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CHAPTER 1

MODULES OVER RINGS OF DIFFERENTIAL OPERATORS
WITH POLYNOMIAL COEFFICIENTS

1. Hilbert polynomials
Let A = ®2° A, be a graded notherian ring.

1.1. LEMMA.

(i) Ag is a nétherian ring.
(ii) A is a finitely generated Ag-algebra.

Proor. (i) Put Ay = @2, A,. Then A, is an ideal in A and Ay = A/A,.

(ii) Ay is finitely generated. Let x1,xa,...,2zs be a set of homogeneous generators of
A4 and denote d; = degx;, 1 <1i < s. Let B be the Ap-subalgebra generated by z1, ..., zs.
We claim that A, C B, n € Z,. Clearly, Ag C B. Assume that n > 0 and y € A,,. Then
y € A4 and therefore y = Zle yix; where y; € A, _q,. It follows that the induction
assumption applies to y;, 1 <17 < s. This implies that y € B. [

The converse of 1. follows by Hilbert’s theorem which states that the polynomial ring
Ao[X1,...,X,] is notherian if the ring Ag is nétherian. Let M = @,z M, be a finitely
generated graded A-module. Then each M,,, n € Z, is an Ag-module. Also, M, = 0 for
sufficiently negative n € Z.

1.2. LEMMA. M, n € Z, are finitely generated Ag-modules.

Proor. Let m;, 1 < ¢ < k, be homogeneous generators of M and deg m; = r,
1 <i < k. Forj € Zy denote by z(j), 1 < i < £(j), all homogeneous monomials in
T1,%2,...,xTs of degree j. Let m € M,,. Then m = Z,’;:l yim; wherey;, € Ay, i <1 <k.
By 1, y; = Zj a;jzj(n —r;), with a;; € Ag. This implies that m = Z” a;jzi(n —r;) my;
hence M, is generated by (z;(n —r;)m;; 1 < j<{t(n—7r;),1<i<k). O

Let Ms4(Ap) be the category of finitely generated Ag-modules. Let A be a function

on Myy(Ap) with values in Z. The function A is called additive if for any short exact

sequence:
0—-M —M—M"—-0

we have

A(M) = A(M") + A(M").
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2 DIFFERENTIAL OPERATORS WITH POLYNOMIAL COEFFICIENTS
1.3. LEMMA. Let
0—-My—- M - My —---— M, —0

be an exact sequence in Myq(Ag). Then

Proor. Evident. O

Let Z[[t]] be the ring of formal power series in t with coefficients in Z. Denote by Z((t))
the localization of Z[[t]] with respect to the multiplicative system {t" |n € Z, }.

Let M be a finitely generated graded A-module. Then the Poincaré series P(M,t) of
M (with respect to A) is

P(M,t) =Y AM,)t" € Z((t)).

nez

For example, let A = k[X7, Xo, ..., X;] be the algebra of polynomials in s variables with
coefficients in a field k& graded by the total degree. Then, Ay = k and for every finitely
generated graded A-module M, we have dimy M, < co. Hence, we can define the Poincaré
series for A = dimyg. In particular, for the A-module A itself, we have

: n o= (stn-1),, 1
P(A,t) =) dimg A, t :Z( o )t =T 0

nez n=0

The next result shows that general Poincaré series have an analogous form.

1.4. THEOREM (HILBERT, SERRE). For any finitely generated graded A-module M we

have
f(t)

POLY = 0

where f(t) € Z[t,t71].

ProOOF. We prove the theorem by induction in s. If s = 0, A = Ay and M is a
finitely generated Ag-module. This implies that M,, = 0 for sufficiently large n. Therefore,
A(M,,) = 0 except for finitely many n € Z and P(M,t) is in Z[t, t71].

Assume now that s > 0. The multiplication by x4 defines an A-module endomorphism
fof M. Let K =ker f, I =im f and L = M/I. Then K, I and L are graded A-modules
and we have an exact sequence

0—>K—>Mi>M—>L—>O.
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This implies that
0— Kn - Mn = Mn—l—ds - Ln—l—ds —0

is an exact sequence of Ap-modules for all n € Z. In particular, by 3,
)‘(Kn) - )‘(Mn) + )‘(MrH-ds) - >‘<Ln+ds) =0,

for all n € Z. This implies that

(1 —tB) P(M,t) = > AM,)t" =Y A(M,,) "+
NneZ nez
= S (AMasa,) — AMy,)) £
NneZ
- Z n+d (Kn)> tn+ds
Nnez

= P(L,t) — P(K,t)t"
o (1—t%) P(M,t) = P(L,t) -t P(K,1).

From the construction it follows that x, act as multiplication by 0 on L and K, i.e., we
can view them as A/(xs)-modules. Hence, the induction assumption applies to them. This
immediately implies the assertion. [J

Let dx(M) be the order of the pole of P(M,t) at 1.

1.5. COROLLARY. Ifd; =1 for 1 <i < s, AN(M,) is equal to a polynomial in n with
rational coefficients of degree dy(M) — 1 for sufficiently large n.

PROOF. Let k be the order of zero of f at 1. Then we can write f(t) = (t — 1)¥g(t)
with g(1) # 0. In addition, we put d = dx(M) = s — k, hence

P(M,t) =

Now,

= d(d (d+k—1) b o= (A k-1
(1—1)" th = t
-3 S ()

k=0 k=0

and if we put g(t) = ZkN:_N arpt® we get
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for all n > N. This is equal to

d+n— —1 N m—k+D)n—k+2)...(n—k+d—1)
Z AT Z h d—1)! ’

hence A(M,,) is a polynomial in n with the leading term

N nd—1 nd—1
( Z ak) m :9(1)m # 0.

k=—N

We call the polynomial which gives A(M,,) for large n € Z the Hilbert polynomial of

M (with respect to ). From the proof we see that the leading coefficient of the Hilbert
polynomial of M is equal to < 591))!.
Returning to our example of A = k[X7, X, ..., X;], we see that

s+n—1 ns—1
imy A,, = = 4+ ....
dimy ( s—1 ) G110

Hence, the degree of the Hilbert polynomial for A = k[ X7, Xo, ..., X;] is equal to s — 1.
Evidently, for any s € Z, and ¢ > s we have

q° = s! (g) +Q(q)

where () is a polynomial of degree s — 1. Therefore any polynomial P of degree d, for large
¢, can be uniquely written as

P(q):c()(fi)-i-cl(dgl) +...+cd_1<i]) + ca,

with suitable coefficients ¢;,0 < ¢ < d. Since binomial coefficients are integers, if ¢;,
0 < i < d, are integers, the polynomial P has integral values P(n) for integral n > d. The
next result is a converse of this observation.

1.6. LEMMA. If the polynomial

_ q q q
q»—>P(q)—Co<d) +Cl<d—1) +...+Cd_1<1)+cd

takes integral values P(n) for large n € Z, all its coefficients ¢;,0 < i < d, are integers.

PrROOF. We prove the statement by induction in d. If d = 0 the assertion is obvious.
Also
d
+1 q
C’(d—z’) Z;(d—)

_OC((ZE) - dq_i))zgci(d—z_1)’

(2

P(q+1) - P(q)

Il
~.
o M&
o
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(=) (")

for ¢ > s. Therefore, ¢ — P(q+1)—P(q) is a polynomial with coefficients cg, c1, ... ,c4—1,
and P(n) € Z for large n € Z. By the induction assumption all ¢;, 0 < ¢ < d — 1, are
integers. This immediately implies that cg is an integer too. [J

using the identity

We shall need another related remark. If F'is a polynomial of degree d with the leading
coefficient ay,

G(n)=F(n)—F(n—1)
= (apn® +an®t +..) = (ag(n — D%+ ar(n— D +..) = apdn® ! 4. ..

is polynomial in n of degree d — 1 with the leading coefficient dag. The next result is a
converse of this fact.

1.7. LEMMA. Let F' be a function on Z such that

G(n)=F(n)—F(n—1),

is equal to a polynomial inn of degree d—1 for largen € Z. Then F' is equal to a polynomial
inn of degree d for large n € Z.

PROOF. Assume that G(n) = P(n—1) for n > N > d, where P is a polynomial in n of
degree d — 1. Then by 6. we have

Pn) :§Ci<d—7;—1)

i=0
Hence, forn > N + 1,

n n

Fn)= Y (F(k) - F(k - 1))+ F(N) = zn: G(k)+ F(N) =Y P(k—1)+C

k=N+1 k=N+1 k=d

where C' is a constant. Also, by the identity used in the previous proof,

(-2 (()-())- 2 () -2(50)

This implies that
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for some constant C’. [

In particular, it follows that the sum an N A(M,,) is equal to a polynomial of degree
dx(M) for large N € Z. In addition, if we put

> AM,) =agN*+ a; N+ 4 ag1N +ag
n<N

for large N € Z, then d! aq is an integer.
For example, if A = k[X1, Xs,..., X, the dimension of the space of all polynomials of
degree < N is equal to

N N

. s+n—1 s+ N N*
E dimy (M,) = E ( o1 ):( ] ): I +
n=0 )

n=0

2. Dimension of modules over local rings

2.1. LEMMA (NAKAYAMA). Let A be a local ring with the mazimal ideal m. Let V' be
a finitely generated A-module such that mV =V. Then V = 0.

PROOF. Assume that V' # 0. Then we can find a minimal system of generators

v1,,...,0s of V as an A-module. By the assumption, vy = Zle m;v; for some m; € m.
Therefore, (1 — mg)vs = Zf:_ll m;v; . Since 1 — myg is invertible, this implies that
v1,...,VUs—1 generate V', contrary to our assumption. [J

In the following we assume that A is a notherian local ring, m its maximal ideal and
k = A/m the residue field of A.

2.2. LEMMA. dimg(m/m?) < +oo0.

PRrOOF. By the nétherian assumption m is finitely generated. If a4, ..., a, are genera-
tors of m, their images ay,...,a, in m/m? span it as a vector space over k. [
Let s = dimg(m/m?). Then we can find ai,...,as € m such that ai,...,a, form a

basis of m/m?. We claim that they generate m. Let I be the ideal generated by ay, ..., as.
Then I + m? = m and m(m/I) = m/I, hence, by 1, m/I = 0. Therefore, we proved:

2.3. LEMMA. dimg(m/m?) is the minimal number of generators of m.

Any s-tuple (a1, ..., as) of elements from m such that (a1, ...,a,) form a basis of m/m?
is called a coordinate system in A.

Clearly, (m?; p € Z ) is a decreasing filtration of A. Therefore, we can form Gr A =
Dplom?/ mPt!. We claim that Gr A is a finitely generated algebra over k and therefore
a notherian graded ring. Actually, the map X; — @; € m/m? C Gr A extends to a
surjective morphism of k[X7, ..., X] onto Gr A.

Let M be a finitely generated A-module. Then we can define a decreasing filtration of
M by (mPM ; p € Z, ) and consider the graded Gr A-module Gr M = @72 m? M /mP*+! M.
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2.4. LEMMA. If M is a finitely generated A-module, Gr M 1is a finitely generated Gr A-
module.

PROOF. From the definition of the graded module Gr M we see that m - Gr, M =

Grpy1 M for all p € Z,. Hence Gro M = M/mM generates Gr M. On the other hand,
M/mM is a finite dimensional vector space over k. [

This implies, by 1.2, that dimy (m? M/mPT1 M) < 400, in particular m? M/mPT1 M are
A-modules of finite length. Since length is clearly an additive function, by 1.5. we see that
p — length o (mP M /mPt M) = dimy,(m?M/mP+1 M) is equal to a polynomial in p with
rational coefficients for large p € Z,. Moreover, the function

p—1
p +— length . (M/mPM) = Z length 4 (m?M/m? M)
q=0

is equal to a polynomial with rational coefficients for large p € Z,, and its leading coeffi-

cient is of the form e%, where e,d € Z,. We put d(M) = d and e(M) = e, and call these
numbers the dimension and multiplicity of M.

Now we want to discuss some properties of the function M —— d(M). The critical
result in controlling the filtrations of A-modules is the Artin-Rees lemma.

2.5. THEOREM (ARTIN, REES). Let M be a finitely generated A-module and N its
submodule. Then there exists mg € Zy such that

mPT M NN =mP(m™ M N N)

forallp e Zy.

PrOOF. Put A* = @22 ;m"™. Then A* has a natural structure of a graded ring. Let
(ai1,...,as) be a coordinate system in A. Then we have a natural surjective morphism
Alay, ... ,as] — A*, and A* is a graded nétherian ring. Let M* = &2 ;m™ M. Then M*
is a graded A*-module. It is clearly generated by Mj = M as an A*-module. Since M is
a finitely generated A-module, we conclude that M™ is a finitely generated A*-module.

In addition, put N* = &5 (N Nm"M) C M*. Then

m?(NNm"M) C m’NNm"™"M Cc NNm" "M

implies that N* is an A*-submodule of M*. Since A* is a nétherian ring, N* is finitely
generated. There exists my € Z such that &,° (N Nm"™M) generates N*. Then for any
pE Z+,

mo
NAmPT™M = "m0 (N Nm®*M) C mP(NNm™ M) C Nnm? ™M, O
s=0

This result has the following consequence — the Krull intersection theorem.
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2.6. THEOREM (KRULL). Let M be a finitely generated A-module. Then M52 mP M =
0.

PROOF. Put £ =NpZom?M . Then, by 5.,

E=mP"MNE=m’(m™MNE)=mPE,

in particular, mF = F, and F = 0 by Nakayama lemma. [

2.7. LEMMA. Let
0—- M —M—-M'—0

be an exact sequence of finitely generated A-modules. Then
(i) d(M) = max(d(M'),d(M"));
(il) if d(M) =d(M') = d(M"), we have e(M) = e(M') + e(M").

PROOF. We can view M’ as a submodule of M. If we equip M with the filtration
(mPM; p € Z;) and M’ and M” with the induced filtrations (M’ NmPM ; p € Z) and
(mPM"; p € Z,) we get the exact sequence

0—-GrM — GrM — GrM" — 0.
This implies that for any p € Z

length , (m? M /mP™* M)
= length 4 (M’ Nm?M)/(M' N mP*'M)) + length 4 (m? M" /mP+ M")

and, by summation,
length 4, (M /m? M) = length ,(M'/(M' N"mPM)) + length , (M" /mP M").

Therefore the function p — length 4 (M’/(M’' NmPM)) is equal to a polynomial in p for
large p € Z4. On the other hand, by 5,

mPT™ N Cc mPT™OM N M Cc mPM;
hence, for large p € Z,, the functions p —— length,(M'/(M' N mPM)) and p —
length 4 (M’/mPM') are given by polynomials in p with equal leading terms. [

2.8. COROLLARY. Let A be a nétherian local ring with s = dimy(m/m?). Then, for
any finitely generated A-module M we have d(M) < s.

PROOF. By 7. it is enough to show that d(A) < s. This follows immediately from the
existence of a surjective homomorphism of k[ X7, ..., X;] onto Gr A, and the fact that the
dimension of the space of polynomials of degree < n in s variables is a polynomial in n of
degree s. [

A nétherian local ring is called regular if d(A) = dimy(m/m?).
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2.9. THEOREM. Let A be a nétherian local ring and (a1, as, ..., as) a coordinate system
in A. Then the following conditions are equivalent:

(i) A is a regular local ring,
(ii) the canonical morphism of k[ X1, Xa, ..., Xs| into Gr A defined by X; — a;, 1 <
1 <'s, is an isomorphism.

PROOF. By definition, the canonical morphism of k[ X7, ..., X;] into Gr A is surjective.
Let I be the graded ideal which is the kernel of the natural surjection of k[X;,..., X,
onto Gr A. If I # 0, it contains a homogeneous polynomial P of degree d > 0. Let J be
the ideal in k[X7, Xo, ..., X;] generated by P. Then its Poincaré series is P(J,t) = %
Clearly,

P(k[X1, Xa, ..., X,]/J,t) = P(k[X1, Xs,...,X,],t) — P(J,%)

1=t 1+4t+... 0!
(1—ts  (1—t)s?

The order of the pole of the Poincaré series P(k[X1, Xs,...,X]/J,t) at 1 is s — 1, and by
1.5 the function dimg (k[X1, Xo, ..., Xs|/J)n is given by a polynomial in n of degree s — 2
for large n € Z,. It follows that the function dimy(k[X1, Xo, ..., Xs]/I), = dimy Gr,, A
is given by a polynomial in n of degree < s — 2 for large n € Z,. This implies that
d(A) < s — 1. Therefore, I =0 if and only if d(A) =s. O

2.10. THEOREM. Let A be a regular local ring. Then A is integral.

PROOF. Let a,b € A and a # 0, b # 0. Then, by 6., we can find p,q € Z; such that
a€em?, a ¢ mP™ and b € m?, b ¢ m?*t!. Then their images a € Gry, A and b € Gry A
are different form zero, and since Gr A is integral by 9., we see that ab # 0. Therefore,
ab#0. O

Finally we want to discuss an example which will play an important role later. Let k be a
field, A = k[X1, X5, ..., X,,] be the ring of polynomials in n-variables with coefficients in k
and A = k([ X1, X2, ..., X,]] the ring of formal power series in n-variables with coefficients
in k. It is easy to check that A is a local ring with maximal ideal m generated by
X1, Xo,...X,. Also, the canonical morphism from k[X;, Xs, ..., X,,] into GrA is clearly
an isomorphism.

For any x € k™ we denote by m, the maximal ideal in A generated by X; —z;, 1 <i <n.
Then its complement in A is a multiplicative system in A, and we denote by A, the
corresponding localization of A. It is isomorphic to the ring of all rational functions on k"
regular at x. This is clearly a notherian local ring. The localization of m,. is the maximal
ideal n, = (m,), of all rational functions vanishing at x. The automorphism of A defined
by X; — X; —x;, 1 <1i < n, gives an isomorphism of Ay with A, for any = € k™. On the
other hand, the natural homomorphism of A into A extends to an injective homomorphism
of Ay into A. This homomorphism preserves the filtrations on these local rings and induces
a canonical isomorphism of Gr A onto Gr A. Therefore we have the following result.

2.11. PROPOSITION. The rings A,, x € k™, are n-dimensional regular local rings.
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3. Dimension of modules over filtered rings

Let D be a ring with identity and (D,, ; n € Z) an increasing filtration of D by additive

subgroups such that
(i) D,, = {0} for n < 0;

) UnGZ Dn =D )
) 1€ Do;
) Dy - Dy C Dy, for any n,m € Z;
) [Dn, D] C Dysm—1, for any n,m € Z.
Then Gr D = @pez Gry, D = ®pezDy/Dy—1 is a graded ring with identity. The property
(v) implies that it is commutative. In particular, Dy is a commutative ring with identity.
Therefore, we can view Gr D as an algebra over Djy. Let’s assume in addition that D
satisfies

(vi) Gr D is a notherian ring;
(vii) Gry D generates Gr D as a Dy-algebra.

Then, by 1.1, Dy is a nétherian ring. Moreover, by (vi), (vii) and 1.2 we know that we can
choose finitely many elements x1, xo,...,xs € Gry D such that Gr D is generated by them
as a Dy-algebra. Clearly, by (vii), we also have

Grp41 D=Gr1 D-Gr, D forn € Z,

and therefore
Dn+1 =D, -D;fornce Z_|_.

Let M be a D-module. An increasing filtration F M = (F,, M ; n € Z) of M by additive
subgroups is a D-module filtration if D,, - ¥,, M C ¥p,+,, M, for n,m € Z. In particular,
F,, M are Dg-modules. A D-module filtration is called stable if there exists mg € Z such
that D,, - F,, M = F,,+,, M for all n € Z; and m > my. A D-module filtration is called
good if

(i) F,, M = {0} for sufficiently negative n € Z;

(ii) the filtration F M is exhaustive (i.e. Upecz Fpry M = M);

(iii) F,, M, n € Z, are finitely generated Dy-modules;

(iv) the filtration F M is stable.

3.1. LEMMA. Let F M be an exhaustive hausdorff D-module filtration of M. Then the
following statements are equivalent:
(i) F M is a good filtration;
(ii) Gr D-module Gr M is finitely generated.

PROOF. First we prove (i)=-(ii). There exists mo € Z such that D,,-Fp,, M =F,, 1, M
for all n € Z,. Therefore Gr,, D - Gry,,,, M = Gryp4m, M for all n € Z,. It follows that
Drn<mo Gr, M generates Gr M as a Gr D-module. Since F,, M are finitely generated Djy-
modules, Gr,, M are finitely generated Dy-modules too. This implies, since F,, M = {0}
for sufficiently negative n € Z, that ®,, <, Gr, M is a finitely generated Dy-module.
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(ii)=(i). Clearly, Gr,, M = {0} for sufficiently negative n € Z. Also, by 1.2, all Gr,, M
are finitely generated Dp-modules. The exact sequence

0O—F,.1M—-F, M —Gr,M—0

implies that F,, M = F,,_1 M for sufficiently negative n, hence there exists ng € Z such
that Npez Fy M = F,,, M. Since the filtration F M is hausdorff, F,,, M = {0}. This
implies, by induction in n, that all F,, M are finitely generated Dy-modules. Let my € Z
be such that @, <m, Gr, M generates Gr M as Gr D-module. Let m > mg. Then

Gry,+1 M = @ Gryt1-x D - Grpy M
kng

= @ Gri1 D -Grp—p D-Gry M C Gry D - Gr,,, M C Gryp, 41 M,

k<mg
ie.,, Gr1 D - Gr,,, M = Gr;, 1.1 M. This implies that
FpnsiM=Dy-F, M+F, M =D, -F,, M
and by induction in n,
FoynM=Dy-Dy-...-Dy-F,y M =D, -F¥,, M CF,,q,, M.

Therefore F M is a good filtration. [

In particular, (D, ; n € Z) is a good filtration of D considered as a D-module for left
multiplication.

REMARK. From the proof it follows that the stability condition in the definition of a
good filtration can be replaced by an apparently weaker condition:

(iv)" There exists mg € Z such that D,, - F,,, M = Fy,,4n M for alln € Z.

3.2. LEMMA. Let M be a D-module with a good filtration ¥ M. Then M 1is finitely
generated.

PrRoOF. By definition, U,ez ¥F,, M = M and ¥, 4,,, M = D,, - F;,,M for n € Z and
some sufficiently large mo € Z. Therefore, F,,, M generates M as a D-module. Since
F.n, M is a finitely generated Dp-module, the assertion follows. [

3.3. LEMMA. Let M be a finitely generated D-module. Then M admits a good filtration.

PROOF. Let U be a finitely generated Dy-module which generates M as a D-module.
Put F, M =0forn<0and F,, M = D,, -U for n > 0. Then U = Gro M, and

Gry M =F, M/F,_1 M = (D, -U)/(Dy_1-U) C Grp D -Gro M,

hence Gr M is finitely generated as a Gr D-module. The statement follows from 1. [

The lemmas 2. and 3. imply that the D-modules admitting good filtrations are precisely
the finitely generated D-modules.
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3.4. PROPOSITION. D is a left and right notherian ring.

PROOF. Let L be a left ideal in D. The natural filtration of D induces a filtration
(L, = LN D,;n € Z), on L. This is evidently a D-module filtration. The graded
module Gr L is naturally an ideal in Gr D, and since Gr D is a notherian ring, it is finitely
generated as Gr D-module. Therefore, the filtration (L, ; n € Z) is good by 1, and L is
finitely generated by 2. This proves that D is left notherian.

To get the right notherian property one has to replace D with its opposite ring D°. [

If we have two filtrations F M and F’' M of a D-module M, we say that F M is finer
than F’ M if there exists a number k € Z, such that F,, M C F; , M for all n € Z. If
F M is finer than F' M and F’ M finer than F M, we say that they are equivalent.

3.5. LEMMA. Let F M be a good filtration on a finitely generated D-module M. Then
F M s finer than any other exhaustive D-module filtration on M.

Proor. Fix mgy € Z4 such that D, - ¥F,,, M = F, 1, M for all n € Z,. Let F'M
be another exhaustive D-module filtration on M. Then F,, M is finitely generated as
a Do-module. Since F' M is exhaustive, it follows that there exists p € Z such that
Fpo M C F, M. Since F M is a good filtration, there exists ng such that F,,, M = {0}.
Let k = p + |ng|. Then, for nyp < m < mgy we have

FmMCFmOMCF;MCF;nJFkM,
and for m > my,

Foo M =Dy Frng M C Doy - By M CF, G MCF, M. O

3.6. COROLLARY. Any two good filtrations on a finitely generated D-module are equiv-
alent.

Let M be a finitely generated D-module and F M a good filtration on M. Then Gr M
is a finitely generated Gr D-module, hence we can apply the results on Hilbert polynomials
from 1.. Let A\ be an additive function on finitely generated Dy-modules. Assume also that
A takes only nonnegative values on objects of Mf,4(Dg). Then, by 1.5,

A(Fp M) — M(F,_; M) = \N(Gr,, M)

is equal to a polynomial in n for large n € Z,. By 1.7 this implies that \(F,, M) is equal
to a polynomial in n for large n € Z,. If F' M is another good filtration on M, by 6. we
know that F M an F' M are equivalent, i.e., there is a number k € Z, such that

Fo,MCF, .M CF i M
for all n € Z. Since A is additive and takes nonnegative values only, we conclude that

A(F, M) < A(F oy M) < A(Fpax M)
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for all n € Z. This implies that the polynomials representing A\(F,, M) and \(F,, M) for
large n have equal leading terms. Let’s denote the common degree of these polynomials
by dx(M) and call it the dimension of the D-module M (with respect to A). By 1.6 the
leading coefficient of these polynomials has the form ey (M)/dx(M)! where ex(M) € N.
We call ey (M) the multiplicity of the D-module M (with respect to \).

Let
0—M LML u —o

be an exact sequence of D-modules. If M is equipped by a D-module filtration F M it in-
duces filtrations F M" = (f~*(f(M')NF, M);n€Z)on M' and FM" = (g(F,M);n €
Z) on M". Clearly, these filtrations are D-module filtrations. Moreover, the sequence

0— GrM’ Gt GrM G, GrM" — 0

is exact. If the filtration F M is good, Gr M is a finitely generated Gr D-module, hence

both Gr M’ and Gr M" are finitely generated Gr D-modules. By 1, F M’ and F M” are
good filtrations. Therefore, we proved the following result.

3.7. LEMMA. Let
0—-M —M-—M"—0

be an exact sequence of D-modules. If ¥ M is a good filtration on M, the induced filtrations
FM' and F M" are good.

By the preceding discussion
A(Gr,, M) = X\(Gr,, M") + X(Gr,, M)
for all n € Z. This implies, by induction in n, that
AMF, M) = XF, M)+ \F,, M")

for all n € Z. This leads to the following result.

3.8. PROPOSITION. Let
0—-M —M—M"—0

be an exact sequence of finitely generated D-modules. Then
(i) dx(M) = max(dx(M’), dx(M"));
(i) if dy(M) = dx(M") = dx(M"), then ex(M) = ex(M') + ex(M").

Finally, let ¢ be an automorphism of the ring D such that ¢(Dg) = Dy. We can d~eﬁne
a functor ¢ from M (D) into itself which attaches to a D-module M a D-module ¢(M)
with the same underlying additive group structure and with the action of D given by

(T,m) — ¢(T)m for T € D and m € M. Clearly, ¢ is an automorphism of the category
M(D), and it preserves finitely generated D-modules.
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3.9. PROPOSITION. Let M be a finitely generated D-module. Then

dA($(M)) = dx(M).

Proor. Let T1,Ts,...,Ts be the representatives in Dy of classes in Gry D generating
Gr D as a Dy-algebra. Then there exists d € N such that ¢(T;) € Dy for 1 < i < s. Since
Ty, Ts,...,Ts and 1 generate Dy as a Dg-module, we conclude that ¢(D;) C Dy.

Let F M be a good filtration of M. Define a filtration F ¢(M) by
F,6(M) =Fy, M for p € Z.

Clearly, F ¢(M) is an increasing filtration of ¢(M) by finitely generated Dgy-submodules.
Also,

Dy - Fpy ¢(M) = ¢(D1) Fgn M C DgFapy M C Fyniny M = Fpppy1 6(M)

for m € Z. Hence, by induction, we have

Dy -Fo (M) =Dy -Dyq-Fry (M) C D1 Fpi1 (M) C Fppi ¢(M)

for all n,m € Z, i.e., FqZ;(M) is a D-module filtration. By 5, there exists a good filtration

F’ ¢(M) which is finer than this filtration, i.e, there exists k € Z, such that
Fl, o(M) C Fry (M) = Fn ) M

for all n € Z. Therefore,
AF, $(M)) < MFogrsr) M)

for n € Z. For large n € Z, M(Fg(4+1) M) is equal to a polynomial in n with the leading
term equal to

ex(M)dH)

N :

dx(M)!

Since A(F), ¢(M)) is also given by a polynomial of degree dx(¢(M)) for large n € Z,
we conclude that dy(¢(M)) < da(M). By applying the same reasoning to ¢! we also
conclude that

dA(M) = d(¢~($(M))) < dr(¢(M)). O
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4. Dimension of modules over polynomial rings

Let A = k[X4,..., X,] where k is an algebraically closed field. We can filter A by degree
of polynomials, i.e., we can put A,, = {> ayx! | |[I| < m}. Then Gr A = k[X,..., X,],
hence A satisfies properties (i)-(vii) from the preceding section.

Since Ag = k we can take for the additive function A the function dimj. This leads to
notions of dimension d(M ) and multiplicity e(M ) of a finitely generated A-module M. We
know that for any p € Z, we have

= — 4 lower order terms in p,
n n!

dimy, A, = (n —l—p) p
i.e., d(A) =n and e(A) = 1. In addition, for any finitely generated A-module M we have
an exact sequence

0> K — A - M — 0,

hence, by 3.8, d(M) < n. We shall give later a geometric interpretation of d(M).

Let x € k™ and denote by m, be the maximal ideal in k[X71, ..., X,] of all polynomials
vanishing at z. We denote by A, the localization of A at x, i.e., the ring of all rational
k-valued functions on k™ regular at x. As we have seen in 2.11, A, is an n-dimensional
regular local ring with the maximal ideal n, = (m,), consisting of all rational k-valued
functions on k" vanishing at x. Let M be an A-module. Its localization M, at x is an
Az-module. We define the support of M by supp(M) = {z € k™| M, # 0}.

4.1. LEMMA. Let
0—- M —M—-M'—0

be an exact sequence of A-modules. Then

supp(M) = supp(M') U supp(M").

PROOF. By exactness of localization we see that
0— M, — M, — M!—0

is an exact sequence of A,-modules. This immediately implies our statement. [J
For an ideal I C k[X1,...,X,] we denote V(I) = {z € k™| f(x) =0 for f € I}.

4.2. PROPOSITION. Let M be a finitely generated A-module and I its annihilator in A.
Then supp(M) = V(I).

PRrROOF. We prove the statement by induction in the number of generators of M.

Assume first that M has one generator, i.e., M = A/I. Then M, = (A/I), = A,/L,.
Let z € V(I). Then I C m, and I, C n,. Hence I, # A,. It follows that (A/I), # 0 and
x € supp(M). Conversely, if x ¢ V(I), there exists f € I such that f(x) # 0, i.e., f ¢ m,.
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It follows that f(g+ 1) =0 in A/I for any g € A, hence (A/I), = 0 and z ¢ supp(A/I).
Therefore, supp(A/I) =V (I).

Now we consider the general situation. Let my,...,m, be a set of generators of M.
Denote by M’ the submodule generated by my, ..., m,_1. Then we have the exact sequence

0—- M —M—-M'—0

and M" is cyclic. Moreover, by 1, supp(M) = supp(M’) U supp(M”). Hence by the
induction assumption supp(M) = V(I')UV (I") where I’ and I"" are the annihilators of M’
and M" respectively. Clearly, I’-1" is in the annihilator I of M and I’-1" C I C r(I'NI1").
This implies that V(I'nI1") c V(I) c V(I'-1") c VI")uV{I") =V{I'NnI"); ie.,
supp(M) =V (I). O

The next lemma is useful in some reduction arguments.

4.3. LEMMA. Let B be a nétherian commutative ring and M # 0 be a finitely generated
B-module. Then there exist a filtration 0 = My C My C --- C M,,_1 C M,, = M of M by
B-submodules, and prime ideals J; of B such that M;/M;_1 = B/J;, for 1 <i <mn.

PROOF. For any x € M we put Ann(x) = {a € B|ax = 0}. Let A be the family of
all such ideals Ann(z), x € M, x # 0. Because B is a notherian ring, A has maximal
elements. Let I be a maximal element in A. We claim that I is prime. Let x € M be
such that I = Ann(x). Then ab € I implies abxr = 0. Assume that b ¢ I, i.e., bx # 0.
Then I C Ann(bz) and a € Ann(bz). By the maximality of I, a € Ann(bx) = I, and [ is
prime. Therefore, there exists x € M such that J; = Ann(z) is prime. If we put M; = Bz,
M, = B/J;. Now, denote by F the family of all B-submodules of M having filtrations
0= Ny C Ny C...C Ng= N such that N;/N;_1 = B/J; for some prime ideals J;. Since
M is a notherian module, F contains a maximal element L. Assume that L # M. Then
we would have the exact sequence:

0—L—M-—L —0,

and by the first part of the proof, L’ would have a submodule N’ of the form B/J’ for
some prime ideal J’, contradicting the maximality of L. Hence, L = M. This proves the
existence of the filtration with required properties. [

4.4. THEOREM. Let M be a finitely generated A-module. Then d(M) = dim supp(M).

This result has the following companion local version. The localization A, of A at
x € k™ is a notherian local ring. Moreover, its maximal ideal n, is the ideal generated by
the polynomials X; — x;, 1 < i < n, and their images in n,/n2 span it as a vector space
over k. Therefore, X; — z;, 1 < i < n, form a coordinate system in A,. For any finitely
generated A-module M, its localization M, at x is a finitely generated A,-module, hence
we can consider its dimension d(M,).

For any algebraic variety V over k and x € V' we denote by dim, V' the local dimension
of V at x.
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4.5. THEOREM. Let M be a finitely generated A-module and x € supp(M). Then
d(Mm> = dimm(supp(M)).

We shall simultaneously prove 4.4 and 4.5. First we observe that if we have an exact
sequence of A-modules:
0—- M —M—-M'—0

and 4.4 and 4.5 hold for M’ and M"”, we have, by 3.8 and 1, that

d(M) = max(d(M"),d(M")) = max(dim supp(M"), dim supp(M"))
= dim(supp(M") U supp(M")) = dim supp(M).

Also, for any x € supp(M), by the exactness of localization we have the exact sequence:
0— M, — M, — M — 0;
hence, by 2.7 and 1,

d(M,) = max(d(M.),d(M”)) = max(dim, supp(M"), dim, supp(M"))
= dim,, (supp(M') Usupp(M")) = dim,, supp(M).

Assume that 4.4 and 4.5 hold for all M = A/J where J is a prime ideal. Then the
preceding remark, 3. and an induction in the length of the filtration would prove the
statements in general.

Hence we can assume that M = A/J with J prime. Assume first that J is such that A/J
is a finite-dimensional vector space over k. Then A/J is an integral ring and it is integral
over k. Hence it is a field which is an algebraic extension of k. Since k is algebraically closed,
A/J =k and J is a maximal ideal. In this case, by Hilbert Nulstellenatz, supp(M) = V(J)
is a point x in k", i.e., dim supp(M) = 0. On the other hand, since M, is one-dimensional
linear space, d(M,) = 0, and the assertion is evident. It follows that we can assume that
J is not of finite codimension in A, in particular it is not a maximal ideal. Let J; D J
be a prime ideal different form J. Then there exists f € J; such that f ¢ J. It follows
that J C (f)+J C Jy and J # (f) + J. Therefore, A/J; is a quotient of A/((f) + J),
and A/((f) + J) is a quotient of A/J. In addition, A/((f)+ J) = M/fM. Consider the
endomorphism of M given by multiplication by f. Then, if g + J is in the kernel of this
map, 0= f(g+J) = fg+J and fg € J. Since J is prime and f ¢ J it follows that g € J,
g+ J = 0 and the map is injective. Therefore, we have an exact sequence of A-modules:

0— ML M— M/FM—o0.

This implies, by 3.8, that d(M/fM) < d(M). If d(M/fM) = d(M), we would have in
addition that e(M) = e(M) + e(M/fM), hence e(M/fM) = 0. This is possible only
if d(M/fM) = 0, and in this case it would also imply that d(M) = 0 and M is finite-
dimensional, which is impossible by our assumption. Therefore, d(M/fM) < d(M). Since
A/J; is a quotient of M/ fM, this implies that d(A/Jy) < d(A/J).
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Let x € V(J1). Then, by localization, we get the exact sequence:

0— My L M, — M,/fM, — 0

of A,-modules. This implies, by 2.7, that d(M,./fM,) < d(M,). If d(M,/fM,) = d(M,),
we would have in addition that e(M,) = e(M,)+e(M,/fM,), hence e(M,/fM,) = 0. This
is possible only if d(M,/fM,) = 0, and in this case it would imply that m, (M, /fM,) =
M, /fM, and, by Nakayama lemma, M, /fM, = 0. It would follow that the multiplication
by f is surjective on M,, and, since f € m,, by Nakayama lemma this would imply that
M, = 0 contrary to our assumptions. Therefore, d(M,/fM,) < d(M,). Since A/J; is a
quotient of M/ fM this implies that d((A/J1)z) < d((A/J)z).
Let

ZQZ{QZ}C21C"'CZn_1CZn:]€n
be a maximal chain of nonempty irreducible closed subsets of k™. Then
I(Zy) =m, DI(Zy) DD I(Zp-1) D 1(Z,) ={0}

is a maximal chain of prime ideals in A. By the preceding arguments and 2.8, we have the
following sequences of strict inequalities

0<d(A/I(Zy)) <d(A/I(Z1)) <---<d(A/I(Z),)) =d(A) =n,
and
0 < d((A/I(Z0))e) < d((A/1(Z1))z) < -+ <d((A/1(Zn))z) = d(Az) = n,
by 2.11. It follows that
d((A/1(Z;))s) = d(A/1(Z;)) = j = dim Z;

for 0 < j < n. Since every closed irreducible subset Z can be put in a maximal chain, it
follows that d((A/1(Z)),) = d(A/I(Z)) = dim Z for any closed irreducible subset Z C k"
and any x € Z. On the other hand, this implies that d((4/J),) = d(A/J) = dim V(J) for

any prime ideal J in A and = € V(J). By 2, this ends the proof of 4.4 and 4.5.
Next result follows immediately from 4.4 and 4.5.

4.6. COROLLARY. Let M be a finitely generated A-module. Then

d(M)= sup d(M,).

xEsupp(M)
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5. Homological dimension

Let A be a ring. For any left A-module M we define the projective dimension pd (M)
as the infimum in Z of the lengths of left projective resolutions of M.

5.1. PROPOSITION. Let M be a left A-module. Then the following statements are
equivalent:
(i) pda(M) <n;
(ii) Exty(M,N) =0 for any left A-module N and any r > n;
(iit) Ext’y™ (M, N) =0 for any left A-module N;
(iv) for any exact sequence of left A-modules
0O—-K—-P,1—... P —>FP—M—0
with projective P;, 0 <i <n — 1, the A-module K is projective too.

PROOF. Implications (i)=-(ii)=-(iii) and (iv)=-(i) are evident.
(iii)=(iv). First, we claim that for any exact sequence of left A-modules

O—K—P,_1—...- P —>FP—>M-—0

with projective P;, 0 < i < k — 1, we have EX’GQ(K, N) = EthH(M, N) for j > 1. We
prove this statement by induction in k. If £k = 1 we have the short exact sequence

00— K —F— M —0,

and by the long exact sequence of Ext(—, N) we see that Ext’, (K, N) = Ext/;"" (M, N)
for j > 1. Assume that the statement holds for & > 1. Let

0O —-K—-P,—-P,_1—... P —>FPh—M—0

be an exact sequence of left A-modules with projective P;, 0 < i < k. Then we can split
it into the exact sequences
0—-K—-P,—K —0

and
0—-K —P,_1—...—-P,—Py—M—0,

and by the induction assumption
Ext’, (K, N) = Ext/;"' (K’, N) = Ext’, """ (M, N).

This proves our claim.

Assume that (iii) holds. Then, from the exact sequence in (iv) we conclude that
Extly (K, N) = Ext’;/"'(M,N) = 0 for any left A-module N. Therefore, K is projec-
tive. U

Let M and N be left A-modules. Then Hom (M, A) is a right A-module with the A-
action defined by right multiplication on A. We define a biadditive map of Hom 4 (M, A)x N
into Homy4 (M, N) which attaches to (T,n) € Homy(M,A) x N the morphism m ——
T(m)n of M into N. This map induces a natural additive map of Homy (M, A) ® 4 N into
Hom (M, N).
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5.2. LEMMA. Let M and N be left A-modules. If M is a finitely generated projective
A-module, the natural map of Hom (M, A) ® 4 N into Homu (M, N) is surjective.

PROOF. If M = A the statement is obvious. Moreover, if M = M' & M”,
HOHlA(M, A) Qa4 N = HOIIlA(M/,A) ®Xa N D HOIIlA(MH,A) QKa N

and
Hom 4 (M, N) = Homa(M', N) ® Homa(M", N).

Hence, the statement of lemma is true for M if and only if it is true for M’ and M”. This
implies first, by induction in p, that the statement is true for M = AP. Moreover, if M is
a finitely generated projective A-module, we can identify it with a direct summand of a
free A-module AP. Hence, the assertion holds for M. [J

The next result is a converse of 2.

5.3. LEMMA. Let M be a left A-module such that the natural map of Homa (M, A)®@4 M
into Hom 4 (M, M) is surjective. Then M is a finitely generated projective left A-module.

PROOF. If the map is surjective, one can find T; € Homy (M, A) and m; € M, 1 <i <p,
such that > T; ® m; € Homa (M, A) ® 4 M maps into the identity map in Hom4 (M, M).
Therefore, we have m = > T;(m)m, for any m € M. Define a morphism i of M into AP by
m+—— (T;(m); 1 <i < p)and a morphism j of AP into M by (a;; 1 <i <p)+—— > a;m;.
Then, joi = 1,;. Therefore ¢ is injective and M is isomorphic to the image of i. Moreover,
AP = imi @ ker j, hence M is projective and finitely generated. [

5.4. LEMMA. Let A be a left notherian ring and M a finitely generated left A-module.
Then the following conditions are equivalent:

(i) M 1is a projective;
(ii) M is flat.

PRrOOF. (i)=-(ii) is evident.
(ii)=-(i). Since A is a left nétherian ring and M finitely generated, we can find free left
A-modules Fy and Fj of finite rank such that
F1 — F() — M — 0

is an exact sequence of left A-modules. If we apply the functor Hom4(—, A) to this exact
sequence, we get the exact sequence of right A-modules

0 — Homy (M, A) — Homy (Fo, A) — Homa(Fy, A).
Since M is flat, by tensoring with it we get the exact sequence of abelian groups

0— HOIDA(M, A) RKa M — HOIDA(FQ,A) RKa M — HomA(Fl,A) ®a M.
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This finally leads to the following commutative diagram:

0 —— Homu(M,A)®4 M —— Homa(Fy,A) @4 M ——— Homy(Fy,A) @4 M

l l l

0 ——  Homa(M,M) ——  Homu(Fy, M) ——  Homgu(Fy, M)

Both rows in this diagram are exact and the last two vertical arrows are surjective by

2. This implies that the first vertical arrow is surjective. Hence, by 3, M is a projective
A-module. [

5.5. PROPOSITION. Let A be a left notherian ring and M be a finitely generated left
A-module. Then the following statements are equivalent:

(il) M has a projective resolution of length < n consisting of finitely generated A-

modules;

) Exty (M, N) =0 for any finitely generated left A-module N and any r > n;
(iv) Ext’:rl(M, N) =0 for any finitely generated left A-module N ;

) Torf(P, M) =0 for any finitely generated right A-module P and any r > n;

) Toer(P, M) =0 for any finitely generated right A-module P.

ProOOF. (ii)=(i), (i)=-(iii)=-(iv) and (i)=(v)=-(vi) are evident.
(i)=(ii). Since M is a finitely generated left A-module and A a left nétherian ring, we
can construct a left resolution

0O —-K—>F,1—... > F—>F,—M-—0

where F;, 0 < i < n — 1, are free left A-modules of finite rank and K is finitely generated.
By 1, we conclude that K is also projective.

(iv)=-(i). Since M is finitely generated we can construct a left resolution F" of M
consisting of free A-modules of finite rank. Therefore, Ext‘f;l(M ,Q) = H/(Homa(F,Q))
for any left A-module Q. Now, any left A-module @ is a direct limit of a directed system
{Q;;1 € I} of its finitely generated submodules, which leads to

Ext’, (M, Q) = H? (Homa(F",Q)) = HI (Hom(F", lim Q;))
= lim H (Hom4 (F", Q;)) = limy Ext’, (M, Q;).
Hence, Ext’:rl(M, Q) = 0 for any left A-module @ and, by 1, pd, M < n.

(vi)=(i). Let
0O —-K—F,1—...—wF —Fp—M—0

be a left resolution of M such that F;, 0 < i < k—1, are free A-modules of finite rank and
K is a finitely generated left A-module. We claim that Torf(P, K) = Torﬁ_k(P, M) for
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any right A-module P and 7 > 1. Assume first that £k = 1. In this case, we have a short
exact sequence
00— K —Fy— M — 0,

and by the long exact sequence of Tor” (P, —) we see that Torf(P, K) = Tor?Jrl(P, M) for
j > 1. Assume now that £ > 1 and consider the exact sequence
0O —-K—F,—>F,_1—...—F —Fp—M-—0O.
Then we can split it into two exact sequences
0—-K—F,—-K —0
and
0—-K —F,1—...—-F —Fy—M—D0.

By the induction assumption we now have
Tor?(P, K)x Tor?Jrl(P, K') ~ Torf+k+1(P, M)

for any 7 > 1. This proves our claim.
Applying this to £ = n we get a resolution

0O —-K—>F,1—... > F—>F,—M-—0

where F;, 0 < i < n — 1, are free A-modules of finite rank and K is a finitely generated
left A-module. By (vi) we conclude that Tor'(P, K) = Tor? 11(P, M) = 0 for any finitely
generated right A-module P.

Since K is finitely generated we can construct a left resolution F" of K consisting of free
A-modules of finite rank. Therefore, Torf(Q, K) = H;(Q ®4 F") for any right A-module
Q. Now, any right A-module @ is a direct limit of a directed system {Q;; ¢ € I} of its
finitely generated submodules, which leads to

Tor{(Q, K) = Hi(Q ®4 F) = Hy((li; Q;) ®4 F)
= lim H, (Q; ®a F") = lim Tor{!(Q;, K) = 0.

Hence, K is a flat A-module, and by 4, it is a projective A-module. [J

Homological dimension hd(A) of a ring A is the supremum in Z of n € Z, such that
there exist left A-modules M, N with Ext} (M, N) # 0.

5.6. LEMMA. Let J be a left A-module such that ExtYy(C,J) = 0 for every cyclic left
A-module C. Then J is injective.

PROOF. We can assume that C = A/L for some left ideal L of A. Let M be a left
A-module, N its submodule and f a morphism f : N — J. We have to show that f is
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a restriction of a morphism of M into J. Denote by F the family of all pairs (N’, f),
where N’ is a submodule of M such that N € N’ € M and f’ is a morphism of N’ into J

which extends f. We define a partial order on F by: (N’, f') < (N”, f”) if N’ ¢ N and
f" extends f’. By Zorn lemma, there exists a maximal element (P, g) in F. Assume that
P # M. Then we can find m € M such that m ¢ P. Let L = {a € A|am € P}. Then

$(a) = g(am) defines a morphism ¢ : L — J. Since Ext!(A/L,J) = 0, the long exact
sequence of Ext(—,.J) applied to the short exact sequence

0—-L—-A—A/L—0

implies that every morphism of L into J extends to the morphism of A into J. Therefore,
there exists j € J such that ¢(a) = aj for a € L. Let P’ = P+ Am. Since p € PN Am
implies that p = bm for some b € L, we conclude that g(p) = g(bm) = ¢(b) = bj. Therefore,
we can define a morphism ¢’ : P’ — J by ¢'(p + am) = g(p) + aj. Clearly, (P',¢') € F
and (P,g) < (P',¢’) contradicting the maximality of (P, g). Therefore, P = M and J is
injective. [J

5.7. PROPOSITION. Letn € Z,. Then the following conditions are equivalent

(i) hd(A) < n;

(ii) for every left A-module M, pd (M) < n;

(iii) for every finitely generated left A-module M, pd 4 (M) < n;
(iv) for every exact sequence of left A-modules

0O —-K—P,_1—... P —PF

with projective P;, K s projective too;
(v) for every exact sequence of left A-modules

° -7 . . =1 -J-=0

with injective I, J is injective too;
(vi) every left A-module has an injective resolution of length < n.

PROOF. The conditions (i), (ii) and (iv) are equivalent by 1. Evidently, (i)=-(iii) and

(v)=(vi)=(i). Hence, it remains to show that (iii) implies (v).
Consider the exact sequence

0K —-1">1"— ... SI"1 5750

with injective I*, 0 < i < k — 1. We claim that Ext/, (M, .J) = Extf:'k(M, K) for any left
A-module M and j € N. If k = 1, we have the short exact sequence

0—-K—I1I°—=J—0
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and from the long exact sequence of Exty (M, —) we conclude that for any j € N we have
Ext’, (M, J) = Ext/;" (M, K). Assume that the statement holds for k > 1, and consider
the exact sequence

0—-K—I">1"'—. .. SIS 5 J-50,
with injective I?, 0 < i < k. We can split it into two exact sequences
0—-K—1">I'"— ... I =S J =0,
and

0—J —I"—=J—0.

By the induction assumption we conclude that
Ext?, (M, J) = Ext/;"' (M, J') = Ext’,* T (M, K),

and this proves our claim.

Now, (iii) implies that for any finitely generated left A-module M and any left A-module
K we have Extffl“(M ,K) = 0. Hence, if we apply this and the preceding discussion to
the exact sequence

0—-K—I">I'— ... -1t 5 J—0,

with injective I, 0 < i < n — 1, we conclude that Ext} (M, J) = Ext";™ (M, K) = 0. From
6. it follows that J is injective. [

5.8. COROLLARY. Let A be a left notherian ring and n € Z,. Then the following
conditions are equivalent:
(i) hd(A) < n;
(ii) for any two finitely generated left A-modules M and N we have Ext’y™ (M, N) = 0;
(iii) for any finitely generated right A-module P and any finitely generated left A-module
M we have TorﬁH(P, M) =0.

PROOF. Clearly, (i) implies (ii) and (iii). By 5. and 7, (ii) and (iii) imply (i). O

Since the condition (iii) is symmetric with respect to left and right modules, 8. has the
following consequence.

5.9. PROPOSITION. Let A be a left and right notherian ring and A° its opposite ring.
Then hd(A) = hd(A°).

5.10. PROPOSITION. Let A be a commutative ring. Then hd(A[X]) = hd(A) + 1.

The proof is based on the following results. Let M be an A[X]-module. We can view it
also as an A-module.
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5.11. LEMMA. Let A be a commutative ring and M an A[X]-module. Then

pd s (M) < pdyx)(M) <pdy(M)+1.

PROOF. To prove the first inequality we can assume that pd 4 X](M ) is finite and put
pd4(x(M) = g. Then we can find a projective resolution

O—)QqHQq_1—>,,,—>Q1—>QO—>M—>O

of the A[X]-module M. Since any projective A[X]-module @ is a direct summand of a free
A[X]-module, and any free A[X]-module is free as an A-module, we conclude that @ is a
projective A-module. It follows that pd (M) < g, i.e., pd (M) < pdy(x(M).

To prove the other inequality we can assume that pd 4(M) is finite and put pd (M) =
m. Then we have a projective resolution

0O—P, —>Ppq1—... P —>FPp—M-—0
of the A-module M and, since A[X] is a free A-module, the sequence
0 — AX|®aP, — AX|®aPn-1 — ... = AX|®aP, — AX|®4P) — A[X|®aM — 0

is exact. We also claim that, for any projective A-module P, A[X]|®4 P is a projective
A[X]-module. This follows immediately from the natural isomorphism

Hom a(x](A[X] ®4 M, N) = Homa (M, N)

for any A-module M and A[X]-module N. Therefore we see that pd 4 xj(A[X]®4 M) <m
and Extfq[X](A[X] ®a M,N) =0 for any A[X]-module N and j > m.

Define the maps ¢ : A[X|®4 M — A[X]|®a M by ¢(P@m)=XP®m— P& Xm and
Y AIX]®a M — M by (P ®m) = Pm for P € A[X] and m € M. Then we have the
exact sequence

0— AX] @4 M 2 AX] @4 M 5 M — 0.

Clearly, 1 is surjective and ¥ o ¢ = 0. Moreover, an arbitrary element s of A[X]®4 M can
be written as s =Y X™ ® m,,. Therefore,

6(s) = 6 (D X" @my ) = S (X" @my — X" Xmy) = > X" @ (mn — Xmn),

and s is in the kernel of ¢ if and only if m,,_1 = Xm,, for all n € Z,. Since m,, = 0 for
large n, by downward induction in n, this implies that m,, =0 for all n € Z, i.e., s = 0.
Hence, ¢ is injective.

Assume that s is in the kernel of ¢. Then > X™m,, = 0. Therefore,

s:ZX"@)mn:Z(X"(X)mn—l@X”mn).
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Denote by T and S the A-module endomorphisms of A[X]®4 M defined by T'(P ® m) =
XP®m and S(P®m) =P ® Xm for P € A[X] and m € M. Then T and S commute
and ¢ =T — S. This immediately implies that

n

s=> (T =S (1@m,) =(T-95> | 177 | (1em,)€img

This completes the proof of the exactness.
From the long exact sequence of Exty X](—, N) corresponding to this short exact se-

quence and the preceding result we see that Ext?, X](M ,N) =0 for any A[X]-module N
and j > m + 1. Hence, by 1, pdqx;(M) <pdy(M)+1. O

A) 4+ 1. To finish the proof of 10. it

N

As a consequence, we see that hd(A[X]) < hd
remains to show that hd(A[X]) > hd(A) + 1.

Let M be an A[X]-module. Denote by Xj; the morphism of M induced by the multi-
plication by X.

5.12. LEMMA. Let M be an A[X]-module. Then:

(1) if Xnr 1s injective, we have pd 4, (M/X M) < pd 4x(M);
(ii) if M #0 and Xp = 0, we have pd o(M) = pd 4 x (M) — 1.

PROOF. (i) We can assume that pd 4;x)(M) is finite. We prove, by induction in k, that
pd s (M/XM) < pdyx) (M) if pdgx) (M) < k. If M is a projective A[X]-module, M is a
direct summand of a free A[X]|-module. On the other hand, if F' is a free A[X]-module,
F/XF is a free A-module. Therefore, M /X M is a direct summand of a free A-module and
hence projective. It follows that pd 4 (M/X M) < pd,x(M) if pdgx)(M) = 0. Assume
now that pd4x)(M) = k and consider a short exact sequence of A[X]-modules

O—N—F—M-—0

with F' free. This leads to the commutative diagram

0 N F M 0
xx | xe | Xur |
0 N F M 0

We can consider it as a short exact sequence of complexes, and from the associated long
exact sequence conclude that X is injective and that

0— N/XN— F/XF — M/XM —0

is an exact sequence of A-modules. From the long exact sequence of Ext 4 yj(—, L) we see

that the connecting morphism of Exti‘_[)l(](N , L) into EXti&[ X](M , L) is surjective for any
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A[X]-module L and j € N. Hence, by 1, we conclude that pd 4 x(IV) = k — 1, and by the
induction assumption pd 4 (N/XN) < pd 4 x)(N) = k—1. Analogously, from the long exact
sequence of Exty(—, Q) we deduce that the connecting morphism of Ext’, '(N/XN, Q)
into Extf;‘(M /XM, Q) is surjective for any A-module ) and j € N, which implies that
pdy(M/XM) < k.

(ii) By 11. the assertion is trivial if pd 4 x(M) is infinite. Also, if pdy;x)(M) = 0, M
is projective and a direct summand of a free A[X]-module. Since Xu = 0 implies u = 0
in a free A[X]-module, XM = 0 would imply that M = 0, contrary to our assumptions.
Therefore, we can assume that pd,xj(M) = k > 0. Considering again the short exact
sequence

O—N—F—-M—20

with a free A[X]-module F, we see that pd;x)(N) = k — 1, Xy is injective and the
sequence of A-modules

0 —-M—N/XN—F/XF—M—0

is exact. Hence, by (i), we conclude that pd,(N/XN) < k — 1. We can split the above
exact sequence into two short exact sequences of A-modules:

0—-M—N/XN—K—0

and
0—-K—F/XF—M—D0.

By using the long exact sequence of Exty(—, L) and 11. we conclude from the last one
that pd4(K) < k — 1. Now, the same argument applied to the first one implies that
pdy(M) <k —1. By 11. we conclude that pd,(M)=k—1. O

Let M be an A-module. We can consider it as an A[X]-module by defining X - M = 0.
Denote this A[X]-module by M. By 12. we see that pd4(M) = pd,x(M) — 1, hence
hd(A) < hd(A[X]) — 1. This ends the proof of 10.

5.13. THEOREM. Let k be a field. Then
hd(k[Xl,Xg, ey Xn]) =nNn.

Now we want to study the homological dimension of local rings. We start with the
following characterization of free A-modules of finite rank.

5.14. PROPOSITION. Let A be a nétherian local ring and m its maximal ideal. Let M
be a finitely generated A-module. Then the following conditions are equivalent:
(i) M is a free A-module;
(i) M 1is a projective A-module;
(iif) Tori' (M, A/m) = 0.
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PRrROOF. Clearly, we have (i)=(ii)=-(iii). Therefore, it remains to prove that (iii)=-(i).
Let x1,x3,...,x, be elements of M such that their images in M/mM form a basis of the
k-vector space M /mM. Let F be the free A-module with the basis e, eq, ..., e,. Denote
by ¢ the A-module morphism from F' into M defined by ¢(e;) = x; for 1 < i < n. If we
put C' = ker ¢ and K = coker ¢ we get the exact sequence

0C—oFA5M—-K—=0

of finitely generated A-modules. By tensoring with A/m ® 4 — it gives the exact sequence

F/mF 2% M/mM — K/mK — 0

of vector spaces over k. By the construction, 1 ® ¢ is surjective and K/mK = 0. By
Nakayama lemma this implies that K = 0. Therefore, we have the exact sequence

0—C—F2%M-—o0.
By applying to it the long exact sequence of Torf(A /m, —) and (iii), we conclude that

O—>C’/mC’—>F/mFﬁ>M/mMHO

is an exact sequence of vector spaces over k. Since 1 ® ¢ is injective, C/mC = 0 and by
Nakayama lemma, C' = 0. Therefore, M is a free A-module. [

5.15. PROPOSITION. Let A be a notherian local ring, m its mazimal ideal and n € Z .
Then the following conditions are equivalent:
(i) hd(A) < n;
(ii) Tori,;(A/m, A/m) = 0.

PRrOOF. Clearly (i)=-(ii). Assume that (ii) holds. Let M be a finitely generated A-
module and
O—K—F, 11— —F —Fp—M-—70

a left resolution of M such that the modules F;, 0 < i < n —1, are free A-modules of finite
rank. Then, as in the proof of 5, we conclude that Tor{ (K, A/m) = Tor,‘?Jrl(M, A/m).
Applying this to M = A/m we conclude that in this case Tor{ (K, A/m) = 0, and by
14, K is a free A-module of finite rank. It follows that A/m has a free left resolution of
length n, i. e. pd4(A/m) < n. This implies that Tor;?H(M, A/m) = 0 for any finitely
generated A-module M, and by repeating the argument, pd 4 (M) < n. By 7. we conclude
that hd(A) <n. O

Finally, we make two technical remarks we shall use in the following.
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5.16. LEMMA. Let A be a left nétherian ring with hd(A) < oo. Let M be a finitely
generated A-module and n € Z. Then the following conditions are equivalent:
(i) Ext’, (M, A) =0 for j > n;
(ii) pdy(M) <mn.

PrOOF. Clearly (ii)=-(i). It remains to show the opposite implication. Let N be
a finitely generated A-module. Since A is left nétherian, we have an exact sequence
0 — K — AP — N — ( with finitely generated A-module K. By the long exact sequence
of Ext4 (M, —) we conclude that the connecting morphism Ext, (M, N) — Ext/;"' (M, K)
is an isomorphism for j > n. Since the homological dimension of A is finite, by downward
induction in j we see that Ext’, (M, N) = 0 for j > n. By 5. this implies that pd 4 (M) <
n. U

5.17. COROLLARY. Let A be a left notherian ring with hd(A) < co and n € Z,. Then
the following statements are equivalent:
(i) hd(A) < n;
(ii) Extf;l(M, A) =0 for any finitely generated left A-module M and any j > n.

ProoF. This follows immediately from 7. and 16. [

5.18. COROLLARY. Let A be a left notherian ring with hd(A) < oo and M a finitely
generated left A-module. Then the following statements are equivalent:
(i) M =0;
(it) Ext’y(M,A) =0 for all j € Z...

PRroOF. Clearly, (i)=(ii). If (ii) holds, M is projective by 16, and therefore a direct
summand of some AP. This implies that Hom (M, M) = 0 which is possible only if
M=0. O

6. Some homological algebra of polynomial rings

Let k be an algebraically closed field. Denote by A the ring of polynomials in n variables
k[ X1, Xo, ..., X,] with coefficients in k.

Since A is commutative, for any two A-modules M and N, Hom4 (M, N) has a natural
structure of an A-module given by (p-T)(m) = pT(m) for any p € A, T' € Hom (M, N)
and m € M. In addition, we can view Extf;l(—, —), 1 < j < o0, as rightderived functors of
this functor Hom4(—, —), i.e., all Ext’, (M, N) have natural structures of A-modules.

Also, M ® 4 N hasa a natural structure of an A-module given by p(m®n) = pm®@n =
m ® pn, for any p € A, m € M and n € N. Therefore, we can view Torf(—, —) as left
derived functors of — ®4 —, i.e., all Torf(M , V) have natural structures of A-modules.

We want now to analyze these modules more carefully. First, by 5.13 we know that
hd(A) = n. Therefore, for any two A-modules M and N, we have Ext’, (M, N) = 0 and
Torf(M, N) =0 for j >n.

Also, for any x € k™ we can consider the localization A, of A with respect to the
maximal ideal my,.
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6.1. LEMMA. Let x € k"™ and M and N be A-modules. Then
Tor}q”(Mx, N,) = Torf(M, N),

forall j € Z.

PROOF. Let
o Fp— ... > F —F—M—0

be a resolution of M by free, finitely generated A-modules. Then Torf(M ,N) is the
j*"-homology module of the complex

o QAN —> ... =2 Fi®s N — Fys N — 0,

and since localization is exact, Torf(M ,N), is the j*"-homology module of the complex
oo = (Fr®aN)y — ... (F1®4N), — (Fy®4 N), — 0.
On the other hand, if F = A,
(FRaN),=(AD 04 N), = NP = (N)W = (4)D @4, N, = F, @4, N,
which implies that Torf(M ,N), is the j*"-homology module of the complex
cio = (Fr)e ®a, Ny — ... — (F1)2 ®a, Ny — (Fo)z ®a, Ny — 0.

Since localization is exact,

coi—= (Fr)e — .. — (F1)z — (F0)e — M, — 0

is a free resolution of the A,-module M,, and Torf(M, N), = Tor}qm (M, N,) for all
jez O

By 5.8, it follows that Torj;lj”rl(Mx,Nx) = 0 for any two A-modules M and N. The
local ring A, of rational functions on k™ regular at = has the maximal ideal n, = (m,),
consisting of all rational functions vanishing at z. Clearly,

This implies that
A, _ Ay _ A
Tor;* (Az/ng, Ay/ny) = Tory* ((A/my)., (A/my),) = Tor; (A/my, A/my),
and by the preceeding discussion
Torf_’;l(Am/nm, Ay /ng) =0.

Hence, by 5.15, we have the following result.
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6.2. LEMMA. hd(A;) < n for any x € k™.
We shall see later in 8. that this inequality is actually an equality.

6.3. LEMMA. Letx € k™ and M be a finitely generated A-module and N any A-module.
Then

Ext‘f% (M, N,) = Ext’, (M, N),
forall j € Z.

PROOF. Let
b —...—-F —F—-M—0

be a resolution of M by free, finitely generated A-modules. Then Extf;l(M ,N) is the
j*-cohomology module of the complex

0 — Homy (Fo, N) — Homu(Fy, N) — ... — Homa(F),N) — ..

and since localization is exact, Extf;x(M , V), is the j*"-cohomology module of the complex
0 — Homy (Fy, N) — Homy(Fy,N), — ... — Homy (Fi,N)y — ... .
On the other hand, if F' = AP,
Homu(F,N), = (N?), = N =Homgu_(F,, N;),
which implies that Extf;‘(M , ), is the j*"-cohomology module of the complex
0 — Homy, ((Fo)z, Nz) — Homa, ((F1)z, Ny) — ... — Homa, ((Fg)zy Nz) — ... .
Since localization is exact,
oo = (Fr)e — .. — (F1)z — (F0)s — M, — 0

is a free resolution of the A,-module M,, and Exti‘(M, N), = Extf;‘z(Mm,Nm) for all
jez. 0O
6.4. PROPOSITION. Let M be a finitely generated A-module. Then
(i) Extf;l(M, A), 0 < j <mn, are finitely generated A-modules;

(i)

supp(M) = U supp(Extf;‘(M, A)).

=0
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PRrROOF. (i) Let 0 — K — AP — M — 0 be an exact sequence of A-modules. By the
long exact sequence of Ext,(—, A), Homy (M, A) is a submodule of AP. This implies that
Hom (M, A) is finitely generated. Moreover, Extf;l(M ,A) is a quotient of Extil_l(K JA)
for any 1 < j < n. By the induction in j, it follows that all Extf;‘(M ,A) are finitely
generated A-modules.

(ii) Let I be the annihilator of M and f € I. Then the multiplication by f induces
a morphism of a projective resolution P of M which is homotopic to zero. Therefore, f
annihilates Ext‘fé‘(M , A) for any 0 < j < n. It follows that the annihilators of Ext‘f;‘(M JA),
0 < j < n, contain I. By 4.2, supp(Ext‘f;l(M, A)) C supp(M) for 0 < j < n. Therefore,
Ui—o supp(Ext?, (M, A)) C supp(M). Take now x € k™ such that = ¢ supp(Ext’, (M, A))
for 0 < j < n. Then we have Exti‘(M, A), =0 for 0 < j < n and, by 3, this implies
EXt;qu(Mm, A,) =0 for 0 < j < n. Since the homological dimension of A, is finite by 2,
we conclude that M, = 0 by 5.18. Hence, z ¢ supp(M). O

By 5.18, for any finitely generated A-module M different from zero we can define
J(M) = min{j € Zy | Ext?, (M, A) # 0}
and for any x € supp(M),
§(Mz) = min{j € Z | Ext), (M, A;) # 0} =min{j € Z, | Ext’,(M, A), # 0}.

Clearly, 0 < j(M,) <n and

(M)=  min (M,).
JM) = _min (M)

The main result of this section is the next theorem.

6.5. THEOREM. Let M be a finitely generated A-module. Then
(i) Extly (M, A) =0 for j <n—d(M);

(i) d(Ext’ (M, A)) <n—j for all0<j <n;

(iii) d(Ext”“M) (M, A)) = d(M).

In addition, if M # 0, Extz_d(M)(M, A)#£0, i.e.,
d(M) + j(M) =n.

In fact we shall show the following localized version of 5.

6.6. THEOREM. Let M be a finitely generated A-module and x € supp(M). Then
(i) Extly (M, A)s =0 for j <n —d(M,);

(i) d(Ext’ (M, A);) <n—j forall0<j<n;

(iii) Ext” )M, A), # 0 and d(Ext”” M) (M, A),) = d(M,).
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In particular,
d(Mm> +.7(Mm) =n.

Clearly, 6. combined with 4.6 implies 5. Therefore, it remains to prove 6.

First we show that (iii) follows from (i) and (ii). By (ii), d(Eth_d(Mz)(M, A)g) <
d(M,). Assume that d(Eth_d(M””)(M, A)z) < d(M,). Then, by (i) and (ii), we would
have d(Ext’, (M, A),) < d(M,) for 0 < j < n, which contradicts 4. and 4.5. Therefore,
d(Ext” "M (M A),) = d(M,).

If d(M,) # 0, d(Ext™ " )(71, A),) = d(M,) implies that Ext” “™)(M1, A), £ 0. If
d(M,) = 0, Ext),(M, A), = 0 for j < n by (i), and Ext (M, A), # 0 by 4.

We shall prove (i) and (ii) by induction in d(M). We begin with a lemma.

6.7. LEMMA. Let x € k™. Then

Ext)y (A/mg, A) = 0 for 0 < j <n and Ext}(A/m,, A) = A/m,.

ProoOF. By induction in p we shall prove the following statement:
(¥) Let M, =A/(X1—21,...,Xp —2p). Then

Ext‘f;l(Mp,A) =0 for j # p,
and
Ext? (M, A) = M,

For p = n this proves our assertion.
Because of My = A, the statement (x) holds for p = 0. Assume that it holds for
p— 1> 0. Then we have the exact sequence

0— M, MMp_l — M, — 0.

By the long exact sequence of Ext)y(—, A) we have

X

0 — Extf, (M, A) — Exty ' (M,_1, A) =% Ext] ' (M,_1, A) — Ext5 (M, A) — 0

and all other Extil(Mp,A) vanish. By the induction assumption, Extﬁ_l(Mp,A) is iso-
morphic to the kernel of the map induced on M,_; by multiplication by X, — x, and
Ext!y (M, A) is isomorphic to the cokernel of this map. It follows that Exti_l(Mp, A)=0
and Exth, (M,, A) = M,. O

By 3, this implies, that

Ext’) (Ag/Dg, Ay) = Ext’y (Ay/(mg)s, Ay) = Ext’ ((A/m,)s, Ay)
= Ext" (A/my,, A), = (A/my,), = A, /(my), = Ay /1y # 0.

Combined with 2, this implies the following result.
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6.8. THEOREM. For any x € k™, we have
hd(k[X1, X, ..., Xpn]s) = n.

Now we can start the proof of 6. First we remark that if we have an exact sequence
0—M —M—-M"—0

and (i) and (ii) hold for M’ and M", then they hold for M. In fact, since localization is
exact, we have the exact sequence

0— M, — M, — M) — 0,

and if j < n — d(M,), we have j < n —d(M.), j < n — d(M?) and Ext’,(M’, A), =
Ext? (M"”,A), = 0. Hence, the localization of the long exact sequence of Ext)y(—, A)
implies that Ext’, (M, A), = 0 and (i) holds for M. On the other hand, for any 0 < j <n,

= Extly (M", A), — Exty (M, A), — Ext)y (M', A), — ...
also implies that
d(Ext’y (M, A),) < max(d(Ext} (M’ A),), d(Exty(M”, A),)) <n — j,

and (ii) holds for M.

Assume that d(M) = 0. Then M is a finite-dimensional vector space over k. By 7. we
know that (i) and (ii) hold if dimy M = 1. The general case follows by an induction in
dimy. In fact, M has a one-dimensional A-submodule M’, hence we can form an exact
sequence 0 — M’ — M — M" — 0 such that (i) and (ii) hold for M" by the induction
assumption. Then the preceding discussion applies, and (i) and (ii) hold for M. This ends
the proof for d(M) = 0.

Now we prove the induction step. Assume now that (i) and (ii) hold for all finitely
generated A-modules N with d(N) < p for some p > 0. Let M be a finitely generated
A-module with d(M) = p. Then, by 4.3, we can find a filtration 0 = My C M; C ... C
Ms_1 C Mg = M such that M;/M;_1 = A/J; for some prime ideals J;, 1 < i < s, and
V(J;) C supp(M) for 1 <i < s. It follows that d(A/J;) < p and we have an exact sequence

0—>M1_1—>M1—>A/JZ—>0

for 1 < i < s. Hence, if we assume that (i) and (ii) hold for A/J with J prime and
dim V(J) = p, by the induction assumption and an induction in ¢ we see that (i) and (ii)
hold for M.

This reduces the proof of the induction step to the case M = A/J, J a prime ideal and
dimV(J) = p. Let x € V(J). Since V(J) is irreducible, dim, V(J) = p and d(M,) = p
by 4.5. Moreover, since dim V' (J) > 0, m, # J and we can find f € A, f ¢ J such that
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f(x) = 0. Consider the endomorphism of M induced by the multiplication by f. As in
the proof of 4.4 and 4.5 we conclude that it is injective, hence we have the exact sequence

0— ML M- M/FM—o0.

Moreover, d(M/fM) < d(M). If we would have d(M/fM) = d(M) it would follow that
e(M/fM)=0and M/fM = 0. This would imply that d(M) = d(M/fM) = 0 contrary
to our assumption. Hence, d(M/fM) < d(M) = p and M/ fM satisfies (i) and (ii) by the
induction assumption. ‘

Now we can prove (i) for M. By the induction assumption Ext’,(M/fM, A), = 0 for
J <n—p+1. Hence, for any j < n — p, from the localization of the long exact sequence
of Ext)y(—, A) we see that multiplication by f induces an automorphism of Ext’, (M, A),;
and, since f € m,, we have n, Ext/,(M, A), = Ext/,(M, A),. By Nakayama lemma we
conclude that Ext’, (M, A), = 0.

It remains to prove (ii). We consider the following part of the long exact sequence of
Exty(—, A)

. — Ext?,(M/fM, A) — Ext’,(M, A) L Ext’, (M, A) — Ext/{ (M/fM, A) — ...

If j = n, by 5.13, we have Ext,t'(M/fM, A) = 0. Hence the morphism Ext’; (M, A) EN

Ext’y (M, A) is surjective. By localization at x, we see that Ext"y (M, A), ER Ext’y (M, A),
is also surjective. As in the proof of (i), it follows that n, Ext’ (M, A), = Ext’y (M, A),.
Again, by Nakayama lemma, we conlude that Ext’y (M, A), = 0. Hence, d(Ext’y (M, A),) =
0, and (ii) holds in this case.

Consider now the case 7 < n. By the induction assumption we know that

d(Ext’y,(M/fM, A),) < n— j and d(Ext))™" (M/fM, A),) <n—j— 1.
If we put
¢+ Ext’, (M, A) L Ext/, (M, A)

and denote N = Exti‘(M, A), K = ker¢, C' = coker¢ and I = im¢ we get the exact
sequence

0—>K—>Ni>N—>C—>O.

By localizing we get
0— K, > Ny 25 N, — Cp — 0

with d(K;) <n—jand d(C,) <n—j— 1.
Let I, =im ¢,. Then

I,NniIN, O f(nd'N,) =nl'I,
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for any ¢ € Z,, and this implies that
dimg (I, /(I, NniN,)) < dimy (I, /n9'1,)
for any ¢ € Z,. On the other hand, we have the short exact sequence
0—I,—N,—C, —0
which leads to the short exact sequence
0—I,/(I "niN,) — N, /niN, — C,/nlC, — 0
for any q € Z,. Hence,

dimy (N, /nIN,) = dimg(C,/nlC,) + dimy (I, /(I " nIN,))
< dimy,(C,/nlC,) + dimg (I, /ni"'1,)

for any q € Z. Also, the short exact sequence
0—-K,— N, —1,—0
leads to the short exact sequence
0— K,/(K;NnlIN,) — N,/nIN, — I,/nll, — 0

and
dimy (N, /nIN,) = dimy (I, /nll,) + dimg (K, /(K, NniN,)),

for any ¢ € Z,. Putting these formulas together we get
dimy, (N, /niN,) — dimy (N, /ni"'N,) < dimg(C,/nlC,) — dimy (K, /(K, Nni"'N,))

for any ¢ € N. Clearly, the left side of this inequality is greater or equal to zero for all
q € N. From the discussion in the proof of 2.7 we know that for large ¢ € N the right side
of this inequality is given by a polynomial of degree < n — j.

Assume first that its degree is equal to n — j, i.e., that d(K,) = n — j and its leading

coefficient is —e(Kx)%.
is clearly a contradiction.

Therefore, we must have d(K,) < n — j — 1. Then, for large ¢, the function ¢ —
dimg (N, /nIN,) — dim (N, /n2~tN,) is given by a polynomial of degree <n — j — 1. By
1.7, d(N,) < n —j. This ends the proof of 6.

In particular, it takes negative values for large ¢ € Z,. This
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7. Some homological algebra of filtered rings

Let D be a filtered ring with an increasing filtration (D,, ; n € Z) by abelian subgroups
satisfying the properties (i)-(vii) from the beginning of 3. Let M and N be two filtered left
D-modules with filtrations F M and F N respectively. We define an increasing filtration
of Homp (M, N) by abelian subgroups

F, Homp (M, N) = {¢ € Homp(M, N) |¢(Fp M) C Fp iy N, n € Z}

for all p € Z. We first want to study some basic properties of this filtration.

7.1. LEMMA. Assume that:

(i) M is a finitely generated D-module and its filtration is exhaustive,
(ii) the D-module filtration on N has the property that Fy N =0 for some q € Z.

Then there exists p € Z such that F, Homp (M, N) = 0.

PrROOF. By the assumption, there exists m € Z such that F,, M generates M as a D-
module. On the other hand, for any ¢ € F,_,, Homp (M, N) we have ¢(F,, M) CF, N =
0. Therefore ¢ = 0. 0O

7.2. LEMMA. Assume that:

(i) M is a finitely generated D-module with a good filtration,
(ii) the D-module filtration on N is exhaustive.

Then the filtration on Homp (M, N) is ezhaustive.

Proor. Take ¢ € Homp(M, N). Let m € Z be such that F,,, M = D,, - F,,, M for
all n € Z,. Then ¢(F,, M) is a finitely generated Dy-submodule of N, hence we can find
k € Z such that ¢(F,, M) C Fy N. This implies that for n > m, we have

On the other hand, since the filtration of M is good, F, M = 0 for a sufficiently negative
q. For ¢ < n < m, we have

p(F, M) C ¢p(Fpy M) CFy N CFpip_qN.

Hence, ¢ € F,_,Homp(M,N). O

In particular, if M and N are finitely generated D-modules with good filtrations, the
filtration on Homp (M, N) is exhaustive and Fy Homp (M, N) = 0 for sufficiently negative
q € Z.

In the following, we want to describe the structure of GrHomp(M,N). Let ¢ €
F,Homp(M,N). Then ¢(F,, M) C Fp,, N for any n € Z. Therefore, ¢ defines a graded
morphism ¢, : Gr M — Gr N of degree p, i.e., ¢,(Gr, M) C Grp4p, N for n € Z. Also,
¢p € Homg, p(Gr M, Gr N). Clearly, ¢, = 0 if and only if ¢ € F,,_1 Homp (M, N), hence
¢ — ¢, induces an injective additive map from Gr, Homp (M, N) into the subgroup of
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Homg, p(Gr M, Gr N) consisting of graded homomorphisms of degree p. This defines an
imbedding of GrHomp (M, N) into Homg, p(Gr M, Gr N).

Now we study some functorial properties of our filtration. Let N be a filtered D-
module. Assume that M and M’ are two filtered D-modules equipped with filtrations F M
and F M’ and f : M — M’ a morphism compatible with the filtrations, i.e., satisfying
f(F, M) C F,M', n € Z. Then f induces the morphism ¢ —— ¢ o f of Homp(M', N)
into Homp (M, N). If ¢ € F, Homp(M', N), we have

(po f)F, M) C ¢p(F, M) CFnyp N, n€Z;

hence ¢o f € F, Homp(M', N). Therefore, ¢ — ¢o f is a map compatible with filtrations
on Homp(M, N) and Homp(M’, N). Moreover, the diagram

GrHomp(M',N) —— Homg, p(Gr M’,Gr N)

! !

GrHomp(M,N) —— Homg, p(Gr M, Gr N)

is commutative.

The next step is to analyze the conditions which imply that the canonical map from
GrHomp (M, N) into Homg, p(Gr M, Gr N) is surjective. We start with the following
observation.

7.3. LEMMA. Let M be a finitely generated D-module with a good filtration F M, such

that Gr M is a free Gr D-module with a basis e, eq, ..., es consisting of homogeneous ele-
ments of degree r1,72,...,1rs respectively. Let mq,mo, ..., ms be elements of M such that
m; =e; for1 <i<s. Then M is a free D-module with basis my,ma,...,ms and

F, M = @ Dy_r,m;

i=1
for any p € Z.

Proor. First we claim that mi, ms, ..., ms generate M. We shall prove, by induction
in p, that ¥, M C >7_, Dp_,.m;. First, F, M = 0 for sufficiently negative ¢ € Z. Assume
that the statement holds for p — 1. Take v € F, M. Then v € Gr, M and v = Zle d;e;
with d; € D,_,,. It follows that v — Y7, d;m; € Fp_1M C Y ;_, Dp_1_r,m;, hence
v E Zle D,,_,,m;. This proves our statement and, in particular, m,mas, ..., m, generate
M.

We show next that mq,mo,...,ms are free generators. Let > d;m; = 0, d; € D,,,
d; ¢ Dy, ., be a nontrivial relation. Take p = max;<;<s(p; + ;). Then we get > die; =0
where the sum is taken over indices ¢ such that p; + r; = p. This implies that for such 1,
d; =0, contrary to our assumption. Therefore, (m;,1 <1i < s) are free generators of M.

This implies, by the first part of the proof, that F,, M C @;_, D,,_,,m;. The opposite
inclusion is evident. [

We call a free Gr D-module with a basis consisting of homogeneous elements, a free
graded Gr D-module.
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7.4. LEMMA. Let M be a finitely generated D-module with a good filtration F M, such
that Gr M is a free graded Gr D-module. Then the canonical map GrHomp(M,N) —
Homg, p(Gr M, Gr N) is an isomorphism.

PrOOF. Since Gr M is a free graded Gr D-module it has a basis e1,...,es as a free
Gr D-module consisting of homogeneous elements of degrees 71, ..., rs. Therefore, we have

Homg, p(Gr M, Gr N) = Homg; p (@ GrD - ei,GrN> = @HomGrD(GrD -e;, GrN).
i=1

=1

Moreover, the linear map Homg, p(GrD - ¢;, Gr N) — Gr N given by T —— T'(e;) is a
linear isomorphism, and it maps the graded homomorphisms of degree p — r; into ho-
mogeneous elements of degree p for all p € Z. Therefore, Homg, p(Gr D - e;, Gr N) is a
direct sum of spaces of graded homomorphisms of degree p, p € Z, and the same holds for
Homg, p(Gr M, Gr N).

Hence, it is enough to show that all graded homomorphisms in Homg, p(Gr M, Gr N)
are in the image. In the following we use the notation from the preceding argument. Let
® € Homg, p(Gr M, Gr N) be a morphism of order ¢. This means that ®(e;) € Gr,, 4+, N.
Let w; € F,,14 N such that ®(e;) = w;. Define ¢ € Homp(M,N) by ¢(m;) = w; for
1 < i <s. We see from 3. that

o(Fp M) C Z Dprywi CFpig N
i=1

and ¢ € F,Homp (M, N). It is evident that ¢, = ®. O

7.5. LEMMA. Let M be a filtered D-module, L a free graded Gr D-module and f : L —
Gr M a morphism of graded Gr D-modules. Then there exists a filtered free D-module P,
a morphism g : P — M of filtered D-modules and an isomorphism j : Gr P — L of graded
Gr D-modules such that the diagram

Gr P & GrM

a |

L —L1 . gy

commutes.

PROOF. Let (¢;; i € I) be a basis of L such that ¢; are homogeneous and deg(¢;) = r;,
i € I. Let P be a free D-module with the basis (p;; ¢ € I) and define its filtration by
FpyP =23 .c;Dpr,pi, for p € Z. Let (m;; i € I) be a family of elements of M such that
m; € F,, M and m; = f(¢;) for i € I. Then there exists a unique morphism g : P — M
such that g(p;) = my, for i € I. Moreover,

g<FP P) = ZDP—Tig(pi) - Fp M7
el
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for any p € Z, and g is a morphism of filtered D-modules. Clearly, GrP =3} _._; Gr D - p;
and Gr,, P = Zie ; Grp—p, D - p;. This implies that the morphism j : Gr P — L defined
by j(p;) = 4;, i € I, is an isomorphism of Gr D-modules. Also,

(Grg)(pi) =mi = f(&:) = (foj)(Di),
hence Grg = foj. [
7.6. LEMMA. Let
M Lo 2 v

be a sequence in the category of filtered D-modules such that go f = 0. Assume that the
filtration of M is exhaustive and F, M = 0 for sufficiently negative p € Z. If the sequence

Gr M’ Gt GrM G, GrM”

of graded Gr D-modules is exact, the original sequence is exact too.

PROOF. By our assumption im f C ker g; i.e.,
imfNF,M CkergnNF, M
for p € Z. We shall prove by induction that
imfNF, M =kergnNF, M

for p € Z. Since the filtration of M is exhaustive, this shall imply that im f = ker g. The
assertion is clear for sufficiently negative p. Assume that the assertion holds for p — 1 and
x € ker gNF, M. By the assumption there exists y € F), M such that (Gr f)(y) = z. Hence,
fly)—z € Fp1 M. Also g(f(y) —z) = g(f(y)) —g(z) =0, hence f(y)—z € ker g. By the
induction assumption z — f(y) € im f, hence there exists z € M such that z — f(y) = f(z)
and x = f(y+ 2), i.e, z €im f. O

7.7. LEMMA. Let M be a finitely generated D-module with good filtration F M. Let L.
be a left resolution of Gr M in the category of graded Gr D-modules by free graded Gr D-
modules of finite rank. Then there exists a left resolution P. of M in the category of filtered
D-modules such that:
(i) the D-modules P,, n € Z, are free;
(ii) the complex Gr P. is isomorphic to L..

PRrROOF. By 5. we can construct a filtered free D-module Py and a morphism of filtered
modules Py -5 M such that

Gr Py _Gre | Gr M
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commutes. By 3.1 the filtration F Py is a good filtration, and by 3. P, is a free D-module
of finite rank. In addition, Gre is surjective. By 6, € is also surjective. Assume that we
constructed filtered D-modules Py, P, ..., P._1 and morphisms dy, d, ..., d;_1 such that

di_1 di_o d d
Pi_q Pi_s PSP S M =0

is an exact sequence of filtered D-modules, P;, 0 < i < k — 1, are free D-modules of finite
rank and

Grdk_l Grdk_z Grd G
GrP._; —— GrPy_» . —2, GrP) 5 Gr M

T T

Ly —— Ly, —— Lyp9g —— ...—— Ly —— GrM

is commutative. Let K be the kernel of di_1 equipped with the induced filtration. Then
Gr K is identified with a submodule of Gr P,,_1 = L;_1. Moreover, with this identification,
Gr K C ker Grd_1.

We claim that Gr K = ker Grdj_;. Let £ € ker Grpdi—1. Let x € F), P,_1 be such
that £ = £ Then (Grdig_1)(Z) = 0 and dix_1(x) € Fp_1 Py_2. Let S be the set of all
s € Z, s < p—1, such that there exists x € I, P,_1 with the property that £ = § and
di—1x € Fs Py_o. Let ¢ € S. Assume that 2’ is such that 7’ = { and y = dy_12’ € Fy Py_o.
Then d_2(y) = (dg—2 0 dg—1)(x’) = 0 hence y € ker Grdy_o = im Grdj_;. It follows that
one can find z € Fy P, such that § = (Grdg_1)(2), i.e., y —dx—12 € Fy_1 Py—_2. Now, if
we put 2’/ =2’ — 2z we get z” =1’ = £ and

dp—12" = dp—12" —dp_1z =y —dy—12 € Fg_1 Py_»

and ¢ — 1 is in S. Therefore, S = {q € Z|q < p — 1}. Since F, P,_o = 0 for sufficiently
negative ¢, we conclude that there exists x € F), P,_; with the property that £ = { and
dp_1x=0,1i.e. £ € GrK.

We proved that Gr K = ker Grdg_1, hence under the isomorphism of Gr P,_; with
Lyj._1, it corresponds to the image of Ly in Lx_;. This implies that, by 5, we can construct
P, and di, : P, — P,_1 such that

(i) Py is a filtered free D-module,
(ii) dj is a morphism of filtered D-modules,
(iii) imdy, C K,

(iv) the diagram

GrP, L%, Grp,_,

~| ~|

Ly ——— Li

1s commutative.
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Now 6. implies that im d; = kerdi_, and

d di—1 d d
PP, =L 2SS M—0

is exact. By induction we get the required resolution. [J

Now, let M be a finitely generated D-module with a good filtration F M. Then Gr M is a
finitely generated Gr D-module. We can find homogeneous generators eq, es, . . ., e of Gr M
as Gr D-module. Let r1,79,..., 75 be the degrees of these generators respectively. Let Lg be
the free graded Gr D-module with basis ¢1, {5, ..., {5 consisting of homogeneous elements
of degrees r1,72,...,rs. Then we can define a Gr D-module morphism f : Ly — Gr M
by f(¢;) = e;, 1 <i < s, and it is a surjective morphism of graded Gr D-modules. Since
Gr D is a notherian ring, ker f is a finitely generated Gr D-module and by induction we
can construct a left resolution

.—L,—...— L —Ly—GrM — 0

by free graded Gr D-modules of finite rank. By 7. this implies the existence of a left
resolution in the category of filtered D-modules

.—P,—...—=P —>FPh—M—0

by filtered free D-modules, such that the complex Gr P. is a left resolution of Gr M and

.— GrP, GrPp — GrPy — Gr M
. — L, L, —— Ly — GrM

is a commutative diagram. By 3.1 this implies that F P; are good filtrations of P; for any
1€ Ly

Let N be a finitely generated D-module with good filtration F N. Then we can consider
the complex K° = Homp(P.,N). Clearly,

HI(K") = Ext}, (M, N)
for any j € Z,. Moreover, by 1. and 2, K7, j € Z, have natural exhaustive filtrations
compatible with the differentials in the complex and such that F, K/ = 0 for sufficiently
negative p € Z. The corresponding graded complex Gr K~ = Gr Homp (P., N) is isomorphic
to the complex Homg, p(Gr P., Gr N) = Homg, p(L., Gr N) by 4. Therefore,
H’(Gr K') = Extl,, ,(Gr M, Gr N)

for any j € Z,.
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7.8. THEOREM. hd(D) < hd(Gr D).

PrROOF. We can assume that the homological dimension of Gr D is finite. Let M and
N be two finitely generated D-modules equipped with good filtrations F M and F N. By
the preceding discussion, Ext}, (M, N) = HI(K") and Extl, ,(Gr M,Gr N) = H/(Gr K").
Therefore, H/(Gr K') = 0 for j > hd(Gr D). Hence, if we put n = hd(Gr D), we have the
exact sequence

GrK" — GrK""! — GrK"*? — ...

Using 6. (for D = k), we conclude that
K" — K" g2

is exact. Therefore, Ext‘g(M ,N) =0 for j > n, and the assertion follows from 3.4 and
5.8. U

Assume now that N = D equipped with the natural filtration. Then we can de-
fine a structure of a right D-module on Homp(M, D) by (¢T)(m) = ¢(m)T, for ¢ €
Homp(M,D), T € D and m € M. Clearly Homp(—, D) is a contravariant functor
from the category of left D-modules into the category of right D-modules. If M is a
finitely generated left D-module, we have an exact sequence DP — M — 0 of left D-
modules. By applying the contravariant functor Homp(—, D) we get the exact sequence
0 — Homp (M, D) — Homp(DP, D). Since

Homp(DP, D) = Homp(D, D)? = DP

as a right D-module, we conclude that Homp (M, D) is a finitely generated right D-module.
Let F M be a D-module filtration on M. Then for any ¢ € F, Homp(M, D) and T € D,
we have

(@T)(Fm M) = ¢(Fry M)T C DinypT' C Dinypig
and ¢T € F,4,Homp (M, D). Therefore, F Homp (M, D) is a D-module filtration.

7.9. LEMMA. Let M be a finitely generated left D-module with a good filtration ¥ M.
Then the filtration F Homp (M, D) on the right D-module Homp (M, D) is also good.

PROOF. By 1. and 2. we know that the D-module filtration on Homp (M, D) is haus-
dorff and exhaustive. From the preceding discussion, we have the natural inclusion of
GrHomp (M, D) into Homg, p(Gr M, Gr D) which is a morphism of Gr D-modules. Since
Gr M is a finitely generated Gr D-module, Homg, p(Gr M, Gr D) is a finitely generated
Gr D-module. Moreover, since Gr D is a notherian ring, this implies that the Gr D-module
GrHomp (M, D) is finitely generated. Finally, 3.1 implies now that F Homp (M, D) is a
good filtration. [

Therefore, if we apply this to our previous discussion, and denote now by K the fil-
tered complex Homp(P., D), we see that K" is a complex consisting of ﬁltered.right D-
modules equipped with good filtrations. Its cohomology modules H7 (K") = Ext’, (M, D),
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j € Z4, are filtered right D-modules and the induced filtrations are good by 3.7. The
corresponding graded complex is Gr K* = Homg, p (L., Gr D) and its cohomology modules
are H/(GrK*) = ExtérD(Gr M,Gr D) for j € Z;. To get a more precise relationship
between these modules we shall study the corresponding spectral sequence.

We start with the following result.

7.10. LEMMA. Let f: M — N be a morphism of filtered D-modules with good filtrations
FM and FN. Let
Zl={zeF, M| f(x)eFp_, N}

and
B ={xecF,N|z=f(y), yeFppr M}.

Then there exists ro such that for r > ro we have
Zf +Fp_1M = (kerfﬂFpM) +Fp_1 M

forall p € Z, and
BY =imfnF, N

for all p € 7.

PROOF. The submodule im f of N has two good filtrations F N Nim f and f(F M). By
3.6 we know that there exists k € Z, such that

F,NNim f C f(Fp4r M)
for any p € Z. Therefore, if r > k,
B =F, NN f(Fpir M) DFp NNim f D F, NN f(Fpir M);
i.e., B =F, NNim f. Also, if r > k + 1, for any p € Z we have
F, » NNimf C f(Fpinr M) C f(Fp_1 M);
hence for x € ZP we have
f(z) eFp_, NNim f C f(Fp_1 M)

and we can find y € F,_; M such that f(x) = f(y). Therefore, x+F,_1 M = z—y+F,_1 M
and x —y € ker f N F, M. This implies that

Zf'i‘Fp_lM C (kerfﬂFpM) +Fp_1 M.

The inclusion ker f NF, M C ZP is clear from the definition. [
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Let K be a filtered complex. Then we define
7Pl = {z € F, K’ |dx € F,_, KPT9t1}

Clearly they satisfy

F, KPP =70 > 70> .. D ZM > ... D ZPTY(K')NF, KPT.
Moreover, if we put

BPM = {yeF, K’ |y=dx, v € Fpy, KPTI 1} =qzrtr o=t
we see that

BPTYF,K)=B}M CcBYC...CcBPMC...C B""Y(K)NF, K’
The E,-term in the spectral sequence for the filtered complex K" is defined as
Ept = (20 + Fpt KPP /(B + Fpoy KP79),

and the differential d, : EP9 — EP~" @7+l ig induced by the differential d of K. In
particular the Ei-term is equal to

EPY = HP4(Gr, K°)

for any p,q € Z. (To establish the connection of this formula for EP? with the one in
[Godement| we remark that from the definition of ZP? it follows that

ZP AT,y KPTe = zP- 1 a+l
Hence,
Z2nN (BfL +Fp Kp+q> = 3531 + Zf:11 q+17
and we have
EPt = 70/(BPY, 4+ 707 T,

which establishes the connection.)

Assume that K~ is a filtered complex of D-modules, such that the filtrations F K7 on
Ki,j € 7, are good. Then Dptq=;EP, j € Z, are Gr D-modules and d,. : ®p1q=; EP9 —
Dptq=j+1 P17 are morphisms of Gr D-modules. Since the filtrations on K7, j € Z, are
good, Gr K" is a complex of finitely generated Gr D-modules by 3.1. This implies, by
induction in r, that ©p4,=; L9, j € Z, are finitely generated Gr D-modules. Moreover,

= @ (Zp+q<K-) NnF, KPta 4 F,_1 Kp+q)/(Bp+q<K-) NnF, KPta 4 F,_1 Kp+q)
pF+q=j
= @ (ZPHI(K') NF, KPT9) /(BPT4(K )N F, KPT9 + ZPHI(K') N F,_y KPT9)
pt+q=j
is the graded Gr D-module corresponding to the filtered module H’(K") with the induced
filtration. This filtration is good by 3.7.
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7.11. LEMMA. Let K' be a filtered complex of D-modules, such that the filtrations
F K7 on K7, j € Z, are good. Then the spectral sequence of filtered complex with E;-term
EY" = HPT(Gr, K°) converges to HPTI(K").

PROOF. By 10, we know that for p, ¢ € Z, we can find ro(p+q) such that for r > ro(p+q)
we have
ZP 4 Fp_1 KPta — (kerd NF, Kp+q> +Fp_q KPta — Zp+q(K.) +F,_, KPta
and
B, =imdNF, KPH = BPHa(K) N F, KPT.

This implies that

Efq — (Zp+q(K-) N Fp KPta + Fp—l Kp+q)/(Bp+q(K~> N Fp KPta + Fp—l Kp—I-q)
= Gr, HPTI(K"),

i.e., our spectral sequence converges. []

If we apply this to the complex K' = Homp(P., D) we see that the spectral sequence
of this filtered complex has the Fq-term equal to Gr,, Extgt%((}r M,Gr D) and converges
to Ext?F?(M, D).

8. Rings of differential operators with polynomial coefficients
Let k be a field of characteristic zero. Let A be a commutative algebra over k. A
k-derivation of A is a k-endomorphism T of A such that

T(ab) =T(a)b+ aT'(b)

for any a,b € A. In particular, [T, alb = T'(ab) — aT'(b) = T(a)b, i.e., [T,a] = T(a) € A for
any a € A. This implies that [[T, a¢], a1] = 0 for any ag,a;, € A.

This leads to the following definition. We say that a k-endomorphism T of A is a
(k-linear) differential operator on A of order < n if

[...[[T,ao],al],...,an] = 0
for any ag,aq,...,a, € A. We denote by Diff;,(A) the space of all differential operators

on A.

8.1. LEMMA. Let T,S be two differential operators of order < n, < m respectively.
Then T o S is a differential operator of order < n + m.

ProOOF. We prove the statement by induction in n +m. If n = m = 0, T,S €
Homyu (A, A), hence T'o S € Homy (A, A) and it is a differential operator of order 0.
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Assume now that n +m < p. Then
[ToS,al=TSa—aTS=TI]S,a]+ [T,alS,

and [T, a], [S, a] are differential operators of order < n — 1 and < m — 1 respectively. By
the induction assumption, this differential operator is of order < n + m — 1. Therefore
ToSisof order <n-+m. O

Therefore Diffy(A) is an algebra over k. Also,
F, Diff,(A) = {T € Diff,(A) | order(T) < n}

is an increasing exhaustive filtration of Diff(A) by vector subspaces over k. This filtration
is compatible with the ring structure of Diff;(A), i.e., it satisfies

F,, Diffx(A) o F,, Diffx(4) C F,,on Diff1,(A)
for any n,m € Z,..
8.2. LEMMA.
(i) F, Diffy(A) = for p < 0.
(ii) FoDiffx(A) =
(iii) Fy Diffx(A) = Derk(A) ® A.
(iv) [Fy, Diffx(A), Fy, Diff,(A)] C Frpm—1 Diffx(A) for any n,m € Z.

PROOF. (i) is evident.

(ii) Clearly, Fo Diff;(A) = Hom 4 (A, A). Hence the evaluation map 7' —— T'(1) identifies
it with A.

(iii) As we remarked before, Dery(A) C F; Diffx(A). Also, for any 7" € Derg(A), we
have T'(1) = T(1-1) = 2T'(1), hence T'(1) = 0. This implies that Dergy(A) N A = 0. Let
S € Fy Diff,(A) and T'= 5 — S(1). Then T'(1) = 0, hence T'(a) = [T, a](1), and
T(ab) = [T’ ab](1) = ([T’ a]b)(1) + (a[T’, b])(1) = (b[T’ a])(1) + (a[T, b])(1) = T(a)b + aT'(b),
ie., T € Derg(A).

(iv) Let T, be of order < n, < m respectively. We claim that [T, S] is of order
<n+m—1. We prove it by induction on n + m. If n = m = 0, there is nothing to prove.
In general

[[Tv S]7a] = [[Tv a]v S] + [T7 [57 a”

where [T, a] and [S, a] are of order < n—1 and < m—1 respectively. Hence, by the induction
assumption, [[T,S],a] is of order < n+m — 2 and [T, 5] is of order <n+m —1. O

This implies that the graded ring Gr Diff;(A) is a commutative A-algebra. In addition,
Diff (A) satisfies properties (i)-(v) from 3.
Let T be a differential operator on A of order < n. Then we can define a map from A™
into Diffy(A) by
on(T)(a1,a2,...,an-1,an) =[[...[[T,a1],az2],. .., an-1], an].

Since o,,(T)(a1,az,...,a,_1,ay) is of order < 0, we can consider this map as a map from
A™ into A.
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8.3. LEMMA. Let T be a differential operator on A of order < n. Then:

(i) the map o, (T) : A™ — A is a symmetric k-multilinear map;
(ii) the operator T is of order < n —1 if and only if 0,(T") = 0.

PROOF. (i) We have to check the symmetry property only. To show this, we observe
that

[[S,a],b] =[S, a]b— 0[S, a] = Sab — aSb — bSa + baS = [S, bla — a[S, b] = [[S, b], a]

for any S € Diffx(A) and a,b € A. This implies that

Un(T)(a17 ag, ..., 05, Qi41,--.,0n—-1, an)
= [[ .. [[ .. [[T, al], ag], ceny ai], ai_|_1] iy an_l], an]
= [[ < [[ . [[T7 a‘l]? CLQ], ) a‘i—l—l]: ai] ceey a‘n—l]: an]
= O'n(T)(Cbl, Ay ...y Qi41,Q55...,0n—1, CLn),
hence o(T) is symmetric.
(ii) is obvious. O
Now we want to discuss a special case. Let A = k[X1, Xs,...,X,]. Then we put

D(n) = Diffx(A). Let 01,04, ...,0, be the standard derivations of k[X1, X»,..., X,]. For
I,J eZ" we put
X' =X Xp . X
and
o7 = o ... 9.
Then X?07 € D(n) and it is a differential operator of order < [J| = ji + jo + - - + jn.

8.4. LEMMA. The derivations (0;; 1 < i < n) form a basis of the free k[X1,...,X,]-
module Dery (k[X71, Xa, ..., X,]).

PrOOF. Let T € Dery (k[ X1, Xo,...,X,]). Put P, = T(X;) for 1 < i < n, and define
S =>"_, P, Clearly,

S(X;) = Zn: P;0;(X;) = P, = T(X;)

for all 1 < i < n. Since X;,Xs,...,X,, generate k[X1, Xs,...,X,,] as a k-algebra it
follows that 7' = S. Therefore, (0;; 1 < i < n) generate the k[X1, Xo,..., X,]-module
Dery (k[ X1, X2, ..., X,]). Assume that Y ., Q;0; = 0 for some Q; € k[X1, Xa,..., X,].
Then 0 = (327_, Q;0;)(X;) = Q; for all 1 <4 < n. This implies that 9;, 1 < i < n, are
free generators of Dery (k[X1, Xo, ..., X,]). O
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Let T be a differential operator of order < p on k[ X1, Xo, ..., X,]. Let (&1,&2,...,&,) €
k™. Then we can define a linear polynomial ¢ = Y1 | &X; € k[X1, Xo, ..., X,] and the
function Symb,,(T') :

1
(517527 .. agn) L EUP(T)(E'f’Eg’ cee ’E'E)

on k" with values in k[X;, Xo,..., X,]. Clearly, one can view Symb,(T) as a poly-
nomial in Xy, Xs,..., X, and &;,&s,...,&, homogeneous of degree p in &1,&s,...,&,.
It is called the p-symbol of the differential operator 7. By its definition, Symb,(T’)
vanishes for T" of order < p. Therefore, it induces a k-linear map of Gr, D(n) into
kX1, Xo, ..., Xn, 61,8, ...,&]. We denote by Symb the corresponding k-linear map of
Gr D(n) into k[Xl,XQ, ey Xn7£17 52, e ,fn].

8.5. THEOREM. The map Symb : GrD(n) — k[X1, Xo, ..., Xn,&1,82,...,&n] is a
k-algebra isomorphism.

The proof of this result consists of several steps. First we prove the symbol map is an
algebra morphism.

8.6. LEMMA. Let T,S € D(n) of order < p and < q respectively. Then

Symb,,, ,(T'S) = Symb,,(T)) Symb,(S).

P+q
PROOF. Let £ € k", and define the map 7¢ : D(n) — D(n) by 7¢(T) = [T, {¢]. Then
Tg(TS) = [TS, Eg] =TSl — LTS = [T, Eg]s + T[S, 55] = Tg(T)S + TTg(S).

Therefore, for any k € Z,., we have

k
E(TS) =) (lf) TETH(T) TH(S).
1=0
This implies that
Symb,,,(T5) = ﬁaﬁqm (be by .. le) = o i q)!TéH-q (TS)
- z%q!Tg(T) 7¢ () = Symb, (T) Symb,(5). O

Since Symb,(X;) = X; and Symb, (9;) = &;, 1 < i < n, the symbol map is surjective. It
remains to show that the symbol map is injective.
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8.7. LEMMA. Let T € F, D(n). Then Symb,(T) = 0 if and only if T is of order
<p-L

PrROOF. We prove the statement by induction in p. It is evident if p = 0.
Therefore we can assume that p > 0. Let £ € k", and define the map 7¢ : D(n) — D(n)
by 7¢(T') = [T, £¢]. Then, for any A € k and n € k™, we have

Tetan(T) = [T, beng] = [T le] + AT, ] = 7¢(T) + A1y (T).

Since 7¢ and 7,, commute we see that, for any k € Z, we have

k

K\ i _k—ig i

Eon(T) =) <Z)>\ T TH(T).
i=0

By our assumption, Tg +>\n(T ) = 0 for arbitrary A € k. Therefore, since k is infinite,

Tg_i(Té(T» = 0 for 0 < ¢ < p. In particular, we see that Té’_l(Tn(T)) = 0 for any

§,m € k™. This implies that Symb, ([T, £,]) = 0 for any n € k", in particular

Symb,_ ([T, Xi]) = 0

for 1 <i < n, and by the induction assumption, [T, X;], 1 < i < n, are of order < p — 2.
Let P,Q € k[X1, Xo,...,X,]. Then

[T, PQ] =TPQ - PQT = [T, PIQ + P[T’ ¢,

hence the order of [T, PQ] is less than or equal to the maximum of the orders of [T, P]
and [T, Q]. Since X;, 1 <i < n, generate k[ X7, Xo, ..., X,| we conclude that the order of
[T, P] is < p — 2 for any polynomial P. This implies that the order of T'is <p—1. O

This also ends the proof of 5. In particular, we see that D(n) satisfies properties (i)-(vii)
from 3. From 3.4 we immediately deduce the following result.

8.8. COROLLARY. The ring D(n) is right and left notherian.
8.9. COROLLARY. (X107 1,J € Z%) is a basis of D(n) as a vector space over k.

ProoF. If |J| = p, the p-symbol of X797 is equal to X'¢7 and (X'¢7 ; I,J € Z7)
form a basis of k[X1,..., X, &1, ..., &, as a vector space over k. [

The following caracterization of D(n) is frequently useful.

8.10. THEOREM. D(n) is the k-algebra generated by X1, Xs, ..., X, and 01,0,...,0,
satisfying the defining relations [X;, X;] = 0, [0;,0;] = 0 and [0;, X;| = 0i; for all 1 <
1,7 <n.

PROOF. Let B be the k-algebra generated by X, Xo,...,X,, and 01, 0o, ..., 0, satis-
fying the defining relations [X;, X;] =0, [0;,0;] = 0 and [0;, X,| = §;; for all 1 <, < n.
Since these relations hold in D(n) and it is generated by X1, Xs,..., X,, and 01,05,...,0,
we conclude that there is a unique surjective morphism of B onto D(n) which maps gen-
erators into the corresponding generators. Clearly, B is spanned by (X107;1,J € 7).
Therefore, by 9, this morphism is also injective. [J
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8.11. PROPOSITION. The center of D(n) is equal to k - 1.

PROOF. Let T be a central element of D(n). Then, [T, P] = 0 for any polynomial
P, and T is of order < 0. Therefore, by 2, T' € k[X1, X2,..., X,]. On the other hand,
0=10;,T] = 0;(T) for 1 <i < n. This implies that T is a constant polynomial. [J

Let D(n)° be the opposite algebra of D(n). Then, by 10, there exists a unique iso-
morphism ¢ : D(n)° — D(n) which is defined by ¢(X;) = X; and ¢(09;) = —0; for
1 < i <n. The morphism ¢ is called the principal antiautomorphism of D(n). This proves
the following result.

8.12. PROPOSITION. The algebra D(n)° is isomorphic to D(n).

Moreover, by 10, we can define an automorphism F of D(n) by F(X;) = 0; and F(09;) =
—X; for 1 < i < n. This automorphism is called the Fourier automorphism of D(n). It
satisfies F2? = —1.

In contrast to the filtration by the order of differential operators, D(n) has another
filtration compatible with its ring structure which is not defined on more general rings of
differential operators. We put

Dp(n) = {3 ars X107 | [I| +|J| < p}
for p € Z. Clearly, (D,(n);p € Z) is an increasing exhaustive filtration of D(n) by
finite-dimensional vector spaces over k.

8.13. LEMMA. For any p,q € Z we have
(1) Dy (n) o Dy(n) C Dpiqe(n);
(i) [Dp(n), Dg(n)] C Dptq—2(n).
PROOF. By 9. and the definition of the filtration (D,(n); p € Z), it is enough to check

that
[8I,XJ] c D‘]‘_HJ‘_Q(TL).

We prove this statement by an induction in |I]. If |[I| = 1, we have 8! = 9; for some
1<i<nand[0;, X7] =0;(X7) € Djjj_1(n). If|I| > 1, we can write &' = d!" 9; for some
I'" € Z% and 1 < i < n. This leads to
o', x7]1=[0"0,, x| =0"8,x’ — x70" 0,
=" [0;, X7) + [0", X710, = [0", [0:, X 7)) + [9;, X ']0" + [0", X0,
hence, by the induction assumption, [0, X 7] € Dirj41g)—2(n). O

This implies that (Dp(n); p € Z) is a filtration compatible with the ring structure on
D(n). In addition, the graded ring Gr D(n) is a commutative k-algebra. If we define the
linear map V¥, from D,(n) into k[X1, Xo, ..., Xp,&1,&2,...,&] by

\I/p( Z CL[JXlﬁj): Z CL[JleJ

[T+1J1<p [I]+[J]|=p



52 DIFFERENTIAL OPERATORS WITH POLYNOMIAL COEFFICIENTS

we see that it is a linear isomorphism of Gr, D(n) into the homogeneous polynomials of
degree p. Therefore, it extends to a linear isomorphism

v GI‘D(TL) — k[Xl,XQ, .. .,Xn,fl,fg, e ,gn].

By 13. we see that this map is an isomorphism of k-algebras. Therefore, the ring D(n)
equipped with the filtration (D,(n); p € Z) satisfies the properties (i)-(vii) from 3. The
filtration (Dp(n); p € Z) is called the Bernstein filtration of D(n).

Evidently, the principal antiautomorphism and the Fourier automorphism of D(n) pre-
serve the Bernstein filtration.

9. Modules over rings of differential operators with polynomial coefficients

In this section we study the category of modules over the rings D(n) of differential oper-
ators with polynomial coefficients. Denote by ML (D(n)), resp. M (D(n)) the categories
of left, resp. right, D(n)-modules. The principal antiautomorphism ¢ of D(n) defines then
an exact functor from the category M (D(n)) into the category M*(D(n)) which maps
the module M into its transpose M?, which is equal to M as additive group and the action
of D(n) is given by the map (T, m) — ¢(T)m for T € D(n) and m € M. An analogous
functor is defined from M*(D(n)) into ME(D(n)). Clearly these functors are mutually
inverse equivalencies of categories. If we denote by M%Q(D(n)) and M?g(D(n)) the cor-
responding categories of finitely generated modules, we see that these functors also induce
their equivalence. Therefore in the following we can restrict ourselves to the discussion of
left modules and drop the superscript L from our notation (except in the cases when we
want to stress that we deal with right modules).

First we consider D(n) as a ring equipped with the Bernstein filtration. Since in this
case Dy(n) = k we can define the dimension of modules from M%Q(D(n)) and M?Q(D(n))
using the additive function dimy on the category of finite-dimensional vector spaces over k.
This dimension d(M) and the corresponding multiplicity e(M) of a module M are called
the Bernstein dimension and the Bernstein multiplicity respectively. Since the principal
antiautomorphism preserves the Bernstein filtration we see that d(M) = d(M?") for any
finitely generated D(n)-module M.

For any finitely generated D(n)-module M we have an exact sequence D(n)? — M — 0,
hence d(M) < d(D(n)). In addition, from 8.5 we conclude the following result.

9.1. LEMMA. For any finitely generated D(n)-module M we have d(M) < 2n.
The main result of the dimension theory of D(n) is the following statement.

9.2. THEOREM. Let M be a finitely generated D(n)-module and M # 0. Then d(M) >
n.

PROOF. Since M is a finitely generated D(n)-module, by 3.3, we can equip it with a
good filtration. Also, we can clearly assume that F,, M =0 for n < 0 and Fy M # 0.

For any p € Z; we can consider the linear map D,(n) — Homy(F, M,Fy, M) which
attaches to T' € D,(n) the linear map m —— T'm. We claim that this map is injective. For
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p < 0 this is evident. Assume that it holds for p — 1 and that 7' € D,(n) satisfies T'm =0
for all m € F,M. Then, for any v € F,_1 M and 1 < i < n we have X;v € F, M and
O;v € F, M, hence

[XZ', T]’U = XZTU - TXZ’U =0

and
[81', T]’U = 81T’U - TaZ’U =0

and [X;,T],[0;,T] € Dp—1(n) by 8.13. By the induction assumption this implies that
[X;,T] =0 and [0;,T] =0 for 1 <i <n, and T is in the center of D(n). Since the center
of D(n) is equal to k by 8.11, we conclude that T'= 0. Therefore,

dimg (Dp(n)) < dimg(Homg (F), M, Fop, M)) = dimy (F), M) - dimg (Fop, M)

for any p € Z. On the other hand, for large p € Z, the left side is equal to a polynomial in
p of degree 2n with positive leading coefficient and the right side is equal to a polynomial in
p of degree 2d(M ) with positive leading coefficient. This is possible only if d(M) > n. O

We say that a finitely generated D(n)-module is holonomic if d(M) < n. In other words,
M is holonomic if and only if either M =0 or d(M) = n.

9.3. REMARK. There exist nonzero holonomic D(n)-modules. For example, the ring
k[X1, Xo, ..., X,] has a natural structure of a finitely generated D(n)-module, and its fil-
tration by degree of polynomials is a good filtration. It follows that d(k[X1, Xs,..., X,]) =
n, and it is a holonomic D(n)-module.

Now we want to study some homological properties of the ring D(n). Since the graded
ring Gr D(n) with respect to the Bernstein filtration is equal to k[X1,..., Xn, &1, .., &)
we conclude from 5.13 and 7.8 that hd(D(n)) < hd(Gr D(n)) = 2n. In particular, we see
that the homological dimension of D(n) is finite.

To get a more precise result we need to study the Bernstein dimension of finitely gen-
erated right D(n)-modules Exti)(n)(M,D(n)), 0 < j < 2n, for a finitely generated left
D(n)-module M. First, from 5.18 we know that if M # 0, there exists at least one j such

that ExtjD(n)(M ,D(n)) # 0. Therefore, we can define as usual

J(M) = min{j € Zy, | Ext)y, (M, D(n)) # 0}.

The following result gives a homological interpretation of the Bernstein dimension.

9.4. THEOREM. Let M be a finitely generated left D(n)-module. Then
(i) Ext} ) (M, D(n)) =0 for j < 2n —d(M);
(ii) d(Ext},, (M,D(n))) <2n—j forall0<j<2n;

(iii) d(Extpy, (M, D(n))) = d(M).
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In particular, if M # 0, ExtQDn(;?(M)(M,D(n)) 0, ie.,

d(M) + j(M) = 2n.

PROOF. To prove this we use the fact that Gr D(n) = k[ X1, Xo, ..., Xn,&1,&2, .-, &)
and the results from the end of 7. There we constructed, for a finitely generated left D(n)-
module M with a good filtration F M, a spectral sequence with E;-term given by EY? =
Gr, Ext’(’;;qD(n)(Gr M, Gr D(n)) which converges to Ext’gzg)(M, D(n)). More precisely, if
we equip Extjb(n)(M ,D(n)) with good filtrations induced by the good filtrations on the

modules in the complex K, we have E?4 = Gr, Ext%Tg)(M,D(n)). By 6.3.(1) we know

that ExtjGrD(n)(GrM, GrD(n)) = 0 for j < 2n —d(GrM) = 2n — d(M). Therefore,

EP" =0 for p4+q < 2n—d(M) and EE? =0 for p+ g < 2n — d(M). This implies (i).
Since ®p,4q—; EP? are finitely generated Gr D(n)-modules, and @®p4.q—; EX1, is a quotient

of a submodule of @, ,—;EP?, by 3.8 we conclude that d(®p1—;Er],) < d(Pptq=; EL?)

for any r € Z, and j € Z. This implies in particular that

d(EXtérD(n)(Gr M,GrD(n))) = d(Sprq=; EY?) = d(@p+q=; EL)

= d(GrExt’,, (M, D(n))) = d(Ext’

D(n) D(n) (M, D(n)))

for any j € Z. Therefore, by 6.3.(ii), we see that (ii) holds.

Moreover, the differentials d, induce morphisms d, : @p4q—; EP? — @piq—jr1EE? of
Gr D-modules for any j € Z. If j = 2n — d(M), the differential d, : ®ptq=j_1EF? —
Dptq=;EP9 is always zero since, by the preceding discussion, @©p4q=;—1EF7 = 0 for all
r € N. Therefore, EY{, C EPY for any p+ q = j and r € N. On the other hand, we also
remarked that d(®p4q=j+1F8?) < 2n — j — 1 for any r € N. Since, by 6.3.(iii),

d(®p+q=; ET?) = d(Exty;, p ) (Gr M,Gr D(n))) = d(Gr M) = d(M) = 2n — j,

we see by induction in r that d($p4q=;EF?) = 2n — j for any r € N. This implies that
d(Exty, (M, D(n))) = 2n — j = d(M) and proves (iii). O
9.5. COROLLARY. Let M be a finitely generated left D(n)-module. Then
(i) Extly,,,(M,D(n)) =0 for j >n.
(ii) Extp,) (M, D(n)) is a holonomic module.

PRroOF. (i) By 4. we know that d(ExtJb(n)(M, D(n))) < 2n—j < mn for j >n. On the
other hand, 2. then implies that Extg(n)(M, D(n)) =0 for j > n.

(ii) By 4, d(Ext},, (M, D(n))) <2n—n=mn. O
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9.6. COROLLARY. Let M # 0 be a finitely generated left D(n)-module. Then the
following conditions are equivalent:

(i) M is holonomic;
(if) Extyy,, (M, D(n)) =0 for j # n.

PROOF. The condition (ii) is, by 5, equivalent to j(M) = n. The statement follows
immediately from 4. [

9.7. THEOREM. hd(D(n)) =n.

PROOF. From 5. and 5.15 we conclude that hd(D(n)) < n. In addition, from 3. we
know that there exists a nonzero holonomic left D(n)-module M, for which by 6. we have

The next result will be useful later. It shows that equivalencies of categories preserve
the dimension function on M4(D(n)).

9.8. PROPOSITION. Let ¥ : Ms,(D(n)) — Myy4(D(n)) be an equivalence of additive
categories. Then d(¥(M)) = d(M) for any M € Mys,(D(n)).

ProOF. If ¥ is an equivalence of categories, M # 0 is equivalent to W(M) # 0.
Therefore, we can consider j(M) and j(V(M)), and by 4.(iii) it is enough to show that
J(M) = j(¥(M)).

First we claim that the projective objects in M f,(D(n)) are exactly the finitely gener-
ated projective D(n)-modules. Clearly, any finitely generated projective D(n)-module is a
projective object in M¢,(D(n)). On the other hand, a projective object in M¢,(D(n)) is
a direct summand of a free D(n)-module of finite rank, hence is a projective D(n)-module.

Therefore, for any M € M¢,(D(n)),

§(M) = min{j € Z | Ext},(,\ (M, D(n)) # 0}
=min{j € Z | Extg(n)(M, F) #0, F free D(n)-module of finite rank}
= min{j € Z; | Ext‘jj(n)(M, P) # 0, P finitely generated projective D(n)-module}.

Let P. be a left resolution of M by finitely generated projective D(n)-modules. Then,
since W preserves projective objects in Mz,(D(n)), ¥(P.) is a left resolution of W(M) by
finitely generated projective D(n)-modules. This implies that for any D(n)-module N,

Eth)(n)(\P(M), \IJ(N» = Hj(HomD(n)(\Ij(P'>v \IJ(N»)

>~ H’(Homp (P, N)) = Ext]

oy (ML)

for any j € Z,. In particular,

J(M)=min{j € Z,| Ext‘jj(n)(M, P) # 0, P finitely generated projective D(n)-module}
= min{j € Z4| ExtjD(n)(\I/(M), U(P)) # 0, P finitely generated projective D(n)-module}
> min{j € Z4| Ext‘g(n)(\ll(M), Q) # 0, Q finitely generated projective D(n)-module}

= Jj(V(M)).

(n
(n



56 DIFFERENTIAL OPERATORS WITH POLYNOMIAL COEFFICIENTS

Since V¥ is an equivalence of categories, we analogously conclude that j(M) < j(¥(M)). O
Now we want to prove some basic properties of holonomic modules.

9.9. THEOREM.

(i) Holonomic modules are of finite length.
(ii) Submodules, quotient modules and extensions of holonomic modules are holonomic.

PRrooF. (ii) follows immediately from 3.8.

(i) Let M be a holonomic D(n)-module different from zero. Then, by definition, d(M) =
n and e(M) € N. Since M is finitely generated and D(n) is a nétherian ring, there exists a
maximal D(n)-submodule M’ of M different from M. Therefore we have an exact sequence

0—-M —M— M/M — 0.

By (ii) M and M /M’ are holonomic and M /M’ is an irreducible D(n)-module. If M’ # 0,
we conclude from 3.8 that e(M') < e(M). Therefore, by induction in e(M), it follows that
M has finite length. 0O

Therefore, if we denote by My(D(n)), resp. Hol(D(n)), the full subcategories of
M;q4(D(n)) consisting of D(n)-modules of finite length, resp. holonomic D(n)-modules,
we see that Hol(D(n)) is a full subcategory of M;(D(n)). One can show that Hol(D(n))
is strictly smaller than Mg (D(n)) for n > 1.

From 6. and the long exact sequence of Extp,)(—, D(n)) we see that the map M —
M* = Extp,)(M, D(n)) is an exact contravariant functor from the category Hol™ (D(n))
into the category Hol’*(D(n)). By abuse of notation denote by the same symbol the
analogous functor from Hol®(D(n)) into Hol”(D(n)). Therefore, M — M** is an exact
covariant functor from Hol(D(n)) into itself.

9.10. THEOREM. The functor M — M** is isomorphic to the identity functor on
Hol* (D(n)).

Proor. If Fis a free left D(n)-module of finite rank, Homp,)(F, D(n)) is a free right
D(n)-module of finite rank. Moreover, since any finitely generated projective left D(n)-
module P is a direct summand of a free left D(n)-module of finite rank, Homp,,) (P, D(n))
is a finitely generated projective right D(n)-module.

For any left D(n)-module M we have the natural morphism

Dy : M — HomD(n)(HomD(n)(M, D(n)), D(n))

defined by Dps(m)(¢) = ¢(m) for ¢ € Homp,)(M, D(n)), m € M. Clearly, it induces
an isomorphism for any free D(n)-module F' of finite rank. Using again the fact that any
finitely generated projective D(n)-module P is a direct summand of a free D(n)-module of
finite rank, we see that Dp : P — Homp(,)(Homp,) (P, D(n)), D(n)) is an isomorphism.
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Let M be a finitely generated D(n)-module. By 7. there exists a left resolution P. of
length n of M by finitely generated projective left D(n)-modules. Therefore, the complex
C" = Hompy,) (P., D(n)) satisfies the following properties:

(i) C7 are finitely generated projective right D(n)-modules,
(ii) ¢7 =0 for j <0 and j > n,
(iii) HI(C") = Extg(n)(M,D(n)) for any 0 < j <n.

By 6. we know that H?(C") = 0 for j # n and H"(C") = Ext ) (M, D(n)). Therefore,
C" is a left resolution of M* shifted to the right by n. Applying the same argument again,
we see that the complex D" = Homp,,)(C", D(n)) is a left resolution of M**. On the other
hand, D induces an isomorphism of this complex with P.. Hence, M** = M. [

Finally, if M is a D(n)-module, we can define its Fourier transform F (M) as the module
which is equal to M as additive group and the action of D(n) is given by the map (T, m) —
F(T)m for T € D(n) and m € M. Clearly the Fourier transform is an autoequivalence
of the category M(D(n)). It also induces an autoequivalence of the category Mq(D(n)).
From the fact that the Fourier automorphism F preserves the Bernstein filtration (or from
3.9) we conclude the following result.

9.11. LEMMA. Let M be a finitely generated D(n)-module. Then d(F(M)) = d(M).

In particular, Fourier transform preserves holonomic modules.

10. Characteristic variety

Now we want to study properties of D(n)-modules in more geometric terms. In particu-
lar, we want to consider the filtration F D(n) of D(n) by the degree of differential operators
instead of the Bernstein filtration, since the first one makes sense for rings of differential
operators on smooth affine varieties.

First, since any D(n)-module M can be viewed as a k[X1, Xs, ..., X, ]-module, we can
consider its support supp(M) C k™.

10.1. PROPOSITION. Let M be a finitely generated D(n)-module. Then supp(M) is a
closed subvariety of k™.

Proor. Fix a good filtration F M on M. Then, for x € k™, M, = 0 is equivalent
to (F, M), = 0 for all p € Z. Therefore, by the exactness of localization, it is equiva-
lent to (GrM), = 0. Let I, be the annihilator of the k[X;, X»,..., X,,]-module Gr, M,
p € Z. Since Gr, M are finitely generated k[X;, Xs,..., X, ]-modules, by 4.2 their sup-
ports supp(Gr, M) are equal to V(I,). This implies that supp(M) = UpezV (I,). Let
my, ma,...,ms be a set of homogeneous generators of Gr D(n)-module Gr M. Then the
annihilator I of my, mo,...,ms in k[X1, Xo,..., X, annihilates whole Gr M. Therefore,
there is a finite subset S of Z such that Nyesl, = I C I, for all ¢ € Z. This implies that
UpesV (I,) =V (I) DV (I,) for all ¢ € Z, and supp(M) =V (I). O

Let D be a filtered ring with a filtration F D satisfying the properties (i)-(vii) from the
beginning of 3. Let M be a finitely generated D-module and F M a good filtration of M.
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Then Gr M is a graded Gr D-module. Let I be the annihilator of Gr M in Gr D. This is
clearly a graded ideal in Gr D. Hence, its radical r(I) is also a graded ideal. In general, I
depends on the choice of the good filtration on M, but we also have the following result.

10.2. LEMMA. Let M be a finitely generated D-module and F M and F' M two good
filtrations on M. Let I, resp. I' be the annihilators of the corresponding graded Gr D-
modules Gr M and G’ M. Then r(I) = r(I').

PRrROOF. Let T' € (1) N Gr, D. Then there exists s € Zy such that T° € I. If we take
YeF,Dsuchthat Y +F, 1D =T, weget Y°F, M CF,45,-1 M for all ¢ € Z. Hence,
by induction we get

Y™ F, M CFyimsp—m M

for all m € N and ¢ € Z. On the other hand, by 3.6, we know that F M and F' M are
equivalent. Hence there exists [ € Z such that Fy M C F;—i—l M C Fqyqp01 M for all g € Z.
This leads to

Y™ F; M C yms Fq+l M C Fq—l—l—l—msp—m M - F;—|—2l—|—msp—m M

for all ¢ € Z and m € N. If we take m > 2I, it follows that Y™ F;, M C F, .., 1 M for
any q € Z, i. e. T™* € I'. Therefore, T' € r(I') and we have r(I) C r(I’). Since the roles
of I and I’ are symmetric we conclude that r(I) = r(I’). O

Therefore the radical of the annihilator of Gr M is independent of the choice of a good
filtration on Gr M. We call it the characteristic ideal of M and denote by J(M).

Now we can apply this construction to D(n). Since Gr D(n) = k[X1, ..., Xn, &1, ..., &n)
by 8.5, we can define the closed algebraic set

Ch(M) = V(J(M)) C k>

which we call the characteristic variety of M.
Since J(M) is a homogeneous ideal in last n variables, we immediately conclude the
following result.

10.3. LEMMA. The characteristic variety Ch(M) of a finitely generated D(n)-module
M has the following property: if (x,&) € Ch(M) then (x,\§) € Ch(M) for any X € k.

We say that Ch(M) is a conical variety.

10.4. PROPOSITION. Let
0O—M —M—-M"—0
be an exact sequence of finitely generated D(n)-modules. Then

Ch(M) = Ch(M') U Ch(M").
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PROOF. Let F M be a good filtration on M. Then it induces a filtration F M’ on M’
and F M"” on M"”. By 3.7 we know that these filtrations are also good. Moreover, we have

the exact sequence
0—GrM —GrM — GrM"” —0

of finitely generated k[X1, ..., X,,&1,. .., &x]-modules, and their supports are, by 4.2, the
characteristic varieties of D(n)-modules M, M’ and M" respectively. Therefore the asser-
tion follows from 4.1. U

The fundamental result about characteristic varieties is the following theorem. It also
gives a geometric description of the Bernstein dimension.

10.5. THEOREM. Let M be a finitely generated D(n)-module. Then

dim Ch(M) = d(M).

ProoF. Clearly we can assume that M # 0. The proof of 9.4 applies, word by word, to
the situation where Bernstein filtration on D(n) is replaced with the filtration by the order
of differential operators and Bernstein dimension by the dimension of Gr M considered as
a module over Gr D(n). Hence, we see that

d(M) + j(M) = 2n = d(Gr M) + j(M).

Therefore, d(Gr M) = d(M). On the other hand, by 4.2, dim Ch(M) = d(GrM). O
In particular, by combining 9.2 and 5, we get the following result.

10.6. THEOREM. Let M be a finitely generated D(n)-module, M # 0, and Ch(M) its
characteristic variety. Then dim Ch(M) > n.

Let 7 : k" — k™ be the map defined by 7 (z, &) = z for any z,& € k™.

10.7. PROPOSITION. Let M be a finitely generated D(n)-module. Then supp(M) =
m(Ch(M)).

PROOF. Denote by mi,mo, ..., ms a set of homogeneous generators of Gr M. Then,
as in the proof of 1, the annihilator I of my,ms,...,ms in k[X;, Xo,..., X,] satisfies
supp(M) = V(I). On the other hand, if J is the annihilator of mi,mso,...,ms in
kX1, Xo, ..., Xn, 61,8, ...,&], it is a homogeneous ideal in &, &y, . .., &, which satisfies
I =Fk[X1,Xs,...,X,]NJ, and Ch(M) = V(J). This implies that x € V(I) = supp(M)
is equivalent with (z,0) € V(J) = Ch(M). Since Ch(M) is conical this implies the
assertion. [

Let M be a finitely generated D(n)-module. Define the singular support of M as
sing supp(M) = {zx € k" | (z,&) € Ch(M) for some & # 0}.

Then sing supp(M) C supp(M).
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10.8. LEMMA. Let M be a finitely generated D(n)-module. Then sing supp(M) is a
closed subvariety of supp(M ).

PROOF. Let p: k™ — {0} — P"~!(k) be the natural projection. Then
Ixp:k™x (k™ —{0}) — k™ x P" (k)

projects Ch(M) — (k™ x {0}) onto the closed subvariety of k™ x P"~!(k) corresponding
to the ideal J(M) which is homogeneous in &;,&s, ..., &,. Finally, the projection to the
first factor k™ x P"1(k) — k™ maps it onto sing supp(M). Since P"~1(k) is a complete
variety, the projection k™ x P"~1(k) — k™ is a closed map. Therefore, sing supp(M) is
closed. U]

10.9. COROLLARY. Let M be a holonomic D(n)-module. Then dimsing supp(M) <
n—1.

PROOF. We can assume that M # 0. By 5. we see that J(M) defines an n-dimensional
subvariety of k™. Therefore, since J(M) is homogeneous in last n variables it defines an
(n — 1)-dimensional variety in k™ x P*~1(k) and its projection into k™ is at most (n — 1)-
dimensional. [

11. Exterior tensor products

Let X = k™ and Y = k™ in the following, and denote by Dx and Dy the corresponding
algebras of differential operators with polynomial coefficients. Then we can consider the
algebra Dx X Dy which is equal to Dx ®; Dy as a vector space over k, and the multipli-
cation is defined by (T ® S)(T' ® S") =TT' @ SS’ for T,T' € Dx and S,S" € Dy. We
call Dx X Dy the exterior tensor product of Dx and Dy .

The following result is evident.

11.1. LEMMA. Dx X Dy = Dxxy.

If M and N are Dx-, resp. Dy-modules, we can define Dx yy-module M X N which is
equal to M ®; N as a vector space over k, and the action of Dx X Dy = Dxyy is given
by (T® S)(m®n)=Tm® Sn forany T € Dx, S € Dy, m € M and n € N.

11.2. LEMMA. Let M be a finitely generated Dx-module and N a finitely generated
Dy -module. Then M X N 1is a finitely generated D x «y -module.

PROOF. Let eq,eg,...,¢e, and fi, f2,..., f; be generators of M and N respectively.
Then for any m € M and n € N, we have m = ) Tye;, T; € Dx, and n = ) S;f;,
S; € Dy. This implies that m®@n = > > Tie; ® S;f; = > > (T; ® S;)(e; @ f;), and
e ® fj,1<i<p, 1<5<gq, generate M X N. [

Our main goal in this section is to prove the following result.

11.3. THEOREM. Let M be a finitely generated D x-module and N « finitely generated
Dy -module. Then d(M X N)=d(M)+ d(N).

This result has the following important consequence.
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11.4. COROLLARY. Let M be a holonomic Dx-module and N a holonomic Dy -module.
Then M X N is a holonomic Dxxy-module.

Let Dx and Dy be equipped with the Bernstein filtration. Let M and N be finitely
generated Dx-, resp. Dy-modules with good filtrations F M and F N respectively. Define
the product filtration on M X N by

Fi(MEN)= > F,M@,F,N

pt+q=j

for any j € Z. Clearly the product filtration on Dx X Dy = Dxyy agrees with the Bern-
stein filtration. Therefore, F(M X N) is an exhaustive hausdorff Dy yy-module filtration.

Now we want to describe Gr(M K N). Let j € Z. If p+ ¢ = j we have a well-defined k-
linear map ¥, M@ F; N — Gr, M®;Gry N with kernel ¥,,_; M@, F; N+F, M®@,F,_1 N.
On the other hand,

F, 1 M®,F, N+F, M@,F, 1 N = (F, M®,F, N)m( > Fp M@y Fy N),
p'+a'=j, p'#p, ¢'#q

hence the natural linear surjection of ®pyq=;j Fp M @1 Fq N — ©pyq=; Grp, M @), Gry N
factors through F;(M X N). The kernel of the linear map

F](M Xl N) — EBp—I—q:j Gl'p M ®k Gl'q N

is equal to the image of @p1q=;j(Fp_1 M @, F¢y N +F, M @, Fy_1 N) in F;(M X N) which
is equal to F;_1(M X N). This implies that Gr;(M W N) = @p4q=; Grp, M ®j Gry N for
any j € Z.

If we define analogously the algebra Gr Dx X Gr Dy with grading given by the total
degree, we see that Gr Dx X Gr Dy = Gr Dxxy. In addition, Gr M X Gr N becomes a
graded Gr Dx xy-module isomorphic to Gr(M X N) by the preceding discussion. Since
the filtrations F M and F N are good, Gr M and Gr N are finitely generated Gr Dx-,
resp. Gr Dy-modules by 3.1. By an analogue of 2, Gr(M X N) is a finitely generated
Gr Dx xy-module. This implies that the product filtration is a good filtration on M X N.

Let
P(M,t) = dimy(Gr, M)’
PEZ

and

P(N,t) = dim;(Gr, N) ¢!
qEZ
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be the Poincaré series of Gr M and Gr N. Then

P(M,t) P(N,t) =Y ) dimy(Gr, M) dimy (Gry N) P+
PEZ qEZ

= Z Z dimy,(Gr, M) dimy(Gr, N) | ¢/

JEZ \p+q=j

:Z Z dimy,(Grp, M ®, Gty N) | ¥/

JEZ \p+qg=j
= dimy, Gr;(M X N)#/ = P(MX N, 1)
JEZ

is the Poincaré series of M X N. Therefore, the order of the pole at 1 of P(M X N, t) is the
sum of the orders of poles of P(M,t) and P(N,t). From 1.5, we see that this immediately
implies 3.

12. Inverse and direct images

Let X = k™ and Y = k™ and denote by z1,zs,...,x, and y1,y2,...,Ym the canonical
coordinate functions on X and Y respectively. Let R(X) = k[z1,z2,...,z,] and R(Y) =
kly1, Y2, ..., ym] denote the rings of regular functions on X and Y respectively.

Let F: X — Y be a polynomial map, i.e.,

F(xy,29,...,2,) = (F1(x1,22, ..., %), Fo(x1,22, ..., Zpn), ..., Fp(x1, 22, . . ., 24))

with F; € R(X). Then F defines a ring homomorphism ¢p : R(Y) — R(X) by ¢p(P) =
PoF for P € R(Y). Therefore we can view R(X) as an R(Y)-module. Hence, we can define
functor F* from the category M(R(Y)) of R(Y)-modules into the category M(R(X)) of
R(X)-modules given by the following formula

F*(M) = R(X) @) M

for any R(Y)-module M. Clearly F* : M(R(Y)) — M(R(X)) is a right exact functor.
We call it the inverse image functor.

Denote now by Dx and Dy the algebras of differential operators with polynomial coeffi-
cients on X and Y respectively. If M is a left Dy-module, we want to define a D x-module
structure on the inverse image F*(M). (As we remarked at the beginning of 9, the trans-
position functor is an equivalence of the category of left modules with the category of right
modules, hence we can analogously treat right modules.) First we consider the bilinear
map

opP . _OF; 0
Pv) — P=—Lg_—
(P,v) aa:i@”; or: © 5y
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from R(X) x M into R(X) ®p(yy M. Since

7813(5;” ®v+i1P(QOF gi ®aa—y]
- 5 (5 F) gfif )5 "
gP g—£v+Qa—yj v)
- e (@

for any @ E R(Y'), this map factors through a linear endomorphism of F*(M) which we
denote by . By direct calculation we get

{88

ox;’ 61‘3} (P®v)=0

and

[8‘9_%,:53} (P@v) = 05(P &),

hence, by 8.10, we see that F*(M) has a natural structure of a left Dx-module.
This structure can be described in another way. Let

Dx_y = F*(Dy) = R(X) ®g(y) Dy.

Then, as we just described, Dx_,y has the structure of a left Dx-module. But it also
has a structure of a right Dy-module given by the right multiplication on Dy . These two
actions clearly commute, hence Dx_.y is a (left Dy, right Dy )-bimodule. Moreover, for
any Dy-module M we have

F*(M) = R(X) ®py) M = (R(X) ®gy) Dy) ®py M = Dx_y ®p, M

and the action of Dx on F*(M) is given by the action on the first factor in the last
expression. From this relation it is evident that the inverse image functor is a right exact
functor from M%(Dy) into ML (Dy). Since hd(Dy) = m by 9.7, the left cohomological
dimension of F'* is < m. Therefore, the left derived functors L!F* of F*, given by

L™F*(M) = Tor} (Dx_y, M)

for a left Dy-module M, vanish for j > m.
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12.1. LEMMA. Let P be a projective left Dy-module. Then F*(P) is a projective
R(X)-module.

PROOF. Let P be a projective Dy-module. Then it is a direct summand of a free Dy -
module (Dy ). This implies that F*(P) is a direct summand of F*(Dg,l)). Since Dy is
a free R(Y)-module, F*(Dg,[)) is a free R(X)-module. O

12.2. THEOREM. Let X = k™, Y =k and Z =kP, and FF : X —- Y and G:Y — Z
polynomial maps. Then

(i) the the inverse image functor (Go F)* from M¥(Dy) into MY (Dx) is isomorphic
to F* o G*;
(i) for any left Dz-module M there exist a spectral sequence with Es-term EY! =
LPF*(L1G*(M)) which converges to LPT9(G o F)*(M).
PROOF. (i) We consider first the polynomial ring structures. In this case
(G o F)" (M) = R(X) ®r(z) M = R(X) Qr(y) (R(Y) ®p(z) M) = F*(G"(M))

for any Dz-module M.
On the other hand,

88331-(P®U> ;CZ(P®(1®U)>
:2332@(1@ >+§;Pg§j®§—%(l®v>
:gfz(zo +§:PZFZ®<288—2€®66—%>
“Gor S g (er) o e

for any P € R(X) and v € M. Hence the Dx-actions agree.
(ii) By 1, for any projective Dz-module P, the inverse image G*(P) is F*-acyclic.
Therefore, the statement follows from the Grothendieck spectral sequence. [l

Now we consider an especially simple example. Let p be the projection of X x Y to the
second factor. Then

p* (M) = R(X XY) @ry) M = (R(X)R R(Y)) ®pry) M = R(X) K M

as a module over R(X xY) = R(X)X R(Y). On the other hand, from the definition it
follows immediately that the actions 88— and 8 - also agree, i.e., p*(M) = R(X) X M.
From 11.3 and 11.4 we immediately get the followmg result.
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12.3. PROPOSITION. Let p: X xY — Y be the projection defined by p(z,y) =y for
rxeX,yeY. Then,

(i) p* is an exact functor from M¥(Dy) into M*(Dxxvy);

(ii)) p*(M) = R(X)X M for any left Dy -module M ;
(iii) p*(M) is a finitely generated Dx «y-module if M is a finitely generated
(iv) d(p*(M)) = d(M) + n for any finitely generated left Dy -module M .

In particular, a finitely generated Dy -module M is holonomic if and only if p*(M) is
holonomic.

If we apply the transposition to the both actions on Dx_.y we get the (left Dy, right
Dx)-bimodule Dy . x. This allows the definition of the left Dy -module
Fy(M)=Dy._x ®py M

for any left Dyx-module M. Clearly, F, is a right exact functor from M¥%(Dx) into
ME(Dy). We call it the direct image functor. Since hd(Dx) = n by 9.7, the left coho-
mological dimension of F, is < n. Therefore, the left derived functors L'F, of F, given
by

LF, (M) = Tor}* (Dy_x, M)
for a left Dx-module M, vanish for j > n.

12.4. LEMMA. Let X = k", Y =kK" and Z =kKP, and F : X —- Y and G:Y — Z
polynomial maps. Then

(i) DX_>Z - DX—)Y ®DY DY—>Z)'
(ii) Tor? (Dx—y,Dy_z)=0 for j €N,

PRrOOF. (i) By 2.(i) we have
Dx_.z = (GOF)*(Dz) = F*(G*(Dz)) = F*(Dyﬁz) = Dx_y XDy Dy_. 5.

(ii) Let M be a left Dy-module and F. its left resolution by free Dy-modules. Since
Dy is a free R(Y)-module for left multiplication, we can also view it as a resolution by
free R(Y)-modules. This implies that

= H;((R(X) ®ry) Dy) ®p, F.) = TOI'?Y<DX_>y,M),

Since Dy _ 7 is a free R(Y)-module, TorR(Y)(R(X),DyHZ) = 0 for j € N, what implies
our assertion. [J

This implies, by transposition of actions, the following statements

Dy x =Dz y ®py Dy—x
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and
Tor?Y (Dz—y,Dy_x) =0
for j € N.
If P is a projective left Dx-module, P & @ = Dgg) for some left Dx-module ) and
some I. Therefore, F, (P)® F(Q) = F+(D§g)) = (Dy_x)"). This implies the following
result.

12.5. LEMMA. Let P be a projective left Dx-module. Then

Tor?Y (Dzy, F1(P)) =0

for j € N.
12.6. THEOREM. Let X = k™, Y =k and Z =kP, and FF : X —- Y and G:Y — Z
polynomial maps. Then
(i) the direct image functor (G o F), from MY (Dx) into ML (Dy) is isomorphic to
G-l- o F+ ;
(i) for any left Dx-module M there exist a spectral sequence with Eo-term EY? =
LPG, (LYF,(M)) which converges to LPT4(G o F)(M).

ProoF. (i) For any left Dx-module M by 4.(i) we have

(GoF)y(M)=Dgzex ®py M =(Dz—y ®p, Dy_x)®py, M
=Dz.vy ®py (Dy—x ®py M) = Dgzy ®p, F(M) =G (F(M)).

(ii) By 5, for any projective Dx-module P, the direct image F(P) is Gi-acyclic.
Therefore, the statement follows from the Grothendieck spectral sequence. [l

Now we consider a simple example. Let ¢ be the canonical injection of X into X x Y
given by i(z) = (z,0) for any € X. Then

Dx_xxy =i (Dxxy) =1 (Dx X Dy) = Dx XDy /((y1,y2,- - - Ym)Dy)

and
Dxxy—x =Dx XDy /(Dy(y1,Y2,---+Ym))-

This implies that
Z+(M> =MIKX DY/(DY(?Jl,y% .. aym>)

for any left Dx-module M.

12.7. PROPOSITION. Leti: X — X XY be the injection defined by i(x) = (x,0) for
x € X. Then,
(i) iy is an exact functor from MY (Dx) into ME(Dxxy);
(ii) i+ (M) =M X Dy /(Dy (y1,Y2, - - -,Ym)) for any left Dx-module M ;
(iii) i4 (M) is finitely generated Dx xy -module if M is a finitely generated Dx -module;
(iv) d(i+(M)) = d(M) +m for any finitely generated left Dx-module M.



13. KASHIWARA’S THEOREM 67

In particular, a finitely generated Dx-module M is holonomic if and only if i1 (M) is
holonomic.

PrOOF. We already proved (ii), and it immediately implies (i). Clearly, the quotient
Dy /(Dy (y1,Y2,---,Ym)) is a finitely generated Dy -module, hence (iii) follows from 11.2.
To prove (iv) we first remark that by 11.3, we have

d(i(M)) = d(M) + d(Dy /(Dy (y1, Y2, - - -, Ym)))-

It remains to determine the dimension of N = Dy /(Dy (y1,Y2,-- -, Ym))-

The Fourier transform F(NN) of this module is equal to Dy /(Dy (01,02,...,0m)) =
R(Y). Since the Fourier transform preserves the dimension of modules by 9.1, we have
d(N)=d(R(Y))=m. O

13. Kashiwara’s theorem

Let X =k"andY ={z, =0} C X. Weputalso Z ={z; =22 =---=x,_1 =0} X k.
Hence X =Y x Z. This also implies that Dx = Dy X Dy. Let M be a Dx-module and
put

Liyj(M) ={m e M | z¥m = 0 for some p € N}.

13.1. LEMMA. Let M be a Dx-module. Then:
(i) T'y)(M) is a Dx-submodule of M ;
(if) supp(Ipyy(M)) C Y
(iii) if N is a Dx-submodule of M with supp(IN) C Y, then N C 'y (M),

PROOF. (i) Let m € I'ly(M). Then x;m € I';y (M) and 9;m € I'y (M) for 1 <i <n
and 1 < j <n. It remains to check that d,m € I'ly (M ). We have

eI 0,m = (22T 0, lm + Ol Tim = — (5 + Dadm + 0,20 m

for any j € N. Hence, if 27 m = 0, we see that 2719, m = 0.

(i) If z ¢ Y, 2, ¢ m, and the localization I'y (M), = 0.

(iii) Assume that N is a Dx-submodule of M with supp(N) C Y. Let m € N and
denote by N’ the R(X)-submodule generated by m. Then supp(N’) C Y. Since N’ is
finitely generated, by 4.2, its support is equal to the variety determined by its annihilator
I in R(X). By Nullstelensatz we see that r(I) D (x,). This implies that 27 annihilates
N’ for some j € N, i.e., m € I'y)(M). O

Therefore I'ty1(M) is the largest Dx-submodule of M supported in Y.
The multiplication by x,, defines an endomorphism of M as Dy-module. Let

My = ker x,, C I'iy (M)

and
M, = cokerz,, = M /x, M.

Denote by ¢ the natural inclusion of Y into X.
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13.2. LEMMA. Let M be a Dx-module. Then:
(1) LJZ*<M) = Mj+1 fOTj = 0, —1,’
(ii) L7i*(M) =0 for j #0,—1.

PROOF. By definition, L7i*(M) = TOI‘I_);-((DY_A)(, M). On the other hand, we estab-
lished in the last section that

Dy_>X = Dy X Dz/(xn)DZ = Dx/(xn)Dx.
Therefore, we have the exact sequence
O—>DX&>D)(—>DY_>X — 0

where the map from Dy into itself is by left multiplication by z,,. This is a short exact
sequence of (left Dy, right Dx)-bimodules and the first two terms are free D x-modules.
Therefore we constructed a resolution of the (left Dy, right Dy )-bimodule by free right
Dx-modules. This implies that Tor” J’.‘(Dy_> x, M) are the cohomology groups of the
complex

= 0-M=M—-0—.... O

From the preceding argument we see that
DX<—Y = Dx/Dx(l’n) = Dy Z’ Dz/Dz(ZL’n) = @6%Dy
j=0

Clearly, we have a natural D x-module morphism
it (Mo) = Dx—y ®p, Mo — Ly 1(M).

By 2. this is actually a morphism of the functor i, o L™1i* into INSE
The critical result of this section is the next lemma.

13.3. LEMMA. The morphism iy(Mo) — I'iy1(M) is an isomorphism of D x -modules.

Proor. We first show that the morphism is surjective. We claim that
{meM|xlm=0} C Dx - M,
for any p € N. This is evident for p=1. If p > 1 and 22 m = 0 we see that
0 = 0y (2P2m) = 227 (pm + ,,0,,m),
and by the induction hypothesis,

pm + x,0,m € Dx - M.
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Also, by the induction hypothesis, x,,m € Dx - My. This implies that
(p — 1)m = pm + [z, Op)m = pm + ©,0,m — Opx,m € Dx - My

and m € Dx - My. Hence the map is surjective.
Now we prove injectivity. By the preceding discussion

i+(M0) =Dx vy XDy My = @8%]\40
j=0

Let (mg, Opma, ... ,0Im,,0,...) be a nonzero element of this direct sum which maps into
0, i.e.,
mo + Opmy + -+ 0fimg = 0,

with minimal possible q. Then

and we have a contradiction. Therefore, the kernel of the map is zero. [J
13.4. COROLLARY. z,I'1y|(M) = 'y (M).

PROOF. By 3. any element of I'y(M) has the form Zj€Z+ d2m; with m; € My. On

the other hand,
1
Z +1,, Z
Tn . ]—|——1 % 83 nj- |
JELy JELy

13.5. COROLLARY. Let M be a Dx-module. Then

(i) Iy (M) is a finitely generated Dx -module if and only if My is a finitely generated
Dy -module;
(i) d(Tpy) (M) = d(Mo) + 1.

In particular, Ty (M) is holonomic if and only if My is holonomic.

PROOF. (i) From 3. and 12.7.(iii) we see that I'[y(M) is finitely generated if My is
finitely generated. Assume that I'jy(M) is a finitely generated Dx-module. Let N;, j € N,
be an increasing sequence of Dy -submodules of M. Then they generate D x-submodules
ir(Nj) = ©p2gOnN; of I'y(M). Since I'iy)(M) is a finitely generated Dx-module, the
increasing sequence i (N;), j € N, stabilizes. Moreover, N; is the kernel of x,, in i; (N;)
and the sequence N;, j € N, must also stabilize. Therefore, My is finitely generated.

(ii) Follows from 3. and 12.7.(iv). O
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13.6. COROLLARY. Let M be a holonomic Dx-module. Then Mgy is a holonomic Dy -
module.

PRrOOF. If M is holonomic, I'ty1(M) is also holonomic. Therefore, the assertion follows
from 5. O

Let My (Dx) be the full subcategory of M(Dx) consisting of D x-modules supported
in Y. Denote by M,y (Dx) and Holy (Dx) the corresponding subcategories of finitely
generated, resp. holonomic, Dx-modules supported in Y. Then, by 1, we have M =
Liy(M) for any M in My (Dx). By 2. and 4. we see that i*(M) = 0 for any M in
My (Dx), hence L~1i* is an exact functor from My (Dy) into M(Dy). On the other
hand, iy defines an exact functor in the opposite direction, and by 3. the composition
iy o L™Y* is isomorphic to the identity functor on My (Dx). Also it is evident that
L=Yi* o iy is isomorphic to the identity functor on M(Dy).

This leads us to the following basic result due to Kashiwara.

13.7. THEOREM. The direct image functor iy defines an equivalence of the cate-
gory M(Dy) (resp. M4(Dy ), Hol(Dy)) with the category My (Dx) (resp. Mgy (Dx),
Holy (Dx)). Its inverse is the functor L=1i*.

PROOF. It remains to show only the statements in parentheses. They follow immedi-
ately from 5. [

14. Preservation of holonomicity

In this section we prove that direct and inverse images preserve holonomic modules. We
start with a simple criterion for holonomicity.

14.1. LEMMA. Let D(n) be equipped with the Bernstein filtration. Let M be a D(n)-
module and F M an exhaustive D(n)-module filtration on M. If

c
dimy F, M < —p" + (lower order terms in p)
n!

for allp € Zy, M is a holonomic D(n)-module and its length is < c.
In particular, M is a finitely generated D(n)-module.

PROOF. Let N be a finitely generated D(n)-submodule of M. Then F M induces an
exhaustive D(n)-module filtration on N. By 3.5 there exists a good filtration F' N of N
and s € Z, such that F, N C Fp ¢ N for any p € Z. It follows that

dimy, F; N <dimy Fp4s N <dimy Fpy s M < i' p" + (lower order terms in p)
n!

for p € Z. Therefore, d(N) < n and N is holonomic. If N # 0, we have e(N) < c.
Clearly this implies that the length of N is < e(N) < ¢. It follows that any increasing
sequence of finitely generated D(n)-submodules of M stabilizes, and that M itself is finitely
generated. [
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Let M be a D(n)-module and P € k[X1, Xo,...,X,]. Then on the localization Mp of
M we can define k-linear maps 0; : Mp — Mp by
m m_, om

0i( ) = —POi(P) 5 + 55

for any m € M and p € Z,. By direct calculation we can check that
m
0:,05)(15) =0

and
m m

195, 23](55) = dii o
for any 1 <4i,5 <n and p € Z,. By 8.10 this defines a structure of D(n)-module on Mp.

14.2. PROPOSITION. Let M be a holonomic D(n)-module and P € k[X1, Xo, ..., X,].
Then Mp is a holonomic D(n)-module.

PRrROOF. We can clearly assume that P # 0. Let F M be a good filtration on M such
that F,, M = 0 for p <0 and m = deg P. Define F, Mp = 0 for p < 0 and

v
F, Mp = {ﬁ ‘ ve F(m+1)pM}

for p € Z,. Clearly F,, Mp, p € Z, are vector subspaces of Mp.

Let w € Fy Mp, p > 0. Then w = 5 = % for some v € Fy41), M. Since
Pv € Finpyprm M C Frng1yp+1) M, we see that w € Fp 1 Mp. This proves that the
filtration F Mp is increasing.

Let v € Fy M. Then 5; = % for any s € Zy. Also, P°v € F 44, M for any s € Z..

P

Moreover, (m+1)(p+s) — (g+sm)=s+ (m+1)p—q >0 for s > ¢ — (m + 1)p. Hence
P?v € Foqsm M CF(mi1)(pts) M

and 355 € Fpys Mp. Therefore, the filtration F Mp is exhaustive.
It remains to show that it is a D(n)-module filtration. First, for v € F(pq1), M,

;i Pv € F i1y (p+1) M, hence x; 55 = f;’p—lff € Fp41 Mp. Also,

v\  —pdi(P)v+ Pow
O (ﬁ) B prl

and —p@i(P)fu + Po;v € F(m—l—l)(p—i—l) M ; hence 0; (%) S Fp_|_1 Mp.
Therefore, we constructed an exhaustive D(n)-module filtration on Mp. Since

((m + Dp)"

dimk Fp Mp S dlmk F(m—l—l)p M S G(M) |
n:

+ (lower order terms in p)

for p € Z, Mp is holonomic by 1. [
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14.3. COROLLARY. Let P € k[X1,Xs,...,X,]. Then k[X1,Xo,...,X,]p is a holo-
nomic D(n)-module.

Now we put X = k" and Y = k™. Let FF': X — Y be a polynomial map. We want
to study the behavior of holonomic modules under the action of inverse and direct image
functors. First we use the graph construction to reduce the problem to special maps. We
have the following diagram:

X X x«y

x 5 vy
where (1 x F)(z) = (z, F(x)), for x € X, is an immersion, and pro(z,y) =y for z € X
and y € Y, is a projection.

By 12.3 we know that pr3 is exact and maps holonomic modules into holonomic modules.
Also, since the spectral sequence from 12.2 collapses in this case, we see immediately that
LP(1 x F)* opry = LPF* for any p € Z. This reduces the analysis to the case of the
immersion j =1 X F'.

We first discuss the immersion ¢ : X — X x Y given by i(z) = (x,0) for z € X.

14.4. LEMMA. Let M be a Dxxy-module. Then L=Pi*(M) =0 for p > dimY .
If M is a holonomic Dx xy -module, the Dx-modules LPi*(M), p € Z, are holonomic.

We prove this statement by induction in dimY. If dimY = 1, this corresponds to the
situation studied (with different notation) in 13.2. If we denote by y; the natural coordinate

on Y, and consider the Dx-module morphism M M , we have i*(M) = cokery;
and L~1i*(M) = kery; and all other derived inverse images vanish. Moreover, if M is
holonomic L~1i*(M) is holonomic by 13.6.

14.5. LEMMA. Let M be a holonomic Dx xy-module. Then i*(M) is holonomic.

PROOF. Let M = M /T x1(M), i.e., we have the short exact sequence
0— Ix(M)— M — M — 0.
Since * is right exact functor, this leads to the exact sequence
*(Cxy(M)) — (M) — " (M) — 0.

On the other hand, by 13.4, we see that i*(I'(xj(M)) = 0. Therefore, the natural map
i*(M) — i*(M) is an isomorphism.

Let m € F[X](M) C M and denote by m € M the representative of m. Then yfm = 0
for sufficiently large p € Z,. Therefore, y'm € [ix)(M). This in turn implies that
yPTim = y9(yPm) = 0 for sufficiently large ¢ € Z. Hence, m € I'ix)(M) and m = 0. It
follows that I'ix(M) = 0.

If M is a holonomic D xyy-module, M is a holonomic D x «y-module.
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Therefore, we can assume from the beginning that I'\x(A) = 0. This means that the
multiplication by y; is injective on M, and M imbeds into its localization M,,. Consider
the exact sequence

O—>M—>My1£>NHO.

Let n € N. Then n = ¢ <ymp) for some m € M and p € Z,. Therefore, y!n = ¢(m) =0
1

and n € I'(x)(IV). Hence, we have I'ix)(IV) = N.

Since M is a holonomic Dxy-module, from 2. we know that M, is a holonomic.
Hence, N is a holonomic Dy xy-module. By 13.7 this implies that N =i, (L~1i*(N)) and
L=1i*(N) is a holonomic Dx-module.

Applying the long exact sequence of inverse images of i to our short exact sequence, we
get

. — L7Y*(M,,) — L7Y*(N) — i*(M) — i*(M,,) — i*(N) — 0.

Since the multiplication by y; on M,, is invertible, by 13.2 we see that
i (My,) = L_li*(M@n) =0.

Hence, it follows that i*(M) = L=1i*(N). By the preceding discussion we conclude that
i*(M) is a holonomic Dx-module. [

Now we can finish the proof of 4. Let Y = {y,, =0} C Y. Denote by ¢’ : X — X x Y’
the morphism given by i'(z) = (z,0) and by ¢’ the natural inclusion of X x Y’ into
X x Y. By induction assumption 4. holds for ¢" and i"/. Hence, by 12.2, it holds for their
composition i =" o 7',

Now we use 4. to prove the corresponding statement for j = 1 x F'. Define the morphism
G: XxXY —XxY by

G(l’,y) = (xayl +F1(x)7y2 +F2($>7"'7ym +Fm($>)

forr e Xandy €Y. Then H: X XY — X x Y defined by

H(Ill,y) = (xayl _Fl(x)7y2 _FQ(x)7"'7ym —Fm(fll))

for x € X and y € Y, is the inverse of G, i.e., G is an isomorphism of X x Y onto itself.
This implies that G* is an equivalence of the category M(Dxxy) with itself. Also it
preserves finitely generated Dy «y-modules. By 9.8, G* preserves the dimension of finitely
generated D x yy-modules; in particular, it preserves holonomic modules.

Moreover, we have the following commutative diagram:

X — L XxY

w|

X 7 . XxY
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Therefore, by 12.2, we have
LPj*(M) = LP(G 0 4)" (M) = LPi*(G*(M))
for any p € Z and Dxyy-module M. By 4, we conclude that LPj*(M), p € Z, are

holonomic D x-modules for any holonomic Dx «y-module M.
This finally ends the proof of the following result.

14.6. THEOREM. Let F: X — Y be a polynomial map and M a holonomic Dy -module.
Then LPEF*(M), p € Z, are holonomic D x-modules.

Now we want to study analogous properties of the direct image functors. As in the
preceding argument, we conclude that G is an equivalence of the category M(Dxxy)
with itself, and it preserves holonomic modules. Therefore, since the spectral sequence
from 12.6 collapses, we conclude that

LPjp (M) = LP(G o)1 (M) = G4 (LPiy (M)

for any Dx-module M. By 12.7, iy is an exact functor from M(Dx) into M(Dxxy ) and
it maps holonomic modules into holonomic modules. Therefore, j; = G4 oiy is an exact
functor from M(Dx) into M(Dxxy) and it maps holonomic modules into holonomic
modules.

Applying now the graph decomposition to F', we see from 12.6 that

LPFL (M) = LP(pr2)+(j4+(M))
for any Dx-module M. Therefore, it remains to analyze the direct images of prs.
Consider first the case of dim X = 1. Then
Dxxy .y = R(X XY)®gry) Dy = R(X)X Dy = Dx/Dx(01) X Dy.

Hence, Dy. xxy = Dx/(01)Dx X Dy. We have an exact sequence

01
0 — Dxxy — Dxxy — Dy—xxy — 0

of (left Dy, right Dy xy )-bimodules, where the second arrow represents left multiplication
by 0;. Clearly, this is a left resolution of Dy. xxy by free right Dxyy-modules, hence
the cohomology of the complex

.—>0—>Mﬁ>M—>0—>...

is Tor”**¥(Dy . xxy, M) = L (pra), (M) for any Dxyy-module M. By applying the
Fourier transform we get the complex

L= 0= F(M) 2 F(M) —0— ...

which calculates F(L%(pra)+(M)). Hence, by 9.11, 13.2, 13.6 and 14.5, we conclude that
Li(pro)4 (M) =0 for ¢ #0,—1, and L(prs) (M) are holonomic Dy-modules.

Consider now the general case. Let X’ = {x,, = 0} C X, and denote by pr} the canonical
projection of X’ x Y onto Y. Also, denote by p the canonical projection of X onto X'.
Then pro = prho(p x 1y ). Hence, by 12.7 and the induction assumption we conclude that
LP(pra)1 (M), p € Z, are holonomic Dy-modules for any holonomic Dy xy-module M.

This ends the proof of the following result.
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14.7. THEOREM. Let F': X — Y be a polynomial map and M a holonomic D x -module.
Then LPF (M), p € Z, are holonomic Dy -modules.

14.8. REMARK. The statements analogous to 6. and 7. for finitely generated modules
are false. For example, if we put X = {0}, Y = k and denote by i : X — Y the
natural inclusion, the inverse image ¢*(Dy ) is an infinite-dimensional vector space over k.
Analogously, if p is the projection of Y into a point, p;(Dy) is an infinite-dimensional
vector space over k.

15. b-functions

Let k£ be an algebraically closed field and D the algebra of differential operators with
polynomial coefficients on k. Let A be a free k[z, A]-module with basis (z**7; j € Z).
Denote by B its submodule generated by the elements z-2**7/ — 27+ and put M = A/B.
Clearly, we can view M as a free k[A\]-module with basis (z**7; j € Z). On A we can define
a k[A]-linear map 7" by

T(Pz*) = (OP) - 2™ + (A4 j)P - 2271,
Now

T(P(x -z M7 — 22N = T(Py - 2T — P g T
= 0(Px) - 2™ + AN+ j)Px -2 9P - AT (A4 j+ )P - g
= (OP)(z - 2M7 — 2 MY L (N 4 §)P(z - 2271 — 22) € B,

so T induces a k[\]-linear map 0 on M given by
Oz M = (N + j)a ML

Hence, it extends to M = k(\) ®p[n] M where k(A) denotes the field of rational functions
in X. Clearly, M is a linear space with basis {217, j € Z} over the field k(). Also

8(3m:>‘+j) _ a( >\+]+1) ()\ +j+ 1) AtS — Mt + :z:>‘+j,

hence [0, z] = 1. This implies that M has a natural structure of a D-module. If we put
D()\) = k(\) ® D, M becomes a D(A)-module. From the definition of the action of D(\)
it is evident that every z**7, j € Z, _generates M.
We can define a ﬁltratlon (Fopu M ; m € Z) of M where F,, M is the linear span of
ATk, \k| < m. The filtration is ev1dently increasing and it is exhaustive. Finally,
zF,, M C Fm+1M and OF,, M C Fm+1M hence this is a D(A)-module filtration.
Clearly, dimyy) Fi, M =2m+1 for any m € Zy.
Let K be the algebraic closure of k(\). Put D = K ®j(y) D()\) and Mg = K ®j(») M.
Also, put Fy, Mg = K ®px) Fin M for m € Z. This defines a Dx-module filtration of M.
Moreover, dimg F,,, Mg = 2m+1 for all m € Z. By 14.1, M is a holonomic D g-module.
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Let D(n) be the algebra of all differential operators with polynomial coefficients on
k™. Denote by Dk (n) corresponding algebra of differential operators on K™. Let f €
k[ X1, Xo,...,X,]. We can view f as a polynomial on K™ with coefficients in k.

We can view

11 (M) = K[X1, Xa, .., Xo] @xcx) Mic = K @10y (BOX1, Xa, -, Xa] @xn) ) M)

asa K[X1, X,, ..., Xy]-module spanned by fA7 = 1@2**7 for j € Z. If we denote by M
the k(\)-linear space k(\)[X1, Xo, ..., Xu] @ x] M, we have f*(Mg) =K ®r(x) My
First, we see that

f_fk+j — f~(1®x>‘+j) :f®x>‘+‘j — 1®x_x>\+j :1®x>\+j+1 :f>\+j+1

for any j € Z.
Moreover, the short exact sequence

0—-B—A—M—0
by localization leads to the short exact sequence

0—=B—A—M-—0
where B = k(\) ®p[x B and A=k ®pa A is a free k(A)[X]-module. By tensoring this
short exact sequence with k(\)[ X1, Xo, ..., X,| we get the exact sequence

k(N[X1, Xo, -, Xa] ®@poyxg B — k(W) [X1, Xa, ..., X0] @koyx) A — Mgy — 0.

Therefore, the module M) is the quotient of the free k(A)[X1, X, ..., X;,|-module with
basis { fA*7;j € Z} by the submodule generated by the elements f - fA7 — AL 5 c 7,
The D (n)-action on f*(Mp) is given by

O [ = 0,10 a™) = 0,f @02 = (A+7) (0:F) 1@ ™) = (A+j) (0:f) 71

for any 1 < j <n.

Put D(\,n) = k() ®, D(n). Then M) is a D(A, n)-submodule of f*(Mk).

Since f*(Mg) is holonomic Dk (n)-module by 14.6, it is also of finite length. This in
turn implies the following result.

15.1. LEMMA. The D(X,n)-module Mgy is a module of finite length.
Now, denote by M, the D(X, n)-submodule of M) generated by f**?. Then

"'DMpDMp+1D"'
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is an decreasing exhaustive filtration of M s by D(X,n)-submodules. Since My is of
finite length, there exists pg € Z such that M, = M) for p < po.

Let n+ be the automorphisms of k(\) defined by 1 (g)(A) = g(A£1) for g € k(\). They
extend to an automorphism of D(A,n) which we also denote by 7.. On the other hand,

ro (P PPH) = g (P)- P
defines k-linear endomorphisms of M. Also
T (0i(P - f217) = e (0iP) - fATIE (N j £ 1)(0if e (P) fH 71
= 0 (P) - P (£ )@ (P) - A = D (PP
hence, for any T' € D(A\,n) and m € My,
7+ (Tm) = n+(T)7+(m).
Evidently, 7_ is the inverse of 74, and
re(My) = 72 (DO m) A7) = DO m) e (F47) = DO ) A5 = My
for any p € Z. Hence, if M), = M(yy we have
My =7 (Mp) = 7. (M(5)) = My).

Therefore, by the induction in p, the above remark implies M, = My for all p € Z.
In particular, there exists A(\) € D(\,n) such that

AN A=A
This implies that there exists A[A] € k[A\] ®; D(n) and b € k[A] such b # 0 and
A A =b(N)

in Ms). The polynomial b is not unique, but all such polynomials form an ideal in k[\].
Since k[A] is a principal ideal domain, there exists a unique polynomial of lowest degree
with leading coefficient 1 with this property. This polynomial is called the Bernstein-Sato
polynomial. One can show that it has rational zeros.

We can generalize this construction in the following way. First we need to construct the
inner tensor product of two D-modules on X.

Let X = k™ and M, N two Dx-modules. Then we can form the exterior tensor product
M X N, which is a D-module on X x X. If M and N are holonomic D x-modules, M X N
is a holonomic Dxy x-module by 11.4. Let A : X — X x X be the diagonal map
A(z) = (x,z). Then we can consider the Dx-module

A*(M B N) = R(X) @p(xxx) (MEN) = (MEN)/I(MZ N),
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where we denoted by I the ideal of functions in R(X x X) which vanish on the diagonal
A(X) in X x X. This ideal is generated by functions X; ® 1 —1® X;, 1 < i < n. Therefore,
A*(M X N) is the quotient of M XN by the subspace spanned by the elements of the form
Xu®v—u® Xv,1<it<nandué& M, v e N. This implies that

as an R(X)-module. Moreover,
Oi(u®v) =0;u®v+u® o

for 1 <i<n,u € M and v € N. Therefore, we defined a structure of a Dx-module on
M ®@pxy N. We call this Dx-module the inner tensor product of M and N. By 14.6. we
conclude that the following result holds.

15.2. PROPOSITION. Let M and N be two holonomic D x-modules. Then M Qgx) N
1s a holonomic D x-module.

Now we can apply this to the previous situation. Let V be a D(n)-module. We can
extend the field of scalars from k to K and define Vx = K ®; V as a Dk (n)-module. Next,
we can construct the inner tensor product Vi ®p(x,) Mk. Let V(s be the k())-linear
subspace of Vi ®pg(x,) Mk spanned by v ® fAMIi v e Vand j € Z. Then Vi) is a
D(\, n)-module with the action given by

Qv A1) =0w e A+ (A+4) (0:f) (ve AT

for j € Z and v € V. Clearly, Vi Qr(x,) Mx = K Q) V(y)-

If V' is a holonomic D(n)-module, Vi is a holonomic D (n)-module. This implies, by 2,
that the inner tensor product Vx ® g(x, ) Mk is a holonomic Dk (n)-module, and therefore
of finite length. Hence, we have the following generalization of 1.

15.3. LEMMA. Let V be a holonomic D(n)-module. Then the D(X,n)-module V{y) is a
module of finite length.

As before, denote by V,, the D(A, n)-submodule of V() generated by v ® AP ueV.
Then we get an decreasing exhaustive filtration of D(A, n)-module V), and

"'D‘/;)DV;;_HD"'.

Since V(yy is of finite length, V), = V() for sufficiently small p.
Define the k-linear endomorphisms wy of V(s by

wi(Plv@ fA1)) = ne(P)(v e fAHH)

for any v € V, P € k(\) @, R(X) and j € Z. Then, as in the preceding argument, we
show that w_ is the inverse of w,, and wy(V,) = V41 for any p € Z. This implies that
Vp = V(s for any p € Z. Therefore, we conclude that the following result holds.

15.4. LEMMA. Let V be a holonomic D(n)-module. Then for any j € Z we can find
vectors vi,va,...,vp € V such that the D(X\, n)-module V) is generated by the vectors

vl®f>\+j77)2®f>\+j7"'7vp®f>\+j'
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16. Meromorphic continuation of some distributions

Let C3°(R™) be the space of smooth compactly supported complex-valued functions on
R™ with the usual Schwartz topology. For any function f € L} (R™) the expression

er(p) = . f(z) o) dx

defines a continuous linear form on C§°(R™), i.e., a distribution on R™.

Let f be a continuous real-valued function on R™. Then U, = {x € R™| f(x) > 0} is an
open set in R™. The function sup(f,0) is a positive continuous function on R", therefore
the function z — sup(f(z)*,0), A € C, ReX > 0, is a continuous function on R™. This
implies that for any union U of connected components of Uy and for any A € C, Re A > 0,

P /U f(@) () da

defines a distribution on R™ which depends holomorphically on .

In his address to the International Congress of Mathematicians in Amsterdam in 1954,
.M. Gelfand posed the following problem:

If f is a polynomial on R", does A\ — f* extend to a meromorphic function from C into
distributions on R™?

Assume that there exists a differential operator A[)\] depending polynomially in A and
a polynomial b € C[\] on R” such that

AT =00 F

for for Re A > 0. Assume that f* has a meromorphic extension to {\ € C | ReA > —k}
for k € Z, with the set of poles Si. Then we have, on {A € C| Re A > —k},

1 1

Pe) = 3y AP T@) = 5o £ AN,

where A[A]* denotes the formal adjoint of A[A]. Therefore, for Re A > —k the two mero-
morphic functions
A— f A

and .

A —< A !
agree. On the other hand, the latter one is meromorphic on {\ € C| Re A > —k—1}. This
implies that A — f* extends to a meromorphic distribution on {\ € C| ReA > —k — 1}
with poles in the union of S; — 1 and the set of zeros of b. By induction in k, one proves
the existence of a meromorphic continuation of f* to the whole complex plane with poles
in the set {a — k|a a zero of b, k € Z, }.



80 DIFFERENTIAL OPERATORS WITH POLYNOMIAL COEFFICIENTS

It remains to show the existence of the differential operator A[A] and a polynomial b
with the required properties. We can view the space (C5°(R™))" of all distributions on R”
as a module for the algebra of all differential operators on R™ with polynomial coefficients.
Therefore, the spaces of all holomorphic maps from {\ € C | ReX > k}, k£ € N, into
(Cg°(R™))" are D(n)-modules. Hence, their direct limit H as k — oo is a D(n)-module.
Since any function in C(\) is holomorphic in the region {\ € C | Re A > k} for k large
enough, the direct limit H is also a linear space over C(\). Hence we can view it as a
D(\, n)-module.

Clearly, the functions A\ + f>J are in H for arbitrary j € Z, and they satisfy the
relations f - fA7 = fA7+1 and

QM = (A4 @)

for any 4,7 € Z. This implies that the D(A, n)-submodule of H generated by elements
fAI, j € Z, is a quotient of the module My considered in 15. Hence, the existence of
AJ)\ and b follows from the results proved there, which completes the proof of the next
result.

16.1. THEOREM. For any polynomial f with real coefficients on R™ the map \ — f>
extends to a meromorphic function with values in the space of distributions on R™. Its
poles are of the form o — k, where a is a zero of the Bernstein-Sato polynomial of f and

kelZ,.

16.2. REMARK. By inspecting the proof of 1. one easily checks that A — f?* is actually
a meromorphic function with values in the space of tempered distributions on R".

16.3. COROLLARY. Let f be a nonzero polynomial on R™. Then there exists a tempered
distribution T on R™ such that fT = 1.

PROOF. Assume first that f(z) > 0 for all x € R™. Since f is nonzero, the set of zeros
of f has measure zero. Therefore, if we put

) = . f@) o(x) da

for Re A > 0, by 2, f* extends to a meromorphic function with values in tempered distri-
butions.

First we claim that f* is regular at 0 with value equal to 1. Clearly, for any ¢ € C§°(R"?)
we have

lim f(x)tgp(:v)da::/ () dx.

tl0 R™ n

Hence, the meromorphic function A +— f*(¢) is regular at 0 for any ¢ € C5°(R™). Let

f)\: i Sn)\n

n=—oo
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be the Laurent expansion of A — f* at 0. Then,

oo

)= Sulp)A™

n=—oo

hence Sy, (¢) = 0 vanish for n < 0 and So(p) = [z. ¢(x) dz, for any ¢ € C5°(R™). This
implies that tempered distributions .S,, vanish for n < 0, and Sy = 1.
Consider now the Laurent expansion

o0

= T.a+1)"

n=—oo

at -1. Then T,,, n € Z, are tempered distributions and T,, = 0 for sufficiently negative
n € Z. Moreover, since f - f* = fA1 the product f - f* is regular at -1 and has value 1.
This implies that f7;, =0 for all n < 0, and fTj, = 1.

Assume now that f is arbitrary. Then we can put ¢ = ff, and ¢ has non-negative
values on R™. Hence, there exists a tempered distribution 7" such that ¢7"' = 1. But now

f(fT)=gT =1,
hence fT has the required property. [

17. Differential equations with constant coefficients
Let P € (C[Xl, Xo, ... ,Xn], ie.,
P(X)= )Y ex".

Iezy

Then we can define the differential operator

P@) =Y ¢d'

rezy

with constant coefficients on R™. Let § be the distribution ¢ — ¢(0) on R™. A distribution
T on R™ is called a fundamental solution for P(0) if it satisfies P(0)T = ¢.

As an application of the results of 16. we prove the following result about the existence
of fundamental solutions.

17.1. THEOREM. Let P be a nonzero polynomial on R™. Then there exists a tempered
distribution T on R™ such that P(0)T = 4.

PRrROOF. We define the Fourier transform F : S(R") — S(R™) via

(Fo)(y) = (2m)~% / o()e= da

n
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for ¢ € S(R™); and the inverse Fourier transform by

— _n

(Fu)la) = @2m)7F | w()edy

for ¢» € S(R™). This defines the Fourier transform on the space (S(R™))" of tempered
distributions on R" via
(FT)(p) =T(Fg), ¢eSR");

and

(FT) () = T(Fy), o € SR").
Clearly,
(FO) (@) = 6(Fyp) = (F)(0) = 2m) "% | w(y)dy

R?L

for arbitrary 1) € S(R™), hence
Fo=(2m)" 2

and

§ = (2m) "2 F(1).

One easily checks that
' FT = F((—i)HzlT).

for any tempered distribution 7. Let Q(x) = P(—iz). By 16.3 there exists a tempered
distribution S on R™ such that QS = 1. Let

T = (2m)" 2 F(S).

Then



