complex and such that F, KJ = 0 for su Lciehtly
negative p € Z. The corresponding graded complex Gr K* = GrHomp (P., N) is isomorphic
to the complex Homg,p (GrP.,GrN) = Homg,p (L., GrN) by 4. Therefore,
HI(GrK') = Ext,, 5 (GrM, GrN)

forany j € Z,.
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7.8. Theorem. hd(D) < hd(Gr D).

Proof. We can assume that the homological dimension of GrD is finite. Let M and
N be two finitely generated D-modules equipped with good filtrations FM and FN. By
the preceding discussion, Ext,(M, N) = HJ(K") and Ext}, 5 (GrM, GrN) = H}(GrK").
Therefore, HI (GrK') = 0 for j > hd(Gr D). Hence, if we put n = hd(Gr D), we have the
exact sequence
GrK" — GrK"™! - Grk"? — ..

Using 6. (for D = k), we conclude that
KN — K™, k"+2

is exact. Therefore, ExtjD(M, N) = 0 for j > n, and the assertion follows from 3.4 and
58. —

Assume now that N = D equipped with the natural filtration. Then we can de-
fine a structure of a right D-module on Homp(M, D) by (¢T)(m) = e(m)T, for ¢ €
Homp(M,D), T € D and m € M. Clearly Homp(—,D) is a contravariant functor
from the category of left D-modules into the category of right D-modules. If M is a
finitely generated left D-module, we have an exact sequence DP — M — 0 of left D-
modules. By applying the contravariant functor Homp(—, D) we get the exact sequence
0 — Homp(M, D) — Homp(DP, D). Since

Homp (DP, D) = Homp (D, D)P = DP

as a right D-module, we conclude that Homp (M, D) is a finitely generated right D-module.
Let FM be a D-module filtration on M. Then for any ¢ € F,Homp(M, D) and T € Dy
we have

((pT)(Fm M) = (p(Fm M)T C Dm+pT C Dm+p+q

and @T € Fp+q Homp (M, D). Therefore, F Homp (M, D) is a D-module filtration.

7.9. Lemma. Let M be a finitely generated left D-module with a good filtration F M.
Then the filtration F Homp (M, D) on the right D-module Homp (M, D) is also good.

Proof. By 1. and 2. we know that the D-module filtration on Homp (M, D) is haus-
dor [dnd exhaustive. From the preceding discussion, we have the natural inclusion of
GrHomp (M, D) into Homg,p (Gr M, Gr D) which is a morphism of Gr D-modules. Since
GrM is a finitely generated Gr D-module, Homg,p(Gr M, GrD) is a finitely generated
Gr D-module. Moreover, since Gr D is a notherian ring, this implies that the Gr D-module
GrHomp (M, D) is finitely generated. Finally, 3.1 implies now that FHomp(M, D) is a
good filtration.

Therefore, if we apply this to our previous discussion, and denote now by K- the fil-
tered complex Homp (P., D), we see that K' is a complex consisting of filtered right D-
modules equipped with good filtrations. Its cohomology modules HI(K") = Ext},(M, D),
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J € Z,, are filtered right D-modules and the induced filtrations are good by 3.7. The
corresponding graded complex is Gr K* = Homg,p (L., Gr D) and its cohomology modules
are HI(GrK") = Extl, 5(GrM,GrD) for j € Z,. To get a more precise relationship
between these modules we shall study the corresponding spectral sequence.

We start with the following result.

7.10. Lemma. Letf : M — N be a morphism of filtered D-modules with good filtrations
FM and FN. Let
ZP ={xeFyM|f(X) € Fp—r N}

and
BP:{XerN |X:f(y), yEFp+rM}

Then there exists rg such that for r > ro we have

forall pe Z, and
B =imfnF,N

for all p € Z.

Proof. The submodule imf of N has two good filtrations FN Nnim f and f(FM). By
3.6 we know that there exists k € Z, such that

FoNNimf C f(Fprk M)
for any p € Z. Therefore, if r > Kk,
BP = Fo N N F(Fper M) D FyN NimT D Fy N N F(Fpar M);
i.e, BP =Fy,Nnimf. Also, if r > k+1, for any p € Z we have
Fo—r NNimf C f(Fpsk—r M) C F(Fp—1 M);
hence for x € ZP we have
f(X) € Fp—r NNimf C f(Fp—1 M)

and we can findy € Fy—1 M such that f(x) = f(y). Therefore, x+Fp—1 M = X-y+Fy_1 M
and x —y € kerf N Fp, M. This implies that

The inclusion ker f N Fp, M C ZP is clear from the definition.
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Let K' be a filtered complex. Then we define
ZP% = {x € Fy KP*9 | dx € Fp_, KPHI+1Y,

Clearly they satisfy

FoKPHO=2Z05ZM > ... oZM > ... > ZPYK)NF, KPH,
Moreover, if we put

BP = {y € F, KP™¥ |y = dX, X € Fpr KPT971} = gzp*r a1
we see that

BPFYU(F, K)=B{'cBYc...cBPMcC...c BPYK)NFp, KP4,
The E-term in the spectral sequence for the filtered complex K" is defined as
EPY = (ZP9 + Fp—1 KP*9)/(BPY | + Fp—1 KP™9),

and the dilerential d, : EPY — EP~" 9*"*+1 js induced by the dilerkntial d of K. In
particular the E;-term is equal to

EPY = HP*I(Gr, K')

for any p,q € Z. (To establish the connection of this formula for EPY with the one in
[Godement] we remark that from the definition of ZP9 it follows that

ZP N Fp_y KPHa = zP~ha*l

Hence,
ZP N (BPY, + Fpg KP*9) = BP9, + zP~1 o+t
and we have
EPY = ZPi/(BPY, +ZP1 O,

which establishes the connection.) _

Assume that K" is a filtered complex of D-modules, such that the filtrations FKJ on
KJ, j € Z, are good. Then &p+q=jEPY, j € Z, are Gr D-modules and dy : Sp+q= EP* —
@p+q=j+1EPY are morphisms of Gr D-modules. Since the filtrations on KJ, j € Z, are

good, GrK" is a complex of finitely generated Gr D-modules by 3.1. This implies, by

induction in r, that ®p+q=;EP9, j € Z, are finitely generated Gr D-modules. Moreover,
L1
EXS

p+q=j
= (ZPTHK) NFp KPP + Fp_y KPF9)/(BPHI(K) N Fp KPHY + Fp_y KPT9)
p+a=j
= (ZPTUK) NFp KPTN/(BPTIK) N Fp KPH9 + ZPHI(K") N Fp—g KPHY)
p+q=j
is the graded Gr D-module corresponding to the filtered module HJ (K") with the induced
filtration. This filtration is good by 3.7.
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7.11. Lemma. Let K’ be a filtered complex of D-modules, such that the filtrations
FKJ on KJ, j € Z, are good. Then the spectral sequence of filtered complex with E;-term
EPY = HP*9(Gr, K*) converges to HP*I(K").

Proof. By 10, we know that for p, q € Z, we can find ro(p-+q) such that for r > ro(p+q)
we have
ZP + Fpg KPP0 = (kerd N Fp KP*9) + Fp_g KPH9 = ZPHA(K') + Fp_y KP™
and
BP, =imdn Fp KP™ = BPYY(K") N F, KP*A.

This implies that

EPY = (ZPHI(K') N Fp KP*9 + Fpoy KP9)/(BPHI(K') N Fp KPH9 + Fp_y KP*9)
= Grp, HPI(K"),

i.e., our spectral sequence converges.

If we apply this to the complex K = Homp(P., D) we see that the spectral sequence
of this filtered complex has the E;-term equal to Gry Ext'[(’;%, (GrM, GrD) and converges
to Ext} (M, D).

8. Rings of dilerential operators with polynomial coe [ciehts
Let k be a field of characteristic zero. Let A be a commutative algebra over k. A
k-derivation of A is a k-endomorphism T of A such that

T(ab) = T(a)b + aT (b)

for any a,b € A. In particular, [T,alb =T (ab) —aT (b) = T(a)b, i.e., [T,a] =T(a) € A for
any a € A. This implies that [[T, ag],a1] = 0 for any ap,a; € A.

This leads to the following definition. We say that a k-endomorphism T of A is a
(k-linear) di Cerential operator on A of order < n if

[...[[T,a0l,a@1],...,an] =0

for any ap, ai,...,an € A. We denote by Dil[(A) the space of all di[erential operators
on A.

8.1. Lemma. Let T,S be two dilerkntial operators of order < n, < m respectively.
Then T o S is a di Lerential operator of order < n + m.

Proof. We prove the statement by induction in n+m. Ifn=m =0, T,S €
Homa(A, A), hence T o S € Homa(A, A) and it is a di [Lerkntial operator of order 0.
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Assume now that n +m < p. Then
[ToS,a]=TSa—aTS=TJS,a]+[T,a]S,

and [T, a],[S, a] are di[erkntial operators of order < n —1 and < m — 1 respectively. By
the induction assumption, this dilerential operator is of order < n+ m — 1. Therefore
ToSisoforder <n+m.

Therefore Di[«(A) is an algebra over k. Also,
Fn DiGAA) = {T € DiG(A) | order(T) < n}

is an increasing exhaustive filtration of Di [.(A) by vector subspaces over k. This filtration
is compatible with the ring structure of Di[(A), i.e., it satisfies

Fn DiG(A) o Fy DILAA) C Frem Di(A)
forany nme Z,.

8.2. Lemma.
(i) Fp DiLgA) =0 for p < 0.
(i) FoDiLJAA) = A.

(iii) F1 DiL(A) = Derg(A) @ A.
(iv) [FnDiLAA), Fm DiA)] C Fham—1 Di(A) for any n,m € Z,..

Proof. (i) is evident.

(i) Clearly, Fo Di [ lA) = Homa (A, A). Hence the evaluation map T —— T (1) identifies
it with A.

(iii) As we remarked before, Dery(A) C Fy Dil(A). Also, for any T € Dery(A), we
have T(1) = T(1-1) = 2T (1), hence T (1) = 0. This implies that Der,(A) " A = 0. Let
SeF DiLOQA)and T =S —S(1). Then T(1) =0, hence T(a) =[T, a](1), and

T(ab) = [T,ab](1) = ([T, a]p)(1) + (&[T, b])(1) = (b[T, a])(1) + (a[T,b])(1) = T (a)b +aT (b),

i.e., T € Derg(A).

(iv) Let T,S be of order < n, < m respectively. We claim that [T,S] is of order
< n+m—1. We prove it by induction on n+m. If n = m = 0, there is nothing to prove.
In general

[[T.Sl.a] =T, a],S]+[T,[S,a]]
where [T, a] and [S, a] are of order < n—1 and < m—1 respectively. Hence, by the induction
assumption, [[T,S],a] isof order < n+m —2and [T,S]isof order <n+m—-1. —

This implies that the graded ring Gr Di [ {A) is a commutative A-algebra. In addition,
Di [ (A) satisfies properties (i)-(v) from 3.

Let T be a dilerential operator on A of order < n. Then we can define a map from A"
into Di [ (A) by

on(T)(@1, @2, ...,@n—1,8n) = [[...[[T,a] @2], ..., an-1], an].

Since 0n(T)(a1,ay,...,an—1,an) is of order < 0, we can consider this map as a map from
A" into A.
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8.3. Lemma. Let T be a diLerkential operator on A of order < n. Then:

() the map on(T) : A" — A is a symmetric k-multilinear map;
(i) the operator T is of order < n —1 if and only if o,(T) = 0.

Proof. (i) We have to check the symmetry property only. To show this, we observe
that

[[S, a],b] =[S, a]b — b[S, a] = Sab — aSh — bSa + baS = [S, bla — a[S, b] = [[S, b], a]

for any S € Dil[(A) and a,b € A. This implies that

on(T)(a1,az,...,ai, &j+1,...,an—1,an)
= [[ v [[ v [[T’ al]’ aZ]i L ai]’ ai+l] rrty an—l]a an]
= [[ v [[ v [[T’ al]’ aZ]i L ai+l]! ai] ety an—l]a an]

= 0-n(-l-)(a].) a2| Py ai+l| ai) ey an—l; an),

hence o(T) is symmetric.
(i) is obvious.

Now we want to discuss a special case. Let A = k[X1,X5,...,Xn]. Then we put
D(n) = Di[(A). Let 01,02, ...,0n be the standard derivations of k[X1, X5, ..., Xu]. For
1,J € Z we put

X! = XXz X

and o _
97 = ailagz .0,

Then X'07 € D(n) and it is a di [erkntial operator of order < [J| =ji +jo+ -+ + jn.

8.4. Lemma. The derivations (0;; 1 < i < n) form a basis of the free kK[X4,..., Xn]-
module Dery(k[X1, X2, ..., Xn]).

Pre‘?ifl Let T € Derk(k[X1,Xz2,...,Xp]). Put P; = T(X;) for 1 <i < n, and define
S = ;2,Pi0i. Clearly,

r 1
S(Xi) = Pjoi(X;) =Pi =T(Xi)
j=1

forall 1 <1 < n. Since Xq,Xs,..., X, generate k[Xq,X5,...,Xn] as a k-algebra it
follows that T = S. Therefore, (0j; 1 if'ﬁé n) generate the K[Xq, X, ..., Xn]-module
Derk(k[Xl,)&E-,Xn])- Assume that ;_, Q;0; = 0 for some Q; € k[X1,Xp,...,Xn].
Then 0 = ( i=1 Qj0;)(Xi) = Q; for all 1 <i < n. This implies that 9;, 1 <1 < n, are
free generators of Derg(k[X1, X2,..., Xn]).
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Let T be a di[erkntial operator of order < p on 2y, Xn]. Let (§1,&,...,&n) €
k™. Then we can define a linear polynomial ¢ = _; &X; € K[X1,Xz,...,Xn] and the
function Symb,(T) :

(ELEZ,...,En)Héop(T)( 6 £ 8)

on k" with values in K[X1,Xz,...,Xn]. Clearly, one can view Symb,(T) as a poly-
nomial in Xq, Xo,..., X, and &;,&,...,&, homogeneous of degree p in &;,&,...,¢&n.
It is called the p-symbol of the dilerkntial operator T. By its definition, Symb,(T)
vanishes for T of order < p. Therefore, it induces a k-linear map of Gr, D(n) into
k[X1, X2,...,Xn,&1,82,...,&n]. We denote by Symb the corresponding k-linear map of
Gr D(n) into k[Xl, XZ, cey Xn, El, Ez, . En]

8.5. Theorem. The map Symb : GrD(n) — K[X1,X52,..., Xn,&1,8&2,...,&n] IS @
k-algebra isomorphism.

The proof of this result consists of several steps. First we prove the symbol map is an
algebra morphism.

8.6. Lemma. Let T,S € D(n) of order < p and < q respectively. Then

Symby(TS) = Symb,(T) Symb(S).

Proof. Let & € k", and define the map 1z : D(n) — D(n) by t(T) = [T, ¢]. Then
Te(TS) =[TS, ] =TS ¢ — TS =T, e]S+TI[S, ¢] =1(T)S + T1(S).

Therefore, for any k € Z,., we have

w(TS) = i '(T) T(S).
This implies that
SYMDy.o(TS) = (3 si0psa(M & &0 ©) = (qu)!rgw(TS)
= ﬁT?(T) T¢ (S) = Symb,(T) Symby(S). ~

Since Symb,(X;) = X; and Symb,(9;) = &, 1 <1 < n, the symbol map is surjective. It
remains to show that the symbol map is injective.
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8.7. Lemma. Let T € FyD(n). Then Symb,(T) = 0 if and only if T is of order
<p-1

Proof. We prove the statement by induction in p. It is evident if p = 0.
Therefore we can assume that p > 0. Let ¢ € k", and define the map tz : D(n) — D(n)
by te(T) = [T, ¢]. Then, for any A € k and n € k", we have
Te+an(T) = [T, g+an] = [T, el + AT, ] = Te(T) + ATy (T).

Since T and t, commute we see that, for any k € Z,, we have

EonM = ¢ N ).
i=0
By our assumption, T§+M(T) = 0 for arbitrary A € k. Therefore, since k is infinite,
T;f’_i(rr‘](T)) =0 for 0 < i < p. In particular, we see that sz_l(rn(T)) = 0 for any
&, n € k. This implies that Symb,_, ([T, ,]) =0 for any n € k", in particular
Symb,_, ([T, Xi]) =0

for 1 < i < n, and by the induction assumption, [T, X;], 1 < i < n, are of order < p — 2.
Let P,Q € k[Xq,X5,...,Xp]. Then

[T.PQI=TPQ-PQT =[T,P]JQ+PIT,Q],

hence the order of [T,P Q] is less than or equal to the maximum of the orders of [T,P]
and [T, Q]. Since Xj, 1 < < n, generate k[Xy, X, ..., Xn] we conclude that the order of
[T,P]is < p— 2 for any polynomial P. This implies that the order of T is<p—1. —

This also ends the proof of 5. In particular, we see that D(n) satisfies properties (i)-(Vvii)
from 3. From 3.4 we immediately deduce the following result.

8.8. Corollary. The ring D(n) is right and left notherian.
8.9. Corollary. (X'97;1,J € Z7) is a basis of D(n) as a vector space over k.

Proof. If |J| = p, the p-symbol of X'd7 is equal to X'&’ and (X'&? ; 1,J € Z1)
form a basis of K[X1,...,Xn,&1,...,&n] as a vector space over k.

The following caracterization of D(n) is frequently useful.

8.10. Theorem. D(n) is the k-algebra generated by X, Xs,..., X, and 01,02, ...,0n
satisfying the defining relations [X;, X;] = 0, [0;,0;] = 0 and [0, X;] = &;; for all 1 <
Lj <n.

Proof. Let B be the k-algebra generated by X1, X5,..., X, and 01,0, ...,0, satis-
fying the defining relations [X;, X;] = 0, [0i,0;] = 0 and [0;, X;] = d;5 for all 1 <i,j <n.
Since these relations hold in D(n) and it is generated by X, X5,..., X, and 01,02, ...,0n
we conclude that there is a unique surjective morphism of B onto D(n) which maps gen-
erators into the corresponding generators. Clearly, B is spanned by (X'9”;1,J € Z0).
Therefore, by 9, this morphism is also injective.
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8.11. Proposition. The center of D(n) is equal to k - 1.

Proof. Let T be a central element of D(n). Then, [T,P] = 0 for any polynomial
P, and T is of order < 0. Therefore, by 2, T € K[X31, X2,...,Xn]. On the other hand,
0=1[0i, T] =0;(T) for 1 <i < n. This implies that T is a constant polynomial.

Let D(n)° be the opposite algebra of D(n). Then, by 10, there exists a unique iso-
morphism ¢ : D(n)°> — D(n) which is defined by ¢(X;) = X; and ¢(9;) = —o; for
1 <i < n. The morphism @ is called the principal antiautomorphism of D(n). This proves
the following result.

8.12. Proposition. The algebra D(n) is isomorphic to D(n).

Moreover, by 10, we can define an automorphism F of D(n) by F(X;) = 0; and F(0;) =
—Xj for 1 <i < n. This automorphism is called the Fourier automorphism of D(n). It
satisfies 72 = —1.

In contrast to the filtration by the order of dilerential operators, D(n) has another
filtration compatible with its ring structure which is not defined on more general rings of
di [erkntial operators. We put

1
Dp(n) ={ aaX'o? | [I|+[J]| <p}

for p € Z. Clearly, (Dp(n); p € Z) is an increasing exhaustive filtration of D(n) by
finite-dimensional vector spaces over k.

8.13. Lemma. For any p,q € Z we have
(i) Dp(n) o Dg(n) C Dp+q(N);
(i) [Dp(n), Dg(n)] C Dp+q—2(N).

Proof. By 9. and the definition of the filtration (Dy(n); p € Z), it is enough to check
that
[0', X1 € Dyij+jaj—2(n).

We prove this statement by an induction in [I]. If [I| = 1, we have d' = 0; for some

1 <i<nand[9;,X?] = 8;i(X?) € Dj3j—1(n). If [1]| > 1, we can write ' = d' 0; for some
I Z7 and 1 <i < n. This leads to

[0',X71=19"0;,X’1=9" 0;X> — X79" 0
=0"[0i, X 1+ [0", X710i = [0" ,[0i, X711 + [33, X 710" + (9", X"]a;,

hence, by the induction assumption, [9', X”] € Diij+3j—2(n).

This implies that (Dp(n); p € Z) is a filtration compatible with the ring structure on
D(n). In addition, the graded ring GrD(n) is a commutative k-algebra. If we define the
linear map Wy, from Dy(n) into K[X1, X5, ..., Xn,&1,&2,...,&n] by

1 1
qu( a|JX'aJ)= aIJxIEJ
[1+]3]=p [1+[31=p
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we see that it is a linear isomorphism of Grp, D(n) into the homogeneous polynomials of
degree p. Therefore, it extends to a linear isomorphism

W:GrD(n) — k[X1, Xz, ..., Xn, &, &, ..., &nl.

By 13. we see that this map is an isomorphism of k-algebras. Therefore, the ring D(n)
equipped with the filtration (Dp(n); p € Z) satisfies the properties (i)-(vii) from 3. The
filtration (Dp(n); p € Z) is called the Bernstein filtration of D(n).

Evidently, the principal antiautomorphism and the Fourier automorphism of D(n) pre-
serve the Bernstein filtration.

9. Modules over rings of di Lefential operators with polynomial coe Lciehts

In this section we study the category of modules over the rings D(n) of di [Lerkntial oper-
ators with polynomial coe [ciehts. Denote by M-(D(n)), resp. MR(D(n)) the categories
of left, resp. right, D(n)-modules. The principal antiautomorphism @ of D(n) defines then
an exact functor from the category MR(D(n)) into the category M-(D(n)) which maps
the module M into its transpose M, which is equal to M as additive group and the action
of D(n) is given by the map (T, m) — @(T)m for T € D(n) and m € M. An analogous
functor is defined from MY%(D(n)) into MR(D(n)). Clearly these functors are mutually
inverse equivalencies of categories. If we denote by Mg (D(n)) and Mg, (D(n)) the cor-
responding categories of finitely generated modules, we see that these functors also induce
their equivalence. Therefore in the following we can restrict ourselves to the discussion of
left modules and drop the superscript L from our notation (except in the cases when we
want to stress that we deal with right modules).

First we consider D(n) as a ring equipped with the Bernstein filtration. Since in this
case Do(n) = k we can define the dimension of modules from M'f-g(D(n)) and M?Q (D(n))
using the additive function dimy on the category of finite-dimensional vector spaces over k.
This dimension d(M) and the corresponding multiplicity e(M) of a module M are called
the Bernstein dimension and the Bernstein multiplicity respectively. Since the principal
antiautomorphism preserves the Bernstein filtration we see that d(M) = d(M?) for any
finitely generated D(n)-module M.

For any finitely generated D(n)-module M we have an exact sequence D(n)?P — M — 0,
hence d(M) < d(D(n)). In addition, from 8.5 we conclude the following result.

9.1. Lemma. For any finitely generated D(n)-module M we have d(M) < 2n.
The main result of the dimension theory of D(n) is the following statement.

9.2. Theorem. Let M be a finitely generated D(n)-module and M # 0. Then d(M) >
n.

Proof. Since M is a finitely generated D(n)-module, by 3.3, we can equip it with a
good filtration. Also, we can clearly assume that F,M =0 for n<0 and Fo M # 0.

For any p € Z+ we can consider the linear map Dy(n) — Homyk(F, M, F2; M) which
attaches to T € Dp(n) the linear map m — Tm. We claim that this map is injective. For



9. MODULES OVER RINGS OF DIFFERENTIAL OPERATORS 53

p <0 this is evident. Assume that it holds for p — 1 and that T € Dy(n) satisfies Tm =0
for all m € FoM. Then, forany v € Fp—1M and 1 < i < n we have Xjv € Fp M and
0iv € Fp M, hence

[Xi, T]V =XijTv—-TXjv=0

and
[ai, T]V = aiTV — TaiV =0

and [X;, T],[0;,T] € Dp—1(n) by 8.13. By the induction assumption this implies that
[Xi,T]=0and [0;,T]=0for 1 <i<n,and T is in the center of D(n). Since the center
of D(n) is equal to k by 8.11, we conclude that T = 0. Therefore,

dim (Dp(n)) < dim (Hom (Fp M, F2p M)) = dim (Fp M) - dimy (F2p M)

for any p € Z. On the other hand, for large p € Z. the left side is equal to a polynomial in
p of degree 2n with positive leading coe [cieht and the right side is equal to a polynomial in
p of degree 2d(M) with positive leading coe [cieht. This is possible only if d(M) > n.

We say that a finitely generated D(n)-module is holonomic if d(M) < n. In other words,
M is holonomic if and only if either M =0 or d(M) = n.

9.3. Remark. There exist nonzero holonomic D(n)-modules. For example, the ring
k[X1, X2,...,Xp] has a natural structure of a finitely generated D(n)-module, and its fil-
tration by degree of polynomials is a good filtration. It follows that d(k[X1, X2, ..., Xn]) =
n, and it is a holonomic D(n)-module.

Now we want to study some homological properties of the ring D(n). Since the graded
ring Gr D(n) with respect to the Bernstein filtration is equal to k[Xq,...,Xn,&1,...,&n]
we conclude from 5.13 and 7.8 that hd(D(n)) < hd(GrD(n)) = 2n. In particular, we see
that the homological dimension of D(n) is finite.

To get a more precise result we need to study the Bernstein dimension of finitely gen-
erated right D(n)-modules Ext‘D(n)(M, D(n)), 0 < j < 2n, for a finitely generated left
D(n)-module M. First, from 5.18 we know that if M # 0, there exists at least one j such
that Ext‘D(n)(M, D(n)) # 0. Therefore, we can define as usual

i(M) =min{j € Z, | ExtL,y(M,D(n)) # 0}.

The following result gives a homological interpretation of the Bernstein dimension.

9.4. Theorem. Let M be a finitely generated left D(n)-module. Then
(i) Extl,,y(M,D(n)) =0 for j <2n —d(M);
(ii) d(Exth,,,(M,D(n))) <2n—j for all 0 < j < 2n;

(iii) d(ExtZ <™ (M, D(n))) = d(M).
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In particular, if M # 0, Exté”(;;’(M)(M, D(n)) #0, i.e.,

d(M) +j(M) = 2n.

Proof. To prove this we use the fact that Gr D(n) = k[X1, X2,...,Xn,&1,&2,...,¢&n]
and the results from the end of 7. There we constructed, for a finitely generated left D(n)-
module M with a good filtration F M, a spectral sequence with E;-term given by EX =
Grp Ext?;:‘é)(n)(GrM, Gr D(n)) which converges to Ext'&ﬂ)(M, D(n)). More precisely, if
we equip ExtjD(n)(M, D(n)) with good filtrations induced by the good filtrations on the
modules in the complex K-, we have ERI = Gr, Ext'[[’;;ﬂ)(M, D(n)). By 6.3.(i) we know
that ExtjGrD(n)(GrM,GrD(n)) =0 for j < 2n—d(GrM) = 2n — d(M). Therefore,
EP =0forp+q<2n-—d(M)and ERS =0 for p+q < 2n —d(M). This implies (i).

Since @®p+q=j EPY are finitely generated Gr D(n)-modules, and ®p+q=j EFS, is a quotient
of a submodule of @p+q=jEPY, by 3.8 we conclude that d(©p+q=jEFS1) < d(Bp+q=j EPY)
for any r € Z, and j € Z. This implies in particular that

d(Ext{;rD(n) (GrM, GrD(n))) = d(Bp+q=j E}") > d(Bp+q=; ERI)
= d(GrExt}, (M, D(n))) = d(Ext}, . (M, D(n)))

for any j € Z,. Therefore, by 6.3.(ii), we see that (ii) holds.

Moreover, the dilerentials d, induce morphisms dy : ©p+g=j EPY — @p+q=j+1EP? of
GrD-modules for any j € Z. If j = 2n — d(M), the diletkntial dy : ®p+rg=j—1EPI —
®p+q=j EFY is always zero since, by the preceding discussion, ©p+q=j—1EF? = 0 for all
r € N. Therefore, EPY, c EPY for any p+q =j and r € N. On the other hand, we also
remarked that d(@p+q=j+1EP9) < 2n —j — 1 for any r € N. Since, by 6.3.(iii),

d(®p+q= E}Y) = d(Ext{;rD(n)(GrM, GrD(n))) =d(GrM) =d(M) =2n — j,
we see by induction in r that d(®p+q=jEPY) = 2n —j for any r € N. This implies that
d(Ext’D(n)(M, D(n))) = 2n — j =d(M) and proves (iii).

9.5. Corollary. Let M be a finitely generated left D(n)-module. Then
(i) Extl,,,(M,D(n)) =0 for j >n.
(i) Extg(n)(M, D(n)) is a holonomic module.

Proof. (i) By 4. we know that d(ExtjD(n)(M, D(n))) <2n—j <nfor j > n. On the
other hand, 2. then implies that ExtjD(n)(M, D(n)) =0 for j >n.
(i) By 4, d(Extp,,(M,D(n))) <2n—n=n. ~
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9.6. Corollary. Let M # 0 be a finitely generated left D(n)-module. Then the
following conditions are equivalent:

(i) M is holonomic;
(i) Ext’D(n)(M, D(n)) =0 for j # n.

Proof. The condition (ii) is, by 5, equivalent to j(M) = n. The statement follows
immediately from 4.
9.7. Theorem. hd(D(n)) =n.

Proof. From 5. and 5.15 we conclude that hd(D(n)) < n. In addition, from 3. we
know that there exists a nonzero holonomic left D(n)-module M, for which by 6. we have
Extg(n)(M, D(n)) #0. —

The next result will be useful later. It shows that equivalencies of categories preserve
the dimension function on Mg¢q(D(N)).

9.8. Proposition. Let W : Mgg(D(n)) — Mgg(D(n)) be an equivalence of additive
categories. Then d(W(M)) =d(M) for any M € Mg¢q(D(N)).

Proof. If W is an equivalence of categories, M # 0 is equivalent to ¥(M) # 0.
Therefore, we can consider j(M) and j(¥(M)), and by 4.(iii) it is enough to show that

i(M) = j(¥(M)).

First we claim that the projective objects in M¢g4(D(n)) are exactly the finitely gener-
ated projective D(n)-modules. Clearly, any finitely generated projective D(n)-module is a
projective object in Mgg(D(n)). On the other hand, a projective object in Mgg(D(n)) is
a direct summand of a free D(n)-module of finite rank, hence is a projective D(n)-module.

Therefore, for any M € Mgg(D(N)),

i(M) = min{j € Z+ | Extl,,,(M, D(n)) # 0}
=min{j € Z4 | ExtjD(n)(M, F) # 0, F free D(n)-module of finite rank}
=min{j € Z4 | ExtjD(n)(M, P) # 0, P finitely generated projective D(n)-module}.

Let P. be a left resolution of M by finitely generated projective D(n)-modules. Then,
since W preserves projective objects in Mgg(D(n)), W(P.) is a left resolution of Y(M) by
finitely generated projective D(n)-modules. This implies that for any D(n)-module N,

ExtjD(n)(lP(M), W(N)) = HI (Homp gy (W(P.), ¥(N)))
= HJ (Hompny (P., N)) = Extl, ., (M, N)
for any j € Z.. In particular,

J(M) =min{j € Z4| ExtjD(n)(M, P) # 0, P finitely generated projective D(n)-module}
=min{j € Z4| Ext‘D(n)(W(M), W(P)) # 0, P finitely generated projective D(n)-module}
> min{j € Z4+| Ext‘D(n)(LIJ(M), Q) # 0, Q finitely generated projective D(n)-module}

=J(¥(M)).
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Since W is an equivalence of categories, we analogously conclude that j(M) < j(WY(M)).
Now we want to prove some basic properties of holonomic modules.

9.9. Theorem.

(1) Holonomic modules are of finite length.
(i) Submodules, quotient modules and extensions of holonomic modules are holonomic.

Proof. (ii) follows immediately from 3.8.

(i) Let M be a holonomic D(n)-module di [Lerent from zero. Then, by definition, d(M) =
n and e(M) € N. Since M is finitely generated and D(n) is a ndtherian ring, there exists a
maximal D(n)-submodule M “of M di [erknt from M. Therefore we have an exact sequence

0—->M"->M — M/M = 0.

By (ii) M Mand M/M are holonomic and M/M Yis an irreducible D(n)-module. If MY 0,
we conclude from 3.8 that e(MY < e(M). Therefore, by induction in e(M), it follows that
M has finite length.

Therefore, if we denote by Mg (D(n)), resp. Hol(D(n)), the full subcategories of
Migg(D(n)) consisting of D(n)-modules of finite length, resp. holonomic D(n)-modules,
we see that Hol(D(n)) is a full subcategory of Mg (D(n)). One can show that Hol(D(n))
is strictly smaller than Mg (D(n)) for n > 1.

From 6. and the long exact sequence of Extp,y(—, D(n)) we see that the map M —
M &= Extg(n)(M, D(n)) is an exact contravariant functor from the category Hol-(D(n))
into the category HolR(D(n)). By abuse of notation denote by the same symbol the
analogous functor from HolR(D(n)) into Hol-(D(n)). Therefore, M — M s an exact
covariant functor from Hol-(D(n)) into itself.

9.10. Theorem. The functor M — M "Ts isomorphic to the identity functor on
Hol-(D(n)).

Proof. If F is a free left D(n)-module of finite rank, Homp ¢y (F, D(n)) is a free right
D(n)-module of finite rank. Moreover, since any finitely generated projective left D(n)-
module P is a direct summand of a free left D(n)-module of finite rank, Homp ) (P, D(n))
is a finitely generated projective right D(n)-module.

For any left D(n)-module M we have the natural morphism

Dm - M — Homp ) (Homp iy (M, D(n)), D(n))

defined by Dm(m)(@) = @(m) for ¢ € Hompny(M, D(n)), m € M. Clearly, it induces
an isomorphism for any free D(n)-module F of finite rank. Using again the fact that any
finitely generated projective D(n)-module P is a direct summand of a free D(n)-module of
finite rank, we see that Dp : P — Homp ) (Hompny (P, D(N)), D(N)) is an isomorphism.
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Let M be a finitely generated D(n)-module. By 7. there exists a left resolution P. of
length n of M by finitely generated projective left D(n)-modules. Therefore, the complex
C' = Hompy(P., D(n)) satisfies the following properties:

(1) CJ: are finitely generated projective right D(n)-modules,
(i) ¢ =0forj<Oandj=>n,
(iii) HI(C) = Ext’D(n)(M, D(n)) forany 0 <j <n.

By 6. we know that HI(C') = 0 for j # n and H"(C') = ExtB(n)(M, D(n)). Therefore,
C' is a left resolution of M “3hifted to the right by n. Applying the same argument again,
we see that the complex D° = Homp ) (C', D(n)) is a left resolution of M THOn the other
hand, D induces an isomorphism of this complex with P.. Hence, M™& M. ~

Finally, if M is a D(n)-module, we can define its Fourier transform F(M) as the module
which is equal to M as additive group and the action of D(n) is given by the map (T, m) —
F(T)m for T € D(n) and m € M. Clearly the Fourier transform is an autoequivalence
of the category M(D(n)). It also induces an autoequivalence of the category Mgg(D(n)).
From the fact that the Fourier automorphism F preserves the Bernstein filtration (or from
3.9) we conclude the following result.

9.11. Lemma. Let M be a finitely generated D(n)-module. Then d(F(M)) = d(M).

In particular, Fourier transform preserves holonomic modules.

10. Characteristic variety

Now we want to study properties of D(n)-modules in more geometric terms. In particu-
lar, we want to consider the filtration F D(n) of D(n) by the degree of di [erkntial operators
instead of the Bernstein filtration, since the first one makes sense for rings of di [erkntial
operators on smooth a [nelvarieties.

First, since any D(n)-module M can be viewed as a k[Xq, X, ..., Xn]-module, we can
consider its support supp(M) c k".

10.1. Proposition. Let M be a finitely generated D(n)-module. Then supp(M) is a
closed subvariety of k™.

Proof. Fix a good filtration FM on M. Then, for x € k", My = 0 is equivalent
to (FpM)yx = 0 for all p € Z. Therefore, by the exactness of localization, it is equiva-
lent to (GrM)yx = 0. Let I, be the annihilator of the k[X1, Xz, ..., Xx]-module Grp, M,
p € Z. Since Grp M are finitely generated k[X1, X3,..., Xn]-modules, by 4.2 their sup-
ports supp(Grp M) are equal to V (lI,). This implies that supp(M) = UprzY (Ip). Let
my, My, ..., Mg be a set of homogeneous generators of Gr D(n)-module GrM. Then the
annihilator I of my, my,...,mg in K[Xq, X5, ..., X,] annihilates whole Gr M. Therefore,
there is a finite subset S of Z such that Nprslp = 1 C I for all g € Z. This implies that
UprsY (Ip) =V (1) DV (lg) for all g € Z, and supp(M) =V (I). —

Let D be a filtered ring with a filtration F D satisfying the properties (i)-(vii) from the
beginning of 3. Let M be a finitely generated D-module and FM a good filtration of M.
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Then GrM is a graded Gr D-module. Let | be the annihilator of GrM in GrD. This is
clearly a graded ideal in Gr D. Hence, its radical r(l) is also a graded ideal. In general, |
depends on the choice of the good filtration on M, but we also have the following result.

10.2. Lemma. Let M be a finitely generated D-module and FM and F-M two good
filtrations on M. Let I, resp. 1"be the annihilators of the corresponding graded Gr D-
modules GrM and Gr-M. Then r(1) = r(19.

Proof. Let T € r(I) N Grp, D. Then there exists s € Z, such that T® € I. If we take
Y e FpDsuchthatY +F,—1D =T, weget Y F;M C Fg+sp—1 M for all g € Z. Hence,
by induction we get
Y™ FqM C Fgemsp—m M

for all m € N and q € Z. On the other hand, by 3.6, we know that FM and F-M are
equivalent. Hence there exists | € Z, such that Fq M C FqDH M C Fg+21M for all q € Z.
This leads to

YMSEIM C Y™ FyM C Fgatemsp-m M C Fgioemsp—m M

for all g € Z and m € N. If we take m > 21, it follows that Y ™S F¢'M C Filnep—1 M for
any q € Z, i. e. T™S ¢ I Therefore, T € r(1Y and we have r(1) c r(15. Since the roles
of I and 15are symmetric we conclude that r(1) =r(15. ~

Therefore the radical of the annihilator of Gr M is independent of the choice of a good
filtration on Gr M. We call it the characteristic ideal of M and denote by J(M).

Now we can apply this construction to D(n). Since GrD(n) = k[X4q,...,Xn,&1,...,&nl
by 8.5, we can define the closed algebraic set

Ch(M) =V (J(M)) c k?"

which we call the characteristic variety of M.
Since J(M) is a homogeneous ideal in last n variables, we immediately conclude the
following result.

10.3. Lemma. The characteristic variety Ch(M) of a finitely generated D(n)-module
M has the following property: if (x,§) € Ch(M) then (x,A&) € Ch(M) for any A € k.

We say that Ch(M) is a conical variety.
10.4. Proposition. Let

0-M"-M —-MT-0
be an exact sequence of finitely generated D(n)-modules. Then

Ch(M) =Cch(MYuch(MY.
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Proof. Let FM be a good filtration on M. Then it induces a filtration FMYon MU
and FM ™on M™ By 3.7 we know that these filtrations are also good. Moreover, we have
the exact sequence

0 —GrM"— GrM — GrM™— 0

of finitely generated K[X4,...,Xn, &1, ..., &n]-modules, and their supports are, by 4.2, the
characteristic varieties of D(n)-modules M, M “and M @respectively. Therefore the asser-
tion follows from 4.1.

The fundamental result about characteristic varieties is the following theorem. It also
gives a geometric description of the Bernstein dimension.

10.5. Theorem. Let M be a finitely generated D(n)-module. Then

dim Ch(M) = d(M).

Proof. Clearly we can assume that M # 0. The proof of 9.4 applies, word by word, to
the situation where Bernstein filtration on D(n) is replaced with the filtration by the order
of di[erkntial operators and Bernstein dimension by the dimension of Gr M considered as
a module over Gr D(n). Hence, we see that

d(M) + j(M) = 2n = d(Gr M) + j(M).

Therefore, d(GrM) = d(M). On the other hand, by 4.2, dimCh(M) =d(GrM). —
In particular, by combining 9.2 and 5, we get the following result.

10.6. Theorem. Let M be a finitely generated D(n)-module, M # 0, and Ch(M) its
characteristic variety. Then dimCh(M) > n.

Let 1 : k" — k" be the map defined by m(x, &) = x for any x, & € k.
10.7. Proposition. Let M be a finitely generated D(n)-module. Then supp(M) =
m(Ch(M)).

Proof. Denote by m;, m,,..., mg a set of homogeneous generators of GrM. Then,
as in the proof of 1, the annihilator I of my, my,...,mg in K[Xy, Xo,..., X,] satisfies
supp(M) = V (I). On the other hand, if J is the annihilator of my,m,,..., mg in
k[X1, X2,...,Xn,&1,8&2,...,&n], it is a homogeneous ideal in &, &y, ..., &, Which satisfies
I = k[X1,Xz,...,Xp]NJ, and Ch(M) =V (J). This implies that x € V (1) = supp(M)
is equivalent with (x,0) € V(J) = Ch(M). Since Ch(M) is conical this implies the
assertion.

Let M be a finitely generated D(n)-module. Define the singular support of M as
sing supp(M) = {x € k" | (x,&) € Ch(M) for some & # 0}.

Then sing supp(M) C supp(M).
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10.8. Lemma. Let M be a finitely generated D(n)-module. Then sing supp(M) is a
closed subvariety of supp(M).

Proof. Let p: k" — {0} — P""1(k) be the natural projection. Then
1xp:k"x (k" ={0}) — k" x P"" (k)

projects Ch(M) — (k" x {0}) onto the closed subvariety of k" x P"~1(k) corresponding
to the ideal J(M) which is homogeneous in &1, &, ...,&,. Finally, the projection to the
first factor k" x P"~1(k) — k" maps it onto sing supp(M). Since P""1(k) is a complete
variety, the projection k" x P"~1(k) — k" is a closed map. Therefore, sing supp(M) is
closed.

10.9. Corollary. Let M be a holonomic D(n)-module. Then dimsing supp(M) <
n—1.

Proof. We can assume that M # 0. By 5. we see that J(M) defines an n-dimensional
subvariety of k2". Therefore, since J(M) is homogeneous in last n variables it defines an
(n — 1)-dimensional variety in k" x P"~1(k) and its projection into k" is at most (n — 1)-
dimensional.

11. Exterior tensor products

Let X =k™and Y = k™ in the following, and denote by Dx and Dy the corresponding
algebras of dilerential operators with polynomial coe [ciehts. Then we can consider the
algebra Dx — Dy which is equal to Dx ®x Dy as a vector space over k, and the multipli-
cation is defined by (T ® S)(TH® SY = TTH» SSor T, TPe Dx and S,S"e Dy. We
call Dx ~ Dy the exterior tensor product of Dx and Dy .

The following result is evident.

11.1. Lemma. Dx - Dy = Dxxy.

If M and N are Dx-, resp. Dy -modules, we can define Dx <y -module M — N which is
equal to M ®x N as a vector space over k, and the action of Dx = Dy = Dxxy IS given
by (T®S)(m®n)=Tm®Snforany T € Dx,Se Dy, meM and n € N.

11.2. Lemma. Let M be a finitely generated Dx-module and N a finitely generated
Dy -module. Then M 7 N is a finitely generated Dx <y -module.

Proof. Let ej,es,...,ep and fq, fp, ...,y be ggnerafors of M and N respe'ﬁl‘y.
Then for any m € M and n € N, we tl‘i*ﬁlﬁlz Tiej, Tijﬁl’ and n = S; t;j,
Sj € Dy. This implies that m® n = Tiei ® Sjfj = (Ti ® Sj)(ei ® fj), and
ei®f, 1<i<p, 1<j<q, generate M ~ N.

Our main goal in this section is to prove the following result.

11.3. Theorem. Let M be a finitely generated Dx-module and N a finitely generated
Dy -module. Then d(M — N) =d(M) + d(N).

This result has the following important consequence.
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11.4. Corollary. Let M be a holonomic Dx-module and N a holonomic Dy -module.
Then M 7 N is a holonomic Dx <y -module.

Let Dx and Dy be equipped with the Bernstein filtration. Let M and N be finitely
generated Dx -, resp. Dy -modules with good filtrations FM and F N respectively. Define
the product filtration on M — N by

L 1
Fj(M"N): FoM @k FqgN
p+9=j

for any j € Z. Clearly the product filtration on Dx — Dy = Dxxy agrees with the Bern-
stein filtration. Therefore, F(M ~— N) is an exhaustive hausdor [ Dx <y -module filtration.

Now we want to describe Gr(M " N). Let j € Z. If p+q = J we have a well-defined k-
linear map Fy M®@kFqN — Grp M@, Grq N with kernel Fp—1 M®@kFq N+F; M®kFq—1 N.
On the other hand,

L1 —
ptHqt=j, p=p, qEq

hence the natural linear surjection of ©pigq=j Fp M @k FqN — ®piq=j Grp M @k Grq N
factors through F;(M ~ N). The kernel of the linear map

is equal to the image of ®p+q=j(Fp—1 M @k FqN +Fp M ®k Fg—1 N) in Fj(M 7 N) which
is equal to Fj—1(M ™ N). This implies that Grjy(M — N) = @p+q=j Grp M @k Grg N for
any j € Z.

If we define analogously the algebra GrDx — Gr Dy with grading given by the total
degree, we see that GrDx = GrDy = GrDxxyv . In addition, GrM — Gr N becomes a
graded Gr Dx <y -module isomorphic to Gr(M ~— N) by the preceding discussion. Since
the filtrations FM and FN are good, GrM and GrN are finitely generated Gr Dx-,
resp. Gr Dy -modules by 3.1. By an analogue of 2, Gr(M ~ N) is a finitely generated
Gr Dx <y -module. This implies that the product filtration is a good filtration on M — N.

Let

1
P(M,t) = dimg(Grp M) tP
p [Z]
and
1
P(N,t) = dimk(Grg N) td

q[Z1]
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be the Poincaré series of Gr M and GrN. Then
C 1T 1T 1
P(M,t)P(N,t) = dimy (Grp M) dimy(Gry N)tP*a

S —
I | 1
= [T dim(GryM) dimc(GryN) Cdl
i ?"'ﬂzj I |
I | 1
= [T dim(GryM @y GrgN) el

JZO p+g=j
L 1 .
= dimkGrj(M"N)tJ:P(M"N,t)
jza

is the Poincaré series of M~ N. Therefore, the order of the pole at 1 of P(M 7 N, t) is the
sum of the orders of poles of P (M, t) and P (N, t). From 1.5, we see that this immediately
implies 3.

12. Inverse and direct images

Let X = k™ and Y = k™ and denote by X1, Xs,...,Xn and y1,Y>,...,Ym the canonical
coordinate functions on X and Y respectively. Let R(X) = K[X1, X2,...,Xn] and R(Y) =
Kly1,Y2,...,Ym] denote the rings of regular functions on X and Y respectively.

Let F : X — Y be a polynomial map, i.e.,

F(Xll X2) CO ,Xn) = (Fl(X1)X2) ey Xl’l)) F2(Xl| X2| . -,Xn)u ey Fm(X1,X2, ey Xn))

with F; € R(X). Then F defines a ring homomorphism @ : R(Y) — R(X) by ¢ (P) =
PoF for P € R(Y ). Therefore we can view R(X) as an R(Y )-module. Hence, we can define
functor F “from the category M(R(Y)) of R(Y )-modules into the category M(R(X)) of
R(>X)-modules given by the following formula

FHM) = R(X) ®rvy M

for any R(Y)-module M. Clearly F~ M(R(Y)) — M(R(X)) is a right exact functor.
We call it the inverse image functor.

Denote now by Dx and Dy the algebras of di Lerkntial operators with polynomial coe [=—1
cients on X and Y respectively. If M is a left Dy -module, we want to define a Dx -module
structure on the inverse image F "(M). (As we remarked at the beginning of 9, the trans-
position functor is an equivalence of the category of left modules with the category of right
modules, hence we can analogously treat right modules.) First we consider the bilinear
map

(P,V)»—>6—P®V+ P j®a_v,
6Xi j=1 6Xi ayj
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from R(X) x M into R(X) ®r(y)y M. Since

OP(QoF) vt TP On aF, 0
0X;i j=1 ayJ
L1
:Z_Z®Qv+jﬁ:®(g—§V+Q:—wV)
=Z_Z®Qv+j Pale®a(Qv)

for any Q € R(Y), this map factors through a linear endomorphism of F (M) which we
denote by a"—xi. By direct calculation we get

2 8 -
P =
x;’ axJ (Pev)=0
and ] ]

a—Xi,Xj Pov)= 6ij(P ®V),

hence, by 8.10, we see that F M) has a natural structure of a left Dx-module.
This structure can be described in another way. Let

Dx .y = FXDy) = R(X) ®r¢v) Dy .

Then, as we just described, Dx _y has the structure of a left Dx-module. But it also
has a structure of a right Dy -module given by the right multiplication on Dy . These two
actions clearly commute, hence Dx _ vy is a (left Dx, right Dy )-bimodule. Moreover, for
any Dy -module M we have

FXM) = R(X) ®ryy M = (R(X) ®r(vy) Dv) ®>y M =Dx_y ®p, M

and the action of Dx on F (M) is given by the action on the first factor in the last
expression. From this relation it is evident that the inverse image functor is a right exact
functor from MY(Dy) into MY~(Dx). Since hd(Dy) = m by 9.7, the left cohomological
dimension of F =s < m. Therefore, the left derived functors L'F =&f F Slgiven by

LIF M) = Tor?Y (Dx v, M)

for a left Dy -module M, vanish for j > m.
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12.1. Lemma. Let P be a projective left Dy -module. Then FXP) is a projective
R(X)-module.

Proof. Let P be a projective Dy -module. Then it is a direct summand of a free Dy -
module (Dy ). This implies that F 5P) is a direct summand of F {D{"). Since Dy is
a free R(Y )-module, F D) is a free R(X)-module.

12.2. Theorem. Let X =k", Y =kMandZ=kP,andF: X —-Y andG:Y — Z
polynomial maps. Then

(i) the the inverse image functor (GoF)™~from M-(D2) into M“(Dx) is isomorphic
to F-4GH]

(i) for any left Dz-module M there exist a spectral sequence with Ep-term ENY =
LPF HLIGM)) which converges to LP*9(G o F){M).

Proof. (i) We consider first the polynomial ring structures. In this case

(GoF)XM) = R(X) ®rzy M = R(X) ®rey) (R(Y) ®rz) M) = F(GXM))

for any Dz-module M.
On the other hand,

0 0
_ 0P T——aﬂ,
—a—xi®‘l®v)+.:1pa ay,‘l®v)
'I_‘—:g;l [ ééil
= a—P QV+ - ® —V
i=
op m%k s
= QV+ oF ® —V
OXj 1 ax. 6yJ 07y
= a_P ®V + P E k © F) ® V]
OXj k=1 OXi 0z

for any P € R(X) and v € M. Hence the Dx-actions agree.
(i) By 1, for any projective Dz-module P, the inverse image GXP) is F ~acyclic.
Therefore, the statement follows from the Grothendieck spectral sequence.

Now we consider an especially simple example. Let p be the projection of X xY to the
second factor. Then

ptM) =R(X x Y) @rry M = (R(X) TR(Y)) @rry M =R(X) ™M

as a module over R(X xY) = R(X)" R(Y). On the other hand, from the definition it

follows immediately that the actions a_ and % also agree, i.e., ptM) = R(X) ~

From 11.3 and 11.4 we immediately get the following result.
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12.3. Proposition. Letp: X xY — Y be the projection defined by p(x,y) =y for
xeX,yeY. Then,

(i) p™is an exact functor from M“(Dy) into M“(Dxxy );

(i) pHM) = R(X) ™ M for any left Dy -module M;
(iii) ptM) is a finitely generated Dx <y -module if M is a finitely generated
(iv) d(p"M)) = d(M) + n for any finitely generated left Dy -module M.

In particular, a finitely generated Dy -module M is holonomic if and only if p*(M) is
holonomic.

If we apply the transposition to the both actions on Dx _y we get the (left Dy, right
Dx)-bimodule Dy _x. This allows the definition of the left Dy -module

F+(M) =Dy _x ®p,, M

for any left Dx-module M. Clearly, F4 is a right exact functor from MY(Dx) into
MUY (Dy). We call it the direct image functor. Since hd(Dx) = n by 9.7, the left coho-
mological dimension of F. is < n. Therefore, the left derived functors L'F.. of F., given

by
LTIF.+ (M) = TorP*(Dy - x, M)

for a left Dx-module M, vanish for j > n.

12.4. Lemma. Let X =Kk", Y =kMand Z=kP,andF: X - Y andG:Y — Z
polynomial maps. Then

(i) Dx_.z =Dx_.y ®p, Dy _.z;
(i) Tory¥ (Dx_y,Dy_z)=0forj € N.

Proof. (i) By 2.(i) we have

Dx_z = (GoF)XDz) =FYGXDz)) =F XDy _2z) =Dx_v ®p, Dy _z.

(i) Let M be a left Dy -module and F. its left resolution by free Dy -modules. Since
Dy is a free R(Y )-module for left multiplication, we can also view it as a resolution by
free R(Y )-modules. This implies that

Torf " (R(X), M) = Hj(R(X) @ry) F.)
= Hj((R(X) ®r¢y) Dy) ®p, F.) = TO"jDY (Dx .y, M).

Since Dy .z is a free R(Y )-module, Tor} *")(R(X), Dy .z) = 0 for j € N, what implies
our assertion.

This implies, by transposition of actions, the following statements
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and
TOVjDY (Dz._v,Dy._x)=0
for j € N.
If P is a projective left Dx-module, P & Q = D§<') for some left Dx-module Q and
some 1. Therefore, F-(P) @& F.(Q) = F+(D$’) = (Dy _x)™. This implies the following
result.

12.5. Lemma. Let P be a projective left Dx-module. Then
TorP" (Dz._v,F+(P)) =0

for j € N.
12.6. Theorem. Let X = k", Y =kMandZ=kP,andF: X - Y andG:Y — Z
polynomial maps. Then

(i) the direct image functor (G o F)4 from MY(Dx) into M-(Dz) is isomorphic to
G+ oFy;

(ii) for any left Dx-module M there exist a spectral sequence with Ep-term ESY =
LPG4(L9F+(M)) which converges to LPT9(G o F)(M).

Proof. (i) For any left Dx-module M by 4.(i) we have

(GoF)+(M)=Dz_x ®x M =(Dz._vy ®p, Dy _x) ®px M
=Dz_v ®p, (Dy _x ®px M) =Dz_v ®p, F+(M) = G (F+(M)).

(i) By 5, for any projective Dx-module P, the direct image F.(P) is Gi-acyclic.
Therefore, the statement follows from the Grothendieck spectral sequence.

Now we consider a simple example. Let i be the canonical injection of X into X xY
given by i(x) = (X, 0) for any x € X. Then

Dx _xxy =i{Mxxy)=i(Dx ~Dy)=Dx ~Dy/((y1,¥2,---,Ym)Dy)

and
Dxxy .x = Dx ~ Dy/(Dy (Y1,Y2,.-.,Ym))-

This implies that
i+(M) =M 7 Dy /(Dy (Y1,Y2,---,Ym))
for any left Dx-module M.
12.7. Proposition. Leti: X — X x Y be the injection defined by i(x) = (x,0) for
x € X. Then,
(i) i+ is an exact functor from MY(Dx) into M“(Dxxy );
(i) ix(M)=M T Dy /(Dy (Y1,Y2,...,Ym)) for any left Dx-module M;
(iii) i+(M) is finitely generated Dx <y -module if M is a finitely generated Dx-module;
(iv) d(i+(M)) =d(M) + m for any finitely generated left Dx-module M.
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In particular, a finitely generated Dx-module M is holonomic if and only if i--(M) is
holonomic.

Proof. We already proved (ii), and it immediately implies (i). Clearly, the quotient
Dy /(Dy (Y1,Y2,-.-.,¥Ym)) is a finitely generated Dy -module, hence (iii) follows from 11.2.
To prove (iv) we first remark that by 11.3, we have

d(i+(M)) = d(M) +d(Dy /(Dy (Y1, Y2, - - -, Ym)))-

It remains to determine the dimension of N = Dy /(Dy (Y1,Y2,.-.,Ym))-

The Fourier transform F(N) of this module is equal to Dy /(Dy (01,02,...,0m)) =
R(Y). Since the Fourier transform preserves the dimension of modules by 9.1, we have
d(N)=d(R(Y))=m. —

13. Kashiwara’s theorem

Let X =k"andY = {x, =0} C X. WeputalsoZ = {xX; =X =--- =Xp—1 =0} = k.
Hence X =Y x Z. This also implies that Dx = Dy ~ Dz. Let M be a Dx-module and
put

Myi(M)={meM | xBm =0 for some p € N}.

13.1. Lemma. Let M be a Dx-module. Then:
(i) Tyj(M) is a Dx-submodule of M;
(i) supp(My;(M)) CY;
(iii) if N is a Dx-submodule of M with supp(N) C Y, then N C Iy j(M).

Proof. (i) Let m € I'yj(M). Then xim € Ny (M) and 0jm € yj(M) for 1 <i <n
and 1 < j <n. It remains to check that 0,m € I'y;(M). We have

x3*19,m = AL 0n]m + 90X im = —(j + 1)xdm + 0, m

for any j € N. Hence, if xJm = 0, we see that xJ*19,m = 0.

(i) If x £ Y, Xn € my and the localization Iy j(M)x = 0.

(iii) Assume that N is a Dx-submodule of M with supp(N) c Y. Let m € N and
denote by NPthe R(X)-submodule generated by m. Then supp(NY c Y. Since Nis
finitely generated, by 4.2, its support is equal to the variety determined by its annihilator
I in R(X). By Nullstelensatz we see that r(I) D (Xn). This implies that xJ, annihilates
N for some j € N, i.e.,, m € My;(M). —

Therefore 'y (M) is the largest Dx -submodule of M supported in Y .
The multiplication by X, defines an endomorphism of M as Dy -module. Let

Mg = ker X C r[y](M)

and
M, = coker X, = M/x M.

Denote by i the natural inclusion of Y into X.
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13.2. Lemma. Let M be a Dx-module. Then:
(i) Ui¥M) = Mj4q for j =0,-1;
(i) Ji¥M) =0 for j #0, —1.

Proof. By definition, LJi%(M) = TorE_’J?<(DY _x,M). On the other hand, we estab-
lished in the last section that

Dy .x =Dy 7 Dz/(Xn)Dz = Dx/(Xn)Dx.
Therefore, we have the exact sequence
0 — Dx 2% Dy — Dy _.x —0

where the map from Dyx into itself is by left multiplication by x,. This is a short exact
sequence of (left Dy, right Dx)-bimodules and the first two terms are free Dx-modules.
Therefore we constructed a resolution of the (left Dy, right Dx)-bimodule by free right
Dx-modules. This implies that Tor[_)j< (Dy _x,M) are the cohomology groups of the
complex

S 0=MXEM =-0—.... —

From the preceding argument we see that

. £ __1
Dx .y = Dx/Dx(xn) =Dy ~ Dz/Dz(xn) =  0}Dy.
i=0
Clearly, we have a natural Dx-module morphism
i+(Mo) =Dx .y ®p, Mg — My j(M).

By 2. this is actually a morphism of the functor i+ o L™ti™nto [y ;.
The critical result of this section is the next lemma.

13.3. Lemma. The morphism i+ (Mo) — Iy(M) is an isomorphism of Dx-modules.

Proof. We first show that the morphism is surjective. We claim that
{meM | x2m =0} C Dx - Mg
for any p € N. This is evident for p = 1. If p> 1 and xEm = 0 we see that
0 = 9n(xBm) = xB(pM + Xnnm),
and by the induction hypothesis,
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Also, by the induction hypothesis, Xxnm € Dx - Mg. This implies that
(p — 1)m = pm + [Xp, On]JMm = pm + X,0,M — 0, XnM € Dx - Mg

and m € Dx - Mg. Hence the map is surjective.
Now we prove injectivity. By the preceding discussion

. 1
I+(Mg) = Dx .y ®p, Mg = 03 M.
Jj=0
Let (Mg, dnMmy, ... ,03mMg,0,...) be a nonzero element of this direct sum which maps into

0, i.e.,
Mo +0nmy +--- +03my =0,

with minimal possible q. Then

[ — 1 1 [ —
0=xn( 0mj)= [xn,04Imj =—  jo) 'm;
Jj=0 j=1 j=1

and we have a contradiction. Therefore, the kernel of the map is zero.
13.4. Corollary. Xalyj(M) =Ty (M).

Proof. By 3. any element of I'yj(M) has the form
the other hand,

i z3 @hmj with mj € Mo. On

I:_I i1 I:JI
X ——0 " m; = — oom;. —
I"I- J+1n ] ) n J
jrza jza

13.5. Corollary. Let M be a Dx-module. Then

(i) Tv1(M) is a finitely generated Dx -module if and only if Mo is a finitely generated
Dy -module;
(ii) d(Ty3(M)) = d(Mo) + 1.

In particular, Iy (M) is holonomic if and only if Mg is holonomic.

Proof. (i) From 3. and 12.7.(iii) we see that I';y;(M) is finitely generated if Mg is
finitely generated. Assume that I'ry (M) is a finitely generated Dx-module. Let N;, j € N,
be an increasing sequence of Dy -submodules of Mg. Then they generate Dx -submodules
1+(Nj) = ©5Zo0RNj of I'y1(M). Since My (M) is a finitely generated Dx-module, the
increasing sequence i+(Nj), J € N, stabilizes. Moreover, N;j is the kernel of X, in i+(N;j)
and the sequence Nj, j € N, must also stabilize. Therefore, Mg is finitely generated.

(i) Follows from 3. and 12.7.(iv). —
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13.6. Corollary. Let M be a holonomic Dx-module. Then My is a holonomic Dy -
module.

Proof. If M is holonomic, I'y(M) is also holonomic. Therefore, the assertion follows
from 5.

Let My (Dx) be the full subcategory of M(Dx) consisting of Dx-modules supported
in Y. Denote by Mgy (Dx) and Holy (Dx) the corresponding subcategories of finitely
generated, resp. holonomic, Dx-modules supported in Y. Then, by 1, we have M =
Myj(M) for any M in My (Dx). By 2. and 4. we see that iftM) = 0 for any M in
My (Dx), hence L™ti™s an exact functor from My (Dx) into M(Dy). On the other
hand, i, defines an exact functor in the opposite direction, and by 3. the composition
i+ o L7i™s isomorphic to the identity functor on My (Dx). Also it is evident that
L~1i%d i, is isomorphic to the identity functor on M(Dy).

This leads us to the following basic result due to Kashiwara.

13.7. Theorem. The direct image functor i, defines an equivalence of the cate-
gory M(Dy) (resp. M¢g(Dy ), Hol(Dy )) with the category My (Dx) (resp. Mg,y (Dx),
Holy (Dx)). Its inverse is the functor L=~

Proof. It remains to show only the statements in parentheses. They follow immedi-
ately from 5.
14. Preservation of holonomicity

In this section we prove that direct and inverse images preserve holonomic modules. We
start with a simple criterion for holonomicity.

14.1. Lemma. Let D(n) be equipped with the Bernstein filtration. Let M be a D(n)-
module and FM an exhaustive D(n)-module filtration on M. If

. C .
dimgFp M < o p" + (lower order terms in p)

for all p € Z4, M is a holonomic D(n)-module and its length is < c.
In particular, M is a finitely generated D(n)-module.

Proof. Let N be a finitely generated D(n)-submodule of M. Then FM induces an
exhaustive D(n)-module filtration on N. By 3.5 there exists a good filtration F-N of N
and s € Z. such that F’N C Fp.s N for any p € Z. It follows that

. . . c .
dim Fy'N < dimy Fpes N < dimy Fpes M < o p" + (lower order terms in p)

for p € Z,. Therefore, d(N) < n and N is holonomic. If N # 0, we have e(N) < c.
Clearly this implies that the length of N is < e(N) < c. It follows that any increasing
sequence of finitely generated D(n)-submodules of M stabilizes, and that M itself is finitely
generated.
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Let M be a D(n)-module and P € k[Xq, X5,...,Xp]. Then on the localization Mp of
M we can define k-linear maps di : Mp — Mp by
aim
pp+1 PP

m
0i(5) = —POi(P) 5prn
forany m € M and p € Z.. By direct calculation we can check that
m
[01,031(55) =

and m

m
[ai,Xj](ﬁ) = 5ijﬁ
forany 1 <1i,J <nandpe€ Z,. By 8.10 this defines a structure of D(n)-module on Mp.

14.2. Proposition. Let M be a holonomic D(n)-module and P € k[X1, Xz, ..., Xn].
Then Mp is a holonomic D(n)-module.

Proof. We can clearly assume that P # 0. Let FM be a good filtration on M such
that Fo, M =0 for p <0 and m = deg P. Define Fy Mp =0 for p <0 and
L % 1

for p e Z+. Clearly Fy Mp, p € Z, are vector subspaces of Mp.

Let w € FoMp, p > 0. Then w = 35 = 2% for some v € Fna1y)p M. Since
Pv € Fim+1)p+m M C Fm+1)p+1) M, we see that w € Fp41 Mp. This proves that the
filtration F Mp is increasing.

Letv e FgM. Then 55 = Pppl’s for any s € Z+. Also, P°v € Fgesm M for any s € Z..

Moreover, (m + 1)(p + s) (+sm)=s+(M+1p—-q>0fors>q— (m+ 1)p. Hence
PSv ¢ Fq+sm M C F(m+1)(p+s) M

and 55 € Fp+s Mp. Therefore, the filtration F Mp is exhaustive.
It remalns to show that it is a D(n)-module filtration. First, for v € Fin+1)p M,

XiPV € Fm+1)+1) M, hence xiz5 = 2EY € Fyy Mp. Also,

) D_ —poi(P)v + Paiv
PP PP+l

Oi

] [
and —pdi(P)v +P0oiv € Fin+1)p+1) M; hence 0; 55 € Fp+r1Mp.
Therefore, we constructed an exhaustive D(n)-module filtration on Mp. Since

((m + 1)p)"
n!

dimg Fp Mp < dimg Fimi1y)p M < e(M) + (lower order terms in p)

—_—

for p € Z+, Mp is holonomic by 1.
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14.3. Corollary. Let P € k[Xy1, Xo,...,Xn]. Then k[Xg,Xa,...,Xp]p is a holo-
nomic D(n)-module.

Now we put X = k" and Y = k™. Let F : X — Y be a polynomial map. We want
to study the behavior of holonomic modules under the action of inverse and direct image
functors. First we use the graph construction to reduce the problem to special maps. We

have the following diagram:

X F o xxy

H .=

XL Y

where (1 x F)(X) = (X,F (X)), for x € X, is an immersion, and prz(x,y) =y for x € X
andy €Y, is a projection.

By 12.3 we know that pri+s exact and maps holonomic modules into holonomic modules.
Also, since the spectral sequence from 12.2 collapses in this case, we see immediately that
LP(1 x F)54 pri—= LPF SHor any p € Z. This reduces the analysis to the case of the
immersion j =1 x F.

We first discuss the immersion i: X — X x Y given by i(x) = (x,0) for x € X.

14.4. Lemma. Let M be a Dxxy -module. Then L™Pi%M) =0 for p > dimY .
If M is a holonomic Dx xy -module, the Dx-modules LPi(M), p € Z, are holonomic.

We prove this statement by induction in dimY . If dimY =1, this corresponds to the
situation studied (with di Lerknt notation) in 13.2. If we denote by y; the natural coordinate
on Y, and consider the Dx-module morphism M Y M, we have i"tM) = cokery;
and L™1i%M) = kery; and all other derived inverse images vanish. Moreover, if M is

holonomic L~ti%(M) is holonomic by 13.6.
14.5. Lemma. Let M be a holonomic Dx =y -module. Then i*M) is holonomic.

Proof. Let M = M/Tx;(M), i.e., we have the short exact sequence
0 — Mx(M) =M — M — 0.
Since i™s right exact functor, this leads to the exact sequence

i'ﬂ'[x](M)) — Il%f\/l) — IW) — 0.

On the other hand, by 13.4, we see that i'%l‘[x](M)) = 0. Therefore, the natural map
iftM) — it(M) is an isomorphism.

Let M € Mx;(M) C M and denote by m € M the representative of m. Then yfm =0
for su [ciehtly large p € Z.. Therefore, y'm ¢ Mxj(M). This in turn implies that
yP*9m = y9(yPm) = 0 for su [ciehtly large q € Z+. Hence, m € I'x;(M) and m = 0. It
follows that Mx;(M) = 0. 3

If M is a holonomic Dx <y -module, M is a holonomic Dx <y -module.
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Therefore, we can assume from the beginning that Mx;(M) = 0. This means that the
multiplication by y; is injective on M, and M imbeds into its localization My, . Consider
the exact sequence

0—M—My,, %N —0.
1
Letn € N. Thenn =¢ 3% for some m € M and p € Z,. Therefore, y'n = @(m) =0

and n € Mxj(N). Hence, we have IMxj;(N) = N.

Since M is a holonomic Dx~y -module, from 2. we know that My, is a holonomic.
Hence, N is a holonomic Dx <y -module. By 13.7 this implies that N = i (L~ ti%N)) and
L~Li%N) is a holonomic Dx-module.

Applying the long exact sequence of inverse images of i to our short exact sequence, we

get
L= LN My,) — L7EEN) — i) — iTMy,) — i) — 0.

Since the multiplication by y; on My, is invertible, by 13.2 we see that

i%)ﬂ) = L_liI%MBM) =0.

Hence, it follows that i%(M) = L~1i"(N). By the preceding discussion we conclude that
i(M) is a holonomic Dx-module.

Now we can finish the proof of 4. Let Y "= {y,, =0} C Y. Denote by i X — X x YU
the morphism given by i'{x) = (x,0) and by i™'the natural inclusion of X x Y Yinto
X x Y. By induction assumption 4. holds for i“and i"™™ Hence, by 12.2, it holds for their
composition i = i™ i

Now we use 4. to prove the corresponding statement for j = 1 x F. Define the morphism
G: X xY — X xY by

G(X,y) = (X,y1 + F1(X),y2 + F2(X), ..., Ym + Fm(X))

forxe XandyeY. Then H: X xY — X x Y defined by

H(X,y) = (X,y1 — F1(X),y2 — F2(X), ..., Ym — Fm(X))

forx e X andy € Y, is the inverse of G, i.e., G is an isomorphism of X x Y onto itself.
This implies that G™s an equivalence of the category M(Dxxy) with itself. Also it
preserves finitely generated Dx <y -modules. By 9.8, G preserves the dimension of finitely
generated Dx <y -modules; in particular, it preserves holonomic modules.

Moreover, we have the following commutative diagram:

X —— X xY
H B

X —3d . xxy
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Therefore, by 12.2, we have

LPj M) = LP(G 0 i) (M) = LPiIYG"(M))
for any p € Z and Dxxy-module M. By 4, we conclude that LPj(M), p € Z, are

holonomic Dx-modules for any holonomic Dx <y -module M.
This finally ends the proof of the following result.

14.6. Theorem. LetF : X — Y be a polynomial map and M a holonomic Dy -module.
Then LPF M), p € Z, are holonomic Dx-modules.

Now we want to study analogous properties of the direct image functors. As in the
preceding argument, we conclude that G. is an equivalence of the category M(Dxxy )
with itself, and it preserves holonomic modules. Therefore, since the spectral sequence
from 12.6 collapses, we conclude that

LPj+(M) = LP(G 0 i)+ (M) = G+ (LPi+(M))
for any Dx-module M. By 12.7, i, is an exact functor from M(Dx) into M(Dxxy ) and
it maps holonomic modules into holonomic modules. Therefore, j+ = G4 o1+ Is an exact
functor from M(Dx) into M(Dxxy) and it maps holonomic modules into holonomic

modules.
Applying now the graph decomposition to F, we see from 12.6 that

LPF+(M) = LP(pr2)+(j+(M))

for any Dx-module M. Therefore, it remains to analyze the direct images of pr».
Consider first the case of dim X = 1. Then

Dxxy .y = R(X xY)®gr)Dy =R(X)™ Dy = Dx/Dx(01) ~ Dy.
Hence, Dy _xxy = Dx/(01)Dx ~— Dy. We have an exact sequence

P)
0 — Dxxy — Dxxy — Dy _x=xy —0

of (left Dy, right Dx <y )-bimodules, where the second arrow represents left multiplication
by 0;,. Clearly, this is a left resolution of Dy _xxy by free right Dx <y -modules, hence
the cohomology of the complex

.—>0—>|\/|£>|\/|—>0—>...

is Tor=>=" (Dy _ x=y, M) = L'(pr2)+(M) for any Dxxy -module M. By applying the
Fourier transform we get the complex

=0 —=FM) S FM) -0 — ...

which calculates F(L%(pr2)+(M)). Hence, by 9.11, 13.2, 13.6 and 14.5, we conclude that
LAprz)+(M) =0 for g # 0, —1, and L%prz)+(M) are holonomic Dy -modules.

Consider now the general case. Let X"= {x, = 0} c X, and denote by pr5’the canonical
projection of XPx Y onto Y. Also, denote by p the canonical projection of X onto X
Then pr, = pr5o (p x 1y ). Hence, by 12.7 and the induction assumption we conclude that
LP(pr2)+(M), p € Z, are holonomic Dy -modules for any holonomic Dx <y -module M.

This ends the proof of the following result.
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14.7. Theorem. Let F : X — Y be a polynomial map and M a holonomic Dx-module.
Then LPF. (M), p € Z, are holonomic Dy -modules.

14.8. Remark. The statements analogous to 6. and 7. for finitely generated modules
are false. For example, if we put X = {0}, Y = k and denote by i : X — Y the
natural inclusion, the inverse image i (Dy ) is an infinite-dimensional vector space over K.
Analogously, if p is the projection of Y into a point, p.(Dy) is an infinite-dimensional
vector space over k.

15. b-functions

Let k be an algebraically closed field and D the algebra of di[erkntial operators with
polynomial coe [ciehts on k. Let A be a free k[x, A]-module with basis (x**1; j € 2).
Denote by B its submodule generated by the elements x-x**J —x**J*1 and put M = A/B.
Clearly, we can view M as a free k[A]-module with basis (x*J;j € Z). On A we can define
a k[A]-linear map T by

T(PxM) = @P) XM + A +j)P . x L,
Now

T(P (X . X)\+j _ X)\+j+1)) — T(PX . X)\+j _P. X)\+j +1)
=9(Px) - XM + A+ j)Px - x ML 9P XA _ (N +j + 1)P - xM
= (@P)(x - XM MYy A+ )P (x - XM XMy e B,

so T induces a k[A]-linear map 0 on M given by
XM = (A +jxrL

Hence, it extends to M = K(A) ®@kap M where k(A) denotes the field of rational functions
in A. Clearly, M is a linear space with basis {x**1,j € Z} over the field k(\). Also

O00MT) = oM™ = A+ j + 1)xMT = xa xMT + M,

hence [0, x] = 1. This implies that M has a natural structure of a D-module. If we put
D(A) = k(A\) @k D, M becomes a D(A)-module. From the definition of the action of D(\)
it is evident that every x| j € Z, _generates M.

We can define a filtration (Fm M;m e Z) of M where Fr, M is the linear span of
XK, \k| < m. The filtration is evidently increasing and it is exhaustive. Finally,
meM C Fm+1M and aFmM C Fm+1M hence this is a D(A)-module filtration.
Clearly, dimgoy Fm M =2m + 1 for any m € Z.,.

Let K be the algebraic closure of k(A). Put Dk = K ®kx) D(A) and Mk = K @k M.
Also, put Fry Mk = K ®gy) Fm M for m € Z. This defines a Dk -module filtration of M.
Moreover, dimx Frn Mk = 2m+1 for all m € Z. By 14.1, M is a holonomic Dk -module.
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Let D(n) be the algebra of all dilerkntial operators with polynomial coe [ciehts on
k™. Denote by Dk (n) corresponding algebra of dilerkntial operators on K". Let f €
K[X1, Xz,...,Xn]. We can view f as a polynomial on K" with coe [ciehts in k.

We can view

1 _
fH M) = K[X1, Xz, ..., Xn] @k x] Mk = K @y K)[X1, Xz, . . ., Xn] @koypg M

asa K[Xy, Xa, ..., Xn]-module spanned by fA*J = 1@x**J for j € Z. If we denote by M,
the k(A)-linear space k(A)[X1, Xz, ..., Xn] OkN)[X] M, we have f I%'\/h() =K QKk(N) M(f).
First, we see that

f-f)""j =f ~(1®X)\+j) =f ®X)\+j — 1®X-X)\+j — 1®X)\+j+1 =f)\+j+1

for any j € Z.
Moreover, the short exact sequence

0—-B—-A—-M—0
by localization leads to the short exact sequence

0B —>A—>M—0
where B = k(A) ®py B and A = k(M) @yqap A s a free k(A)[X]-module. By tensoring this
short exact sequence with k(A)[X1, Xz, ..., Xn] we get the exact sequence

KO[X1, X2, - - -, Xn] @k B — KAYX1, Xz, -+ -, Xn] @koyix) A — My — 0.

Therefore, the module My is the quotient of the free K(A)[X1, Xa, ..., Xn]-module with
basis {fA*J; j € Z} by the submodule generated by the elements f - fA*) — fAHI*+L § c 7,
The Dk (n)-action on f M) is given by

i M = 9,1 xM) = 9if @ x™M = (A +j) (0if) L @XM~ = (A +j) (8;F) FAH L.

forany 1 <j <n.

Put D(A, n) = k(A) @k D(n). Then My is a D(A, n)-submodule of f(M).

Since f M) is holonomic Dk (n)-module by 14.6, it is also of finite length. This in
turn implies the following result.

15.1. Lemma. The D(A, n)-module M¢y is a module of finite length.
Now, denote by M, the D(A, n)-submodule of My generated by AP, Then

DMy D Mpsg D - -
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is an decreasing exhaustive filtration of My by D(A, n)-submodules. Since Msy is of
finite length, there exists po € Z such that My, = My for p < po.

Let n+ be the automorphisms of k(A) defined by n+(g)(A) = g(A+1) for g € k(A). They
extend to an automorphism of D(A, n) which we also denote by n.. On the other hand,

(P - ) = o (P) - £
defines k-linear endomorphisms of Msy. Also
T (0i(P - A1) = ne(@iP) - FAI* + (A +j + )(0iF)ne(PYFAI T
= 0ina(P) - P + (A + j £ 1)(0iF)ne(P) - FAI T = gyt (P - £2T);
hence, for any T € D(A, n) and m € My,
T+ (Tm) = Na(T) T (M).
Evidently, T— is the inverse of 1., and
(M) = T (DA, N)FA*P) = DA, n) T (FAP) = DA, n)FAPEL = My
for any p € Z. Hence, if My = My we have
Mp+1 = T+ (Mp) = T+(M¢r)) = M(p).

Therefore, by the induction in p, the above remark implies M, = M, for all p € Z.
In particular, there exists A(A) € D(A, n) such that

ANFMTL = 2,
This implies that there exists A[A] € k[A] ®« D(n) and b € k[A] such b # 0 and
ANFME = p(NFA

in M¢gy. The polynomial b is not unique, but all such polynomials form an ideal in K[A].
Since k[A] is a principal ideal domain, there exists a unique polynomial of lowest degree
with leading coe [cieht 1 with this property. This polynomial is called the Bernstein-Sato
polynomial. One can show that it has rational zeros.

We can generalize this construction in the following way. First we need to construct the
inner tensor product of two D-modules on X.

Let X = k" and M, N two Dx-modules. Then we can form the exterior tensor product
M T N, which is a D-module on X x X. If M and N are holonomic Dx-modules, M — N
is a holonomic Dxxx-module by 11.4. Let A : X — X x X be the diagonal map
A(X) = (X,Xx). Then we can consider the Dx-module

AT M 7 N) = R(X) @rxxxy (M ~N) = (M ~N)/I(M ~N),
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where we denoted by I the ideal of functions in R(X x X) which vanish on the diagonal
A(X) in X x X. This ideal is generated by functions X; ®1—1® Xj, 1 < i < n. Therefore,
AYM T N) is the quotient of M ~ N by the subspace spanned by the elements of the form
Xiuev—-u® Xjv,1<i<nandueM,veN. This implies that

Al%f\ﬂ “N)=M OR(X) N
as an R(X)-module. Moreover,
Jdi(U®RV) =0Jiu®V + U oV

for1 <i<n,ue M andv € N. Therefore, we defined a structure of a Dx-module on
M ®rx) N. We call this Dx-module the inner tensor product of M and N. By 14.6. we
conclude that the following result holds.

15.2. Proposition. Let M and N be two holonomic Dx-modules. Then M ®g(xy N
is a holonomic Dx-module.

Now we can apply this to the previous situation. Let V be a D(n)-module. We can
extend the field of scalars from k to K and define Vk = K®xV as a Dk (n)-module. Next,
we can construct the inner tensor product Vi ®rx.) M. Let V() be the k(A)-linear
subspace of Vi ®r(x,) Mk spanned by v @ A1, v € V and j € Z. Then V¢ is a
D(A, n)-module with the action given by

3i(ve M) =giv @ A + (A +j) (0;F) (v A

for je Zand v € V. Clearly, Vg OR(XK) Mk = K QKk(N) V(f).

If V is a holonomic D(n)-module, Vi is a holonomic Dk (n)-module. This implies, by 2,
that the inner tensor product Vk ®r(x,) Mk is a holonomic Dk (n)-module, and therefore
of finite length. Hence, we have the following generalization of 1.

15.3. Lemma. Let V be a holonomic D(n)-module. Then the D(A, n)-module Vs is a
module of finite length.

As before, denote by V, the D(A, n)-submodule of V(¢ generated by v ® AP veV.
Then we get an decreasing exhaustive filtration of D(A, n)-module V), and

D Vp D Vpar Dee

Since V(sy is of finite length, V, = V(¢ for su Lciehtly small p.
Define the k-linear endomorphisms w. of V(¢ by

0 (P (v ® A1) = ne(P)(v @ FAHI+)

forany v € V, P € k(A) ®« R(X) and j € Z. Then, as in the preceding argument, we
show that w- is the inverse of w4+, and w+(Vp) = Vo1 for any p € Z. This implies that
Vp = V¢ for any p € Z. Therefore, we conclude that the following result holds.

15.4. Lemma. Let V be a holonomic D(n)-module. Then for any j € Z we can find
vectors vi,Va,...,Vp € V such that the D(A, n)-module V(s is generated by the vectors
vi @ FA vy @ FATI L v @ FAHD
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16. Meromorphic continuation of some distributions

Let C5°(R™) be the space of smooth compactly supported complex-valued functions on
R" with the usual Schwartz topology. For any function f € L. _(R") the expression

loc
1]
() = . F(x) ¢(x) dx

defines a continuous linear form on C35°(R"), i.e., a distribution on R".

Let f be a continuous real-valued function on R". Then U, = {x € R"| f(x) > 0} is an
open set in R™. The function sup(f, 0) is a positive continuous function on R", therefore
the function x — sup(f(x)*,0), A € C, ReA > 0, is a continuous function on R™. This
implies that for any union U of connected components of Us. and for any A € C, ReA > 0,

1]
0 —  FOO MP(X)dx
U

defines a distribution on R™ which depends holomorphically on A.

In his address to the International Congress of Mathematicians in Amsterdam in 1954,
I.M. Gelfand posed the following problem:

If ¥ is a polynomial on R", does A — f? extend to a meromorphic function from C into
distributions on R"?

Assume that there exists a diLerential operator A[A] depending polynomially in A and
a polynomial b € C[A] on R" such that

ANFMT = b\ FA

for for Re A > 0. Assume that f» has a meromorphic extension to {A € C | ReA > —k}
for k € Z4 with the set of poles Sx. Then we have, on {\ € C| ReA > —k},

() = W%(A[A]fqua) - Wlmf“lmw $),

where A[A]“#enotes the formal adjoint of A[A]. Therefore, for Re A > —k the two mero-
morphic functions
A— 2

and L
A ANFA
— TN [A]
agree. On the other hand, the latter one is meromorphic on {A € C| ReA > —k —1}. This
implies that A — f* extends to a meromorphic distribution on {A € C| ReA > —k — 1}
with poles in the union of Sy — 1 and the set of zeros of b. By induction in k, one proves
the existence of a meromorphic continuation of f» to the whole complex plane with poles

in the set {a — k| a azeroof b, k € Z,}.
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It remains to show the existence of the dilerkntial operator A[A] and a polynomial b
with the required properties. We can view the space (C§>(R"))"of all distributions on R"
as a module for the algebra of all di [erential operators on R™ with polynomial coe [ciehts.
Therefore, the spaces of all holomorphic maps from {A € C | ReA > k}, k € N, into
(Cs°(R™M)are D(n)-modules. Hence, their direct limit H as k — oo is a D(n)-module.
Since any function in C(A) is holomorphic in the region {A € C | ReA > k} for k large
enough, the direct limit H is also a linear space over C(A). Hence we can view it as a
D(A, n)-module.

Clearly, the functions A — fA*J are in H for arbitrary j € Z, and they satisfy the
relations f - fA*) = fA*+1+1 gnd

0ifA = A+ j)@iH)FI

for any i,j € Z. This implies that the D(A, n)-submodule of H generated by elements
A, j € Z, is a quotient of the module My considered in 15. Hence, the existence of
A[A] and b follows from the results proved there, which completes the proof of the next
result.

16.1. Theorem. For any polynomial ¥ with real coe [Ciehts on R" the map A — 2
extends to a meromorphic function with values in the space of distributions on R". Its
poles are of the form a — k, where a is a zero of the Bernstein-Sato polynomial of £ and
keZ,.

16.2. Remark. By inspecting the proof of 1. one easily checks that A — f* is actually
a meromorphic function with values in the space of tempered distributions on R".

16.3. Corollary. Let f be a nonzero polynomial on R". Then there exists a tempered
distribution T on R" such that fT = 1.

Proof. Assume first that f(x) > 0 for all x € R". Since f is nonzero, the set of zeros
of ¥ has measure zero. Therefore, if we put

]
() = ) £ d(x) dx

R

for ReA > 0, by 2, f* extends to a meromorphic function with values in tempered distri-
butions.

First we claim that 2 is regular at 0 with value equal to 1. Clearly, for any ¢ € C§>(R™)
we have 1 1

lim  FOOWMO)dx = d(x)dx.
o0 Rn RN

Hence, the meromorphic function A — F2(¢) is regular at 0 for any ¢ € C§°(R"). Let

S |
A = SpA"

Nn=—oo
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be the Laurent expansion of A — f* at 0. Then,

NN =
() Sn(P)A™;

n=—oo

]
hence Sn(¢) = 0 vanish for n < 0 and So(¢) = . $(X) dx, for any ¢ € C5°(R™). This
implies that tempered distributions Sy, vanish for n <0, and Sg = 1.
Consider now the Laurent expansion

1
A = Ta(A+1)"

NnN=—oo

at -1. Then Tn, n € Z, are tempered distributions and T, = 0 for su Lciehtly negative
n € Z. Moreover, since - f» = fA*1, the product f - 2 is regular at -1 and has value 1.
This implies that fT, =0 for alln <0, and fTy = 1. _

Assume now that f is arbitrary. Then we can put g = ff, and g has non-negative
values on R". Hence, there exists a tempered distribution T such that gT = 1. But now

f(FT) =gT =1,
hence fT has the required property.

17. Dilerential equations with constant coe [ciehts
Let P € C[Xq, Xo,..., X, i.e.,

1
P(X)= a X!
1 27

Then we can define the di Lerkntial operator

L1
P(6)= c.d'
g al

with constant coe Lciehts on R". Let 6 be the distribution ¢ — ¢(0) on R". A distribution
T on R" is called a fundamental solution for P (9) if it satisfies P (0)T = .

As an application of the results of 16. we prove the following result about the existence
of fundamental solutions.

17.1. Theorem. Let P be a nonzero polynomial on R". Then there exists a tempered
distribution T on R" such that P (0)T =.

Proof. We define the Fourier transform F : S(R") — S(R") via
1

(Fo)(y) = (2m) ™2 ) d(x)e™ " dx

R
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for ¢ € S(R™); and the inverse Fourier transform by
B 1
(FP)(x) = (2m)~> i W(y)e" dy

for € S(R™). This defines the Fourier transform on the space (S(R™))"of tempered
distributions on R" via

(FT)@) =T(F), ¢ <SR,

and _ _
FTW) =T(FY), Y eSRN.
Clearly, ]
FHW) =80W = FNO = @0~E )dy

for arbitrary ¢ € S(R™), hence B
Fd=(Qmn) 2

and
5 = (2m)~ %2 F(1).

One easily checks that
' FT = F((—)MX'T).

for any tempered distribution T. Let Q(x) = P(—ix). By 16.3 there exists a tempered
distribution S on R" such that QS = 1. Let

T = (2n) "2 F(S).

Then
P(@)T = (2n)" 2P (9)F(S) = (2m) 2 F(QS) = (2n) 2 F(1) =8&. —



