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CHAPTER I

MODULES OVER RINGS OF DIFFERENTIAL OPERATORS

WITH POLYNOMIAL COEFFICIENTS

1. Hilbert polynomials

Let A = ⊕∞n=0An be a graded nötherian ring.

1.1. Lemma.

(i) A0 is a nötherian ring.
(ii) A is a finitely generated A0-algebra.

Proof. (i) Put A+ = ⊕∞n=1An. Then A+ is an ideal in A and A0 = A/A+.
(ii) A+ is finitely generated. Let x1, x2, . . . , xs be a set of homogeneous generators of

A+ and denote di = deg xi, 1 ≤ i ≤ s. Let B be the A0-subalgebra generated by x1, . . . , xs.
We claim that An ⊆ B, n ∈ Z+. Clearly, A0 ⊆ B. Assume that n > 0 and y ∈ An. Then
y ∈ A+ and therefore y =

∑s
i=1 yixi where yi ∈ An−di

. It follows that the induction
assumption applies to yi, 1 ≤ i ≤ s. This implies that y ∈ B. ˜

The converse of 1. follows by Hilbert’s theorem which states that the polynomial ring
A0[X1, . . . , Xn] is nötherian if the ring A0 is nötherian. Let M = ⊕n∈ZMn be a finitely
generated graded A-module. Then each Mn, n ∈ Z, is an A0-module. Also, Mn = 0 for
sufficiently negative n ∈ Z.

1.2. Lemma. Mn, n ∈ Z, are finitely generated A0-modules.

Proof. Let mi, 1 ≤ i ≤ k, be homogeneous generators of M and deg mi = ri,
1 ≤ i ≤ k. For j ∈ Z+ denote by zi(j), 1 ≤ i ≤ ℓ(j), all homogeneous monomials in

x1, x2, . . . , xs of degree j. Let m ∈Mn. Then m =
∑k

i=1 yimi where yi ∈ An−ri
, i ≤ i ≤ k.

By 1, yi =
∑

j aijzj(n− ri), with aij ∈ A0. This implies that m =
∑

i,j aijzj(n− ri)mi;

hence Mn is generated by (zj(n− ri)mi; 1 ≤ j ≤ ℓ(n− ri), 1 ≤ i ≤ k). ˜

Let Mfg(A0) be the category of finitely generated A0-modules. Let λ be a function
on Mfg(A0) with values in Z. The function λ is called additive if for any short exact
sequence:

0 −→M ′ −→M −→M ′′ −→ 0

we have

λ(M) = λ(M ′) + λ(M ′′).
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2 DIFFERENTIAL OPERATORS WITH POLYNOMIAL COEFFICIENTS

1.3. Lemma. Let

0 →M0 →M1 →M2 → · · · →Mn → 0

be an exact sequence in Mfg(A0). Then

n
∑

i=0

(−1)iλ(Mi) = 0.

Proof. Evident. ˜

Let Z[[t]] be the ring of formal power series in t with coefficients in Z. Denote by Z((t))
the localization of Z[[t]] with respect to the multiplicative system {tn |n ∈ Z+}.

Let M be a finitely generated graded A-module. Then the Poincaré series P (M, t) of
M (with respect to λ) is

P (M, t) =
∑

n∈Z

λ(Mn) t
n ∈ Z((t)).

For example, let A = k[X1, X2, . . . , Xs] be the algebra of polynomials in s variables with
coefficients in a field k graded by the total degree. Then, A0 = k and for every finitely
generated graded A-module M , we have dimkMn <∞. Hence, we can define the Poincaré
series for λ = dimk. In particular, for the A-module A itself, we have

P (A, t) =
∑

n∈Z

dimk An t
n =

∞
∑

n=0

(

s+ n− 1

s− 1

)

tn =
1

(1 − t)s
.

The next result shows that general Poincaré series have an analogous form.

1.4. Theorem (Hilbert, Serre). For any finitely generated graded A-module M we
have

P (M, t) =
f(t)

∏s
i=1(1 − tdi)

where f(t) ∈ Z[t, t−1].

Proof. We prove the theorem by induction in s. If s = 0, A = A0 and M is a
finitely generated A0-module. This implies that Mn = 0 for sufficiently large n. Therefore,
λ(Mn) = 0 except for finitely many n ∈ Z and P (M, t) is in Z[t, t−1].

Assume now that s > 0. The multiplication by xs defines an A-module endomorphism
f of M . Let K = ker f , I = im f and L = M/I. Then K, I and L are graded A-modules
and we have an exact sequence

0 −→ K −→M
f
−→M −→ L −→ 0.
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This implies that

0 −→ Kn −→Mn
xs−→Mn+ds

−→ Ln+ds
−→ 0

is an exact sequence of A0-modules for all n ∈ Z. In particular, by 3,

λ(Kn) − λ(Mn) + λ(Mn+ds
) − λ(Ln+ds

) = 0,

for all n ∈ Z. This implies that

(1 − tds)P (M, t) =
∑

n∈Z

λ(Mn) t
n −

∑

n∈Z

λ(Mn) t
n+ds

=
∑

n∈Z

(λ(Mn+ds
) − λ(Mn)) t

n+ds

=
∑

n∈Z

(λ(Ln+ds
) − λ(Kn)) t

n+ds

= P (L, t)− P (K, t) tds,

i.e.,

(1 − tds)P (M, t) = P (L, t)− tdsP (K, t).

From the construction it follows that xs act as multiplication by 0 on L and K, i.e., we
can view them as A/(xs)-modules. Hence, the induction assumption applies to them. This
immediately implies the assertion. ˜

Let dλ(M) be the order of the pole of P (M, t) at 1.

1.5. Corollary. If di = 1 for 1 ≤ i ≤ s, λ(Mn) is equal to a polynomial in n with
rational coefficients of degree dλ(M) − 1 for sufficiently large n.

Proof. Let k be the order of zero of f at 1. Then we can write f(t) = (t − 1)kg(t)
with g(1) 6= 0. In addition, we put d = dλ(M) = s− k, hence

P (M, t) =
g(t)

(1 − t)d
.

Now,

(1 − t)−d =
∞
∑

k=0

d(d+ 1) . . . (d+ k − 1)

k!
tk =

∞
∑

k=0

(

d+ k − 1

d− 1

)

tk,

and if we put g(t) =
∑N
k=−N akt

k we get

λ(Mn) =

N
∑

k=−N

ak

(

d+ n− k − 1

d− 1

)
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for all n ≥ N . This is equal to

N
∑

k=−N

ak
(d+ n− k − 1)!

(d− 1)!(n− k)!
=

N
∑

k=−N

ak
(n− k + 1)(n− k + 2) . . . (n− k + d− 1)

(d− 1)!
,

hence λ(Mn) is a polynomial in n with the leading term
(

N
∑

k=−N

ak

)

nd−1

(d− 1)!
= g(1)

nd−1

(d− 1)!
6= 0. ˜

We call the polynomial which gives λ(Mn) for large n ∈ Z the Hilbert polynomial of
M (with respect to λ). From the proof we see that the leading coefficient of the Hilbert

polynomial of M is equal to g(1)
(d−1)!

.

Returning to our example of A = k[X1, X2, . . . , Xs], we see that

dimk An =

(

s+ n− 1

s− 1

)

=
ns−1

(s− 1)!
+ . . . .

Hence, the degree of the Hilbert polynomial for A = k[X1, X2, . . . , Xs] is equal to s− 1.
Evidently, for any s ∈ Z+ and q ≥ s we have

qs = s!

(

q

s

)

+Q(q)

where Q is a polynomial of degree s−1. Therefore any polynomial P of degree d, for large
q, can be uniquely written as

P (q) = c0

(

q

d

)

+ c1

(

q

d− 1

)

+ . . .+ cd−1

(

q

1

)

+ cd,

with suitable coefficients ci, 0 ≤ i ≤ d. Since binomial coefficients are integers, if ci,
0 ≤ i ≤ d, are integers, the polynomial P has integral values P (n) for integral n ≥ d. The
next result is a converse of this observation.

1.6. Lemma. If the polynomial

q 7−→ P (q) = c0

(

q

d

)

+ c1

(

q

d− 1

)

+ . . .+ cd−1

(

q

1

)

+ cd

takes integral values P (n) for large n ∈ Z, all its coefficients ci, 0 ≤ i ≤ d, are integers.

Proof. We prove the statement by induction in d. If d = 0 the assertion is obvious.
Also

P (q + 1) − P (q) =

d
∑

i=0

ci

(

q + 1

d− i

)

−

d
∑

i=0

ci

(

q

d− i

)

=
d
∑

i=0

ci

((

q + 1

d− i

)

−

(

q

d− i

))

=
d−1
∑

i=0

ci

(

q

d− i− 1

)

,
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using the identity
(

q + 1

s

)

=

(

q

s

)

+

(

q

s− 1

)

for q ≥ s. Therefore, q 7−→ P (q+1)−P (q) is a polynomial with coefficients c0, c1, . . . , cd−1,
and P (n) ∈ Z for large n ∈ Z. By the induction assumption all ci, 0 ≤ i ≤ d − 1, are
integers. This immediately implies that cd is an integer too. ˜

We shall need another related remark. If F is a polynomial of degree d with the leading
coefficient a0,

G(n) = F (n) − F (n− 1)

= (a0n
d + a1n

d−1 + . . . ) − (a0(n− 1)d + a1(n− 1)d−1 + . . . ) = a0dn
d−1 + . . .

is polynomial in n of degree d − 1 with the leading coefficient da0. The next result is a
converse of this fact.

1.7. Lemma. Let F be a function on Z such that

G(n) = F (n) − F (n− 1),

is equal to a polynomial in n of degree d−1 for large n ∈ Z. Then F is equal to a polynomial
in n of degree d for large n ∈ Z.

Proof. Assume that G(n) = P (n− 1) for n ≥ N ≥ d, where P is a polynomial in n of
degree d− 1. Then by 6. we have

P (n) =

d−1
∑

i=0

ci

(

n

d− i− 1

)

Hence, for n ≥ N + 1,

F (n) =

n
∑

k=N+1

(F (k) − F (k − 1)) + F (N) =

n
∑

k=N+1

G(k) + F (N) =

n
∑

k=d

P (k − 1) + C

where C is a constant. Also, by the identity used in the previous proof,

(

q

s

)

=

q
∑

j=s+1

((

j

s

)

−

(

j − 1

s

))

+1 =

q
∑

j=s+1

(

j − 1

s− 1

)

+ 1 =

q
∑

j=s

(

j − 1

s− 1

)

.

This implies that

n
∑

k=d

P (k) =
n
∑

k=d

d−1
∑

i=0

ci

(

k − 1

d− i− 1

)

=
d−1
∑

i=0

ci

(

n
∑

k=d

(

k − 1

d− i− 1

)

)

=

d−1
∑

i=0

ci

(

n
∑

k=d−i

(

k − 1

d− i− 1

)

)

−

d−1
∑

i=1

ci

(

d−1
∑

k=d−i

(

k − 1

d− i− 1

)

)

=

d−1
∑

i=0

ci

(

n

d− i

)

+ C′
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for some constant C′. ˜

In particular, it follows that the sum
∑

n≤N λ(Mn) is equal to a polynomial of degree

dλ(M) for large N ∈ Z. In addition, if we put

∑

n≤N

λ(Mn) = a0N
d + a1N

d−1 + . . .+ ad−1N + ad

for large N ∈ Z, then d! a0 is an integer.
For example, if A = k[X1, X2, . . . , Xs], the dimension of the space of all polynomials of

degree ≤ N is equal to

N
∑

n=0

dimk(Mn) =

N
∑

n=0

(

s+ n− 1

s− 1

)

=

(

s+N

s

)

=
Ns

s!
+ . . . .

2. Dimension of modules over local rings

2.1. Lemma (Nakayama). Let A be a local ring with the maximal ideal m. Let V be
a finitely generated A-module such that mV = V . Then V = 0.

Proof. Assume that V 6= 0. Then we can find a minimal system of generators
v1, , . . . , vs of V as an A-module. By the assumption, vs =

∑s
i=1mivi for some mi ∈ m.

Therefore, (1 − ms)vs =
∑s−1
i=1 mivi . Since 1 − ms is invertible, this implies that

v1, . . . , vs−1 generate V , contrary to our assumption. ˜

In the following we assume that A is a nötherian local ring, m its maximal ideal and
k = A/m the residue field of A.

2.2. Lemma. dimk(m/m2) < +∞.

Proof. By the nötherian assumption m is finitely generated. If a1, . . . , ap are genera-
tors of m, their images ā1, . . . , āp in m/m2 span it as a vector space over k. ˜

Let s = dimk(m/m2). Then we can find a1, . . . , as ∈ m such that ā1, . . . , ās form a
basis of m/m2. We claim that they generate m. Let I be the ideal generated by a1, . . . , as.
Then I + m2 = m and m(m/I) = m/I, hence, by 1, m/I = 0. Therefore, we proved:

2.3. Lemma. dimk(m/m2) is the minimal number of generators of m.

Any s-tuple (a1, . . . , as) of elements from m such that (ā1, . . . , ās) form a basis of m/m2

is called a coordinate system in A.
Clearly, (mp ; p ∈ Z+) is a decreasing filtration of A. Therefore, we can form GrA =

⊕∞p=0m
p/mp+1. We claim that GrA is a finitely generated algebra over k and therefore

a nötherian graded ring. Actually, the map Xi 7−→ āi ∈ m/m2 ⊂ GrA extends to a
surjective morphism of k[X1, . . . , Xs] onto GrA.

Let M be a finitely generated A-module. Then we can define a decreasing filtration of
M by (mpM ; p ∈ Z+) and consider the graded GrA-module GrM = ⊕∞p=0m

pM/mp+1M .
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2.4. Lemma. If M is a finitely generated A-module, GrM is a finitely generated GrA-
module.

Proof. From the definition of the graded module GrM we see that m · GrpM =
Grp+1M for all p ∈ Z+. Hence Gr0M = M/mM generates GrM . On the other hand,
M/mM is a finite dimensional vector space over k. ˜

This implies, by 1.2, that dimk(m
pM/mp+1M) < +∞, in particular mpM/mp+1M are

A-modules of finite length. Since length is clearly an additive function, by 1.5. we see that
p 7−→ lengthA(mpM/mp+1M) = dimk(m

pM/mp+1M) is equal to a polynomial in p with
rational coefficients for large p ∈ Z+. Moreover, the function

p 7−→ lengthA(M/mpM) =

p−1
∑

q=0

lengthA(mqM/mq+1M)

is equal to a polynomial with rational coefficients for large p ∈ Z+, and its leading coeffi-

cient is of the form ep
d

d! , where e, d ∈ Z+. We put d(M) = d and e(M) = e, and call these
numbers the dimension and multiplicity of M .

Now we want to discuss some properties of the function M 7−→ d(M). The critical
result in controlling the filtrations of A-modules is the Artin-Rees lemma.

2.5. Theorem (Artin, Rees). Let M be a finitely generated A-module and N its
submodule. Then there exists m0 ∈ Z+ such that

mp+m0M ∩N = mp(mm0M ∩N)

for all p ∈ Z+.

Proof. Put A∗ = ⊕∞n=0m
n. Then A∗ has a natural structure of a graded ring. Let

(a1, . . . , as) be a coordinate system in A. Then we have a natural surjective morphism
A[a1, . . . , as] −→ A∗, and A∗ is a graded nötherian ring. Let M∗ = ⊕∞n=0m

nM . Then M∗

is a graded A∗-module. It is clearly generated by M∗0 = M as an A∗-module. Since M is
a finitely generated A-module, we conclude that M∗ is a finitely generated A∗-module.

In addition, put N∗ = ⊕∞n=0(N ∩ mnM) ⊂M∗. Then

mp(N ∩mnM) ⊂ mpN ∩mn+pM ⊂ N ∩mn+pM

implies that N∗ is an A∗-submodule of M∗. Since A∗ is a nötherian ring, N∗ is finitely
generated. There exists m0 ∈ Z+ such that ⊕m0

n=0(N ∩mnM) generates N∗. Then for any
p ∈ Z+,

N ∩ mp+m0M =

m0
∑

s=0

mp+m0−s(N ∩msM) ⊂ mp(N ∩mm0M) ⊂ N ∩ mp+m0M. ˜

This result has the following consequence — the Krull intersection theorem.
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2.6. Theorem (Krull). Let M be a finitely generated A-module. Then ∩∞p=0m
pM =

0.

Proof. Put E = ∩∞p=0m
pM . Then, by 5.,

E = mp+m0M ∩E = mp(mm0M ∩ E) = mpE,

in particular, mE = E, and E = 0 by Nakayama lemma. ˜

2.7. Lemma. Let
0 −→M ′ −→M −→M ′′ −→ 0

be an exact sequence of finitely generated A-modules. Then

(i) d(M) = max(d(M ′), d(M ′′));
(ii) if d(M) = d(M ′) = d(M ′′), we have e(M) = e(M ′) + e(M ′′).

Proof. We can view M ′ as a submodule of M . If we equip M with the filtration
(mpM ; p ∈ Z+) and M ′ and M ′′ with the induced filtrations (M ′ ∩ mpM ; p ∈ Z+) and
(mpM ′′ ; p ∈ Z+) we get the exact sequence

0 −→ GrM ′ −→ GrM −→ GrM ′′ −→ 0.

This implies that for any p ∈ Z+

lengthA(mpM/mp+1M)

= lengthA((M ′ ∩ mpM)/(M ′ ∩ mp+1M)) + lengthA(mpM ′′/mp+1M ′′)

and, by summation,

lengthA(M/mpM) = lengthA(M ′/(M ′ ∩mpM)) + lengthA(M ′′/mpM ′′).

Therefore the function p 7−→ lengthA(M ′/(M ′ ∩ mpM)) is equal to a polynomial in p for
large p ∈ Z+. On the other hand, by 5,

mp+m0M ′ ⊂ mp+m0M ∩M ′ ⊂ mpM ′;

hence, for large p ∈ Z+, the functions p 7−→ lengthA(M ′/(M ′ ∩ mpM)) and p 7−→
lengthA(M ′/mpM ′) are given by polynomials in p with equal leading terms. ˜

2.8. Corollary. Let A be a nötherian local ring with s = dimk(m/m2). Then, for
any finitely generated A-module M we have d(M) ≤ s.

Proof. By 7. it is enough to show that d(A) ≤ s. This follows immediately from the
existence of a surjective homomorphism of k[X1, . . . , Xs] onto GrA, and the fact that the
dimension of the space of polynomials of degree ≤ n in s variables is a polynomial in n of
degree s. ˜

A nötherian local ring is called regular if d(A) = dimk(m/m2).
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2.9. Theorem. Let A be a nötherian local ring and (a1, a2, . . . , as) a coordinate system
in A. Then the following conditions are equivalent:

(i) A is a regular local ring,
(ii) the canonical morphism of k[X1, X2, . . . , Xs] into GrA defined by Xi 7−→ āi, 1 ≤

i ≤ s, is an isomorphism.

Proof. By definition, the canonical morphism of k[X1, . . . , Xs] into GrA is surjective.
Let I be the graded ideal which is the kernel of the natural surjection of k[X1, . . . , Xs]
onto GrA. If I 6= 0, it contains a homogeneous polynomial P of degree d > 0. Let J be

the ideal in k[X1, X2, . . . , Xs] generated by P . Then its Poincaré series is P (J, t) = td

(1−t)s .

Clearly,

P (k[X1, X2, . . . , Xs]/J, t) = P (k[X1, X2, . . . , Xs], t) − P (J, t)

=
1 − td

(1 − t)s
=

1 + t+ . . .+ td−1

(1 − t)s−1
.

The order of the pole of the Poincaré series P (k[X1, X2, . . . , Xs]/J, t) at 1 is s− 1, and by
1.5 the function dimk(k[X1, X2, . . . , Xs]/J)n is given by a polynomial in n of degree s− 2
for large n ∈ Z+. It follows that the function dimk(k[X1, X2, . . . , Xs]/I)n = dimk GrnA
is given by a polynomial in n of degree ≤ s − 2 for large n ∈ Z+. This implies that
d(A) ≤ s− 1. Therefore, I = 0 if and only if d(A) = s. ˜

2.10. Theorem. Let A be a regular local ring. Then A is integral.

Proof. Let a, b ∈ A and a 6= 0, b 6= 0. Then, by 6., we can find p, q ∈ Z+ such that
a ∈ mp, a /∈ mp+1 and b ∈ mq, b /∈ mq+1. Then their images ā ∈ GrpA and b̄ ∈ Grq A
are different form zero, and since GrA is integral by 9., we see that āb̄ 6= 0. Therefore,
ab 6= 0. ˜

Finally we want to discuss an example which will play an important role later. Let k be a
field, A = k[X1, X2, . . . , Xn] be the ring of polynomials in n-variables with coefficients in k

and Â = k[[X1, X2, . . . , Xn]] the ring of formal power series in n-variables with coefficients

in k. It is easy to check that Â is a local ring with maximal ideal m̂ generated by
X1, X2, . . .Xn. Also, the canonical morphism from k[X1, X2, . . . , Xn] into Gr Â is clearly
an isomorphism.

For any x ∈ kn we denote by mx the maximal ideal in A generated by Xi−xi, 1 ≤ i ≤ n.
Then its complement in A is a multiplicative system in A, and we denote by Ax the
corresponding localization of A. It is isomorphic to the ring of all rational functions on kn

regular at x. This is clearly a nötherian local ring. The localization of mx is the maximal
ideal nx = (mx)x of all rational functions vanishing at x. The automorphism of A defined
by Xi 7−→ Xi−xi, 1 ≤ i ≤ n, gives an isomorphism of A0 with Ax for any x ∈ kn. On the
other hand, the natural homomorphism of A into Â extends to an injective homomorphism
of A0 into Â. This homomorphism preserves the filtrations on these local rings and induces
a canonical isomorphism of GrA0 onto Gr Â. Therefore we have the following result.

2.11. Proposition. The rings Ax, x ∈ kn, are n-dimensional regular local rings.
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3. Dimension of modules over filtered rings

Let D be a ring with identity and (Dn ; n ∈ Z) an increasing filtration of D by additive
subgroups such that

(i) Dn = {0} for n < 0;
(ii)

⋃

n∈Z
Dn = D ;

(iii) 1 ∈ D0;
(iv) Dn ·Dm ⊂ Dn+m, for any n,m ∈ Z;
(v) [Dn, Dm] ⊂ Dn+m−1, for any n,m ∈ Z.

Then GrD = ⊕n∈Z GrnD = ⊕n∈ZDn/Dn−1 is a graded ring with identity. The property
(v) implies that it is commutative. In particular, D0 is a commutative ring with identity.
Therefore, we can view GrD as an algebra over D0. Let’s assume in addition that D
satisfies

(vi) GrD is a nötherian ring;
(vii) Gr1D generates GrD as a D0-algebra.

Then, by 1.1, D0 is a nötherian ring. Moreover, by (vi), (vii) and 1.2 we know that we can
choose finitely many elements x1, x2, . . . , xs ∈ Gr1D such that GrD is generated by them
as a D0-algebra. Clearly, by (vii), we also have

Grn+1D = Gr1D · GrnD for n ∈ Z+

and therefore
Dn+1 = Dn ·D1 for n ∈ Z+.

Let M be a D-module. An increasing filtration FM = (FnM ; n ∈ Z) of M by additive
subgroups is a D-module filtration if Dn · FmM ⊂ Fm+nM , for n,m ∈ Z. In particular,
FnM are D0-modules. A D-module filtration is called stable if there exists m0 ∈ Z such
that Dn · FmM = Fm+nM for all n ∈ Z+ and m ≥ m0. A D-module filtration is called
good if

(i) FnM = {0} for sufficiently negative n ∈ Z;
(ii) the filtration FM is exhaustive (i.e. ∪n∈Z FnM = M);
(iii) FnM , n ∈ Z, are finitely generated D0-modules;
(iv) the filtration FM is stable.

3.1. Lemma. Let FM be an exhaustive hausdorff D-module filtration of M . Then the
following statements are equivalent:

(i) FM is a good filtration;
(ii) GrD-module GrM is finitely generated.

Proof. First we prove (i)⇒(ii). There exists m0 ∈ Z such that Dn ·Fm0
M = Fn+m0

M
for all n ∈ Z+. Therefore GrnD · Grm0

M = Grn+m0
M for all n ∈ Z+. It follows that

⊕n≤m0
GrnM generates GrM as a GrD-module. Since FnM are finitely generated D0-

modules, GrnM are finitely generated D0-modules too. This implies, since FnM = {0}
for sufficiently negative n ∈ Z, that ⊕n≤m0

GrnM is a finitely generated D0-module.



3. DIMENSION OF MODULES OVER FILTERED RINGS 11

(ii)⇒(i). Clearly, GrnM = {0} for sufficiently negative n ∈ Z. Also, by 1.2, all GrnM
are finitely generated D0-modules. The exact sequence

0 −→ Fn−1M −→ FnM −→ GrnM −→ 0

implies that FnM = Fn−1M for sufficiently negative n, hence there exists n0 ∈ Z such
that ∩n∈Z FnM = Fn0

M . Since the filtration FM is hausdorff, Fn0
M = {0}. This

implies, by induction in n, that all FnM are finitely generated D0-modules. Let m0 ∈ Z

be such that ⊕n≤m0
GrnM generates GrM as GrD-module. Let m ≥ m0. Then

Grm+1M =
⊕

k≤m0

Grm+1−kD · GrkM

=
⊕

k≤m0

Gr1D · Grm−kD · GrkM ⊂ Gr1D · GrmM ⊂ Grm+1M,

i.e., Gr1D · GrmM = Grm+1M . This implies that

Fm+1M = D1 · FmM + FmM = D1 · FmM

and by induction in n,

Fm+nM = D1 ·D1 · . . . ·D1 · FmM = Dn · FmM ⊂ Fm+nM.

Therefore FM is a good filtration. ˜

In particular, (Dn ; n ∈ Z) is a good filtration of D considered as a D-module for left
multiplication.

Remark. From the proof it follows that the stability condition in the definition of a
good filtration can be replaced by an apparently weaker condition:

(iv)′ There exists m0 ∈ Z such that Dn · Fm0
M = Fm0+nM for all n ∈ Z+.

3.2. Lemma. Let M be a D-module with a good filtration FM . Then M is finitely
generated.

Proof. By definition, ∪n∈Z FnM = M and Fn+m0
M = Dn · Fm0

M for n ∈ Z+ and
some sufficiently large m0 ∈ Z. Therefore, Fm0

M generates M as a D-module. Since
Fm0

M is a finitely generated D0-module, the assertion follows. ˜

3.3. Lemma. Let M be a finitely generated D-module. Then M admits a good filtration.

Proof. Let U be a finitely generated D0-module which generates M as a D-module.
Put FnM = 0 for n < 0 and FnM = Dn · U for n ≥ 0. Then U = Gr0M , and

GrnM = FnM/Fn−1M = (Dn · U)/(Dn−1 · U) ⊂ GrnD · Gr0M,

hence GrM is finitely generated as a GrD-module. The statement follows from 1. ˜

The lemmas 2. and 3. imply that the D-modules admitting good filtrations are precisely
the finitely generated D-modules.
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3.4. Proposition. D is a left and right nötherian ring.

Proof. Let L be a left ideal in D. The natural filtration of D induces a filtration
(Ln = L ∩ Dn ; n ∈ Z), on L. This is evidently a D-module filtration. The graded
module GrL is naturally an ideal in GrD, and since GrD is a nötherian ring, it is finitely
generated as GrD-module. Therefore, the filtration (Ln ; n ∈ Z) is good by 1, and L is
finitely generated by 2. This proves that D is left nötherian.

To get the right nötherian property one has to replace D with its opposite ring D◦. ˜

If we have two filtrations FM and F′M of a D-module M , we say that FM is finer
than F′M if there exists a number k ∈ Z+ such that FnM ⊂ F′n+kM for all n ∈ Z. If

FM is finer than F′M and F′M finer than FM , we say that they are equivalent.

3.5. Lemma. Let FM be a good filtration on a finitely generated D-module M . Then
FM is finer than any other exhaustive D-module filtration on M .

Proof. Fix m0 ∈ Z+ such that Dn · Fm0
M = Fn+m0

M for all n ∈ Z+. Let F′M
be another exhaustive D-module filtration on M . Then Fm0

M is finitely generated as
a D0-module. Since F′M is exhaustive, it follows that there exists p ∈ Z such that
Fm0

M ⊂ F′pM . Since FM is a good filtration, there exists n0 such that Fn0
M = {0}.

Let k = p+ |n0|. Then, for n0 ≤ m ≤ m0 we have

FmM ⊂ Fm0
M ⊂ F′pM ⊂ F′m+kM,

and for m > m0,

FmM = Dm−m0
· Fm0

M ⊂ Dm−m0
· F′kM ⊂ F′m−m0+k

M ⊂ F′m+kM. ˜

3.6. Corollary. Any two good filtrations on a finitely generated D-module are equiv-
alent.

Let M be a finitely generated D-module and FM a good filtration on M . Then GrM
is a finitely generated GrD-module, hence we can apply the results on Hilbert polynomials
from 1.. Let λ be an additive function on finitely generated D0-modules. Assume also that
λ takes only nonnegative values on objects of Mfg(D0). Then, by 1.5,

λ(FnM) − λ(Fn−1M) = λ(GrnM)

is equal to a polynomial in n for large n ∈ Z+. By 1.7 this implies that λ(FnM) is equal
to a polynomial in n for large n ∈ Z+. If F′M is another good filtration on M , by 6. we
know that FM an F′M are equivalent, i.e., there is a number k ∈ Z+ such that

FnM ⊂ F′n+kM ⊂ Fn+2kM

for all n ∈ Z. Since λ is additive and takes nonnegative values only, we conclude that

λ(FnM) ≤ λ(F′n+kM) ≤ λ(Fn+2kM)
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for all n ∈ Z. This implies that the polynomials representing λ(FnM) and λ(F′nM) for
large n have equal leading terms. Let’s denote the common degree of these polynomials
by dλ(M) and call it the dimension of the D-module M (with respect to λ). By 1.6 the
leading coefficient of these polynomials has the form eλ(M)/dλ(M)! where eλ(M) ∈ N.
We call eλ(M) the multiplicity of the D-module M (with respect to λ).

Let

0 −→M ′
f
−→M

g
−→M ′′ −→ 0

be an exact sequence of D-modules. If M is equipped by a D-module filtration FM , it in-
duces filtrations FM ′ = (f−1(f(M ′) ∩ FnM) ; n ∈ Z) on M ′ and FM ′′ = ( g(FnM) ; n ∈
Z) on M ′′. Clearly, these filtrations are D-module filtrations. Moreover, the sequence

0 −→ GrM ′
Gr f
−−→ GrM

Gr g
−−→ GrM ′′ −→ 0

is exact. If the filtration FM is good, GrM is a finitely generated GrD-module, hence
both GrM ′ and GrM ′′ are finitely generated GrD-modules. By 1, FM ′ and FM ′′ are
good filtrations. Therefore, we proved the following result.

3.7. Lemma. Let
0 −→M ′ −→M −→M ′′ −→ 0

be an exact sequence of D-modules. If FM is a good filtration on M , the induced filtrations
FM ′ and FM ′′ are good.

By the preceding discussion

λ(GrnM) = λ(GrnM
′) + λ(GrnM

′′)

for all n ∈ Z. This implies, by induction in n, that

λ(FnM) = λ(FnM
′) + λ(FnM

′′)

for all n ∈ Z. This leads to the following result.

3.8. Proposition. Let

0 −→M ′ −→M −→M ′′ −→ 0

be an exact sequence of finitely generated D-modules. Then

(i) dλ(M) = max(dλ(M
′), dλ(M

′′));
(ii) if dλ(M) = dλ(M

′) = dλ(M
′′), then eλ(M) = eλ(M

′) + eλ(M
′′).

Finally, let φ be an automorphism of the ring D such that φ(D0) = D0. We can define

a functor φ̃ from M(D) into itself which attaches to a D-module M a D-module φ̃(M)
with the same underlying additive group structure and with the action of D given by
(T,m) 7−→ φ(T )m for T ∈ D and m ∈ M . Clearly, φ̃ is an automorphism of the category
M(D), and it preserves finitely generated D-modules.
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3.9. Proposition. Let M be a finitely generated D-module. Then

dλ(φ̃(M)) = dλ(M).

Proof. Let T1, T2, . . . , Ts be the representatives in D1 of classes in Gr1D generating
GrD as a D0-algebra. Then there exists d ∈ N such that φ(Ti) ∈ Dd for 1 ≤ i ≤ s. Since
T1, T2, . . . , Ts and 1 generate D1 as a D0-module, we conclude that φ(D1) ⊂ Dd.

Let FM be a good filtration of M . Define a filtration F φ̃(M) by

Fp φ̃(M) = FdpM for p ∈ Z.

Clearly, F φ̃(M) is an increasing filtration of φ̃(M) by finitely generated D0-submodules.
Also,

D1 · Fm φ̃(M) = φ(D1) FdmM ⊂ Dd FdmM ⊂ Fd(m+1)M = Fm+1 φ̃(M)

for m ∈ Z. Hence, by induction, we have

Dn · Fm φ̃(M) = D1 ·Dn−1 · Fm φ̃(M) ⊂ D1 Fm+n−1 φ̃(M) ⊂ Fm+n φ̃(M)

for all n,m ∈ Z, i.e., F φ̃(M) is a D-module filtration. By 5, there exists a good filtration

F′ φ̃(M) which is finer than this filtration, i.e, there exists k ∈ Z+ such that

F′n φ̃(M) ⊂ Fn+k φ̃(M) = Fd(n+k)M

for all n ∈ Z. Therefore,

λ(F′n φ̃(M)) ≤ λ(Fd(n+k)M)

for n ∈ Z. For large n ∈ Z, λ(Fd(n+k)M) is equal to a polynomial in n with the leading
term equal to

eλ(M)ddλ(M)

dλ(M)!
ndλ(M).

Since λ(F′n φ̃(M)) is also given by a polynomial of degree dλ(φ̃(M)) for large n ∈ Z,

we conclude that dλ(φ̃(M)) ≤ dλ(M). By applying the same reasoning to φ−1 we also
conclude that

dλ(M) = dλ(φ̃
−1(φ̃(M))) ≤ dλ(φ̃(M)). ˜
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4. Dimension of modules over polynomial rings

Let A = k[X1, . . . , Xn] where k is an algebraically closed field. We can filter A by degree
of polynomials, i.e., we can put Am = {

∑

aIx
I | |I| ≤ m}. Then GrA = k[X1, . . . , Xn],

hence A satisfies properties (i)-(vii) from the preceding section.
Since A0 = k we can take for the additive function λ the function dimk. This leads to

notions of dimension d(M) and multiplicity e(M) of a finitely generated A-module M . We
know that for any p ∈ Z+, we have

dimk Ap =

(

n+ p

n

)

=
pn

n!
+ lower order terms in p,

i.e., d(A) = n and e(A) = 1. In addition, for any finitely generated A-module M we have
an exact sequence

0 −→ K −→ Ap −→M −→ 0,

hence, by 3.8, d(M) ≤ n. We shall give later a geometric interpretation of d(M).
Let x ∈ kn and denote by mx be the maximal ideal in k[X1, . . . , Xn] of all polynomials

vanishing at x. We denote by Ax the localization of A at x, i.e., the ring of all rational
k-valued functions on kn regular at x. As we have seen in 2.11, Ax is an n-dimensional
regular local ring with the maximal ideal nx = (mx)x consisting of all rational k-valued
functions on kn vanishing at x. Let M be an A-module. Its localization Mx at x is an
Ax-module. We define the support of M by supp(M) = {x ∈ kn |Mx 6= 0}.

4.1. Lemma. Let
0 −→M ′ −→M −→M ′′ −→ 0

be an exact sequence of A-modules. Then

supp(M) = supp(M ′) ∪ supp(M ′′).

Proof. By exactness of localization we see that

0 −→M ′x −→Mx −→M ′′x −→ 0

is an exact sequence of Ax-modules. This immediately implies our statement. ˜

For an ideal I ⊂ k[X1, . . . , Xn] we denote V (I) = {x ∈ kn | f(x) = 0 for f ∈ I}.

4.2. Proposition. Let M be a finitely generated A-module and I its annihilator in A.
Then supp(M) = V (I).

Proof. We prove the statement by induction in the number of generators of M .
Assume first that M has one generator, i.e., M = A/I. Then Mx = (A/I)x = Ax/Ix.

Let x ∈ V (I). Then I ⊂ mx and Ix ⊂ nx. Hence Ix 6= Ax. It follows that (A/I)x 6= 0 and
x ∈ supp(M). Conversely, if x /∈ V (I), there exists f ∈ I such that f(x) 6= 0, i.e., f /∈ mx.
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It follows that f(g + I) = 0 in A/I for any g ∈ A, hence (A/I)x = 0 and x /∈ supp(A/I).
Therefore, supp(A/I) = V (I).

Now we consider the general situation. Let m1, . . . , mp be a set of generators of M .
Denote byM ′ the submodule generated bym1, . . . , mp−1. Then we have the exact sequence

0 −→M ′ −→M −→M ′′ −→ 0

and M ′′ is cyclic. Moreover, by 1, supp(M) = supp(M ′) ∪ supp(M ′′). Hence by the
induction assumption supp(M) = V (I ′)∪V (I ′′) where I ′ and I ′′ are the annihilators of M ′

and M ′′ respectively. Clearly, I ′ ·I ′′ is in the annihilator I of M and I ′ ·I ′′ ⊂ I ⊂ r(I ′∩I ′′).
This implies that V (I ′ ∩ I ′′) ⊂ V (I) ⊂ V (I ′ · I ′′) ⊂ V (I ′) ∪ V (I ′′) = V (I ′ ∩ I ′′); i.e.,
supp(M) = V (I). ˜

The next lemma is useful in some reduction arguments.

4.3. Lemma. Let B be a nötherian commutative ring and M 6= 0 be a finitely generated
B-module. Then there exist a filtration 0 = M0 ⊂M1 ⊂ · · · ⊂Mn−1 ⊂Mn = M of M by
B-submodules, and prime ideals Ji of B such that Mi/Mi−1

∼= B/Ji, for 1 ≤ i ≤ n.

Proof. For any x ∈ M we put Ann(x) = {a ∈ B | ax = 0}. Let A be the family of
all such ideals Ann(x), x ∈ M , x 6= 0. Because B is a nötherian ring, A has maximal
elements. Let I be a maximal element in A. We claim that I is prime. Let x ∈ M be
such that I = Ann(x). Then ab ∈ I implies abx = 0. Assume that b /∈ I, i.e., bx 6= 0.
Then I ⊂ Ann(bx) and a ∈ Ann(bx). By the maximality of I, a ∈ Ann(bx) = I, and I is
prime. Therefore, there exists x ∈M such that J1 = Ann(x) is prime. If we put M1 = Bx,
M1

∼= B/J1. Now, denote by F the family of all B-submodules of M having filtrations
0 = N0 ⊂ N1 ⊂ . . . ⊂ Nk = N such that Ni/Ni−1

∼= B/Ji for some prime ideals Ji. Since
M is a nötherian module, F contains a maximal element L. Assume that L 6= M . Then
we would have the exact sequence:

0 −→ L −→M −→ L′ −→ 0,

and by the first part of the proof, L′ would have a submodule N ′ of the form B/J ′ for
some prime ideal J ′, contradicting the maximality of L. Hence, L = M . This proves the
existence of the filtration with required properties. ˜

4.4. Theorem. Let M be a finitely generated A-module. Then d(M) = dim supp(M).

This result has the following companion local version. The localization Ax of A at
x ∈ kn is a nötherian local ring. Moreover, its maximal ideal nx is the ideal generated by
the polynomials Xi − xi, 1 ≤ i ≤ n, and their images in nx/n

2
x span it as a vector space

over k. Therefore, Xi − xi, 1 ≤ i ≤ n, form a coordinate system in Ax. For any finitely
generated A-module M , its localization Mx at x is a finitely generated Ax-module, hence
we can consider its dimension d(Mx).

For any algebraic variety V over k and x ∈ V we denote by dimx V the local dimension
of V at x.
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4.5. Theorem. Let M be a finitely generated A-module and x ∈ supp(M). Then
d(Mx) = dimx(supp(M)).

We shall simultaneously prove 4.4 and 4.5. First we observe that if we have an exact
sequence of A-modules:

0 −→M ′ −→M −→M ′′ −→ 0

and 4.4 and 4.5 hold for M ′ and M ′′, we have, by 3.8 and 1, that

d(M) = max(d(M ′), d(M ′′)) = max(dim supp(M ′), dim supp(M ′′))

= dim(supp(M ′) ∪ supp(M ′′)) = dim supp(M).

Also, for any x ∈ supp(M), by the exactness of localization we have the exact sequence:

0 −→M ′x −→Mx −→M ′′x −→ 0;

hence, by 2.7 and 1,

d(Mx) = max(d(M ′x), d(M
′′
x )) = max(dimx supp(M ′), dimx supp(M ′′))

= dimx(supp(M ′) ∪ supp(M ′′)) = dimx supp(M).

Assume that 4.4 and 4.5 hold for all M = A/J where J is a prime ideal. Then the
preceding remark, 3. and an induction in the length of the filtration would prove the
statements in general.

Hence we can assume thatM = A/J with J prime. Assume first that J is such that A/J
is a finite-dimensional vector space over k. Then A/J is an integral ring and it is integral
over k. Hence it is a field which is an algebraic extension of k. Since k is algebraically closed,
A/J = k and J is a maximal ideal. In this case, by Hilbert Nulstellenatz, supp(M) = V (J)
is a point x in kn, i.e., dim supp(M) = 0. On the other hand, since Mx is one-dimensional
linear space, d(Mx) = 0, and the assertion is evident. It follows that we can assume that
J is not of finite codimension in A, in particular it is not a maximal ideal. Let J1 ⊃ J
be a prime ideal different form J . Then there exists f ∈ J1 such that f /∈ J . It follows
that J ⊂ (f) + J ⊂ J1 and J 6= (f) + J . Therefore, A/J1 is a quotient of A/((f) + J),
and A/((f) + J) is a quotient of A/J . In addition, A/((f) + J) = M/fM . Consider the
endomorphism of M given by multiplication by f . Then, if g + J is in the kernel of this
map, 0 = f(g+J) = fg+J and fg ∈ J . Since J is prime and f /∈ J it follows that g ∈ J ,
g + J = 0 and the map is injective. Therefore, we have an exact sequence of A-modules:

0 −→M
f
−→M −→M/fM −→ 0.

This implies, by 3.8, that d(M/fM) ≤ d(M). If d(M/fM) = d(M), we would have in
addition that e(M) = e(M) + e(M/fM), hence e(M/fM) = 0. This is possible only
if d(M/fM) = 0, and in this case it would also imply that d(M) = 0 and M is finite-
dimensional, which is impossible by our assumption. Therefore, d(M/fM) < d(M). Since
A/J1 is a quotient of M/fM , this implies that d(A/J1) < d(A/J).
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Let x ∈ V (J1). Then, by localization, we get the exact sequence:

0 −→Mx
f
−→Mx −→Mx/fMx −→ 0

of Ax-modules. This implies, by 2.7, that d(Mx/fMx) ≤ d(Mx). If d(Mx/fMx) = d(Mx),
we would have in addition that e(Mx) = e(Mx)+e(Mx/fMx), hence e(Mx/fMx) = 0. This
is possible only if d(Mx/fMx) = 0, and in this case it would imply that mx(Mx/fMx) =
Mx/fMx and, by Nakayama lemma, Mx/fMx = 0. It would follow that the multiplication
by f is surjective on Mx, and, since f ∈ mx, by Nakayama lemma this would imply that
Mx = 0 contrary to our assumptions. Therefore, d(Mx/fMx) < d(Mx). Since A/J1 is a
quotient of M/fM this implies that d((A/J1)x) < d((A/J)x).

Let

Z0 = {x} ⊂ Z1 ⊂ · · · ⊂ Zn−1 ⊂ Zn = kn

be a maximal chain of nonempty irreducible closed subsets of kn. Then

I(Z0) = mx ⊃ I(Z1) ⊃ · · · ⊃ I(Zn−1) ⊃ I(Zn) = {0}

is a maximal chain of prime ideals in A. By the preceding arguments and 2.8, we have the
following sequences of strict inequalities

0 ≤ d(A/I(Z0)) < d(A/I(Z1)) < · · · < d(A/I(Zn)) = d(A) = n,

and

0 ≤ d((A/I(Z0))x) < d((A/I(Z1))x) < · · · < d((A/I(Zn))x) = d(Ax) = n,

by 2.11. It follows that

d((A/I(Zj))x) = d(A/I(Zj)) = j = dimZj

for 0 ≤ j ≤ n. Since every closed irreducible subset Z can be put in a maximal chain, it
follows that d((A/I(Z))x) = d(A/I(Z)) = dimZ for any closed irreducible subset Z ⊂ kn

and any x ∈ Z. On the other hand, this implies that d((A/J)x) = d(A/J) = dimV (J) for
any prime ideal J in A and x ∈ V (J). By 2, this ends the proof of 4.4 and 4.5.

Next result follows immediately from 4.4 and 4.5.

4.6. Corollary. Let M be a finitely generated A-module. Then

d(M) = sup
x∈supp(M)

d(Mx).
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5. Homological dimension

Let A be a ring. For any left A-module M we define the projective dimension pdA(M)
as the infimum in Z̄ of the lengths of left projective resolutions of M .

5.1. Proposition. Let M be a left A-module. Then the following statements are
equivalent:

(i) pdA(M) ≤ n;
(ii) ExtrA(M,N) = 0 for any left A-module N and any r > n;
(iii) Extn+1

A (M,N) = 0 for any left A-module N ;
(iv) for any exact sequence of left A-modules

0 −→ K −→ Pn−1 −→ . . . −→ P1 −→ P0 −→M −→ 0

with projective Pi, 0 ≤ i ≤ n− 1, the A-module K is projective too.

Proof. Implications (i)⇒(ii)⇒(iii) and (iv)⇒(i) are evident.
(iii)⇒(iv). First, we claim that for any exact sequence of left A-modules

0 −→ K −→ Pk−1 −→ . . . −→ P1 −→ P0 −→M −→ 0

with projective Pi, 0 ≤ i ≤ k − 1, we have ExtjA(K,N) ∼= Extk+jA (M,N) for j ≥ 1. We
prove this statement by induction in k. If k = 1 we have the short exact sequence

0 −→ K −→ P0 −→M −→ 0,

and by the long exact sequence of Ext·A(−, N) we see that ExtjA(K,N) ∼= Extj+1
A (M,N)

for j ≥ 1. Assume that the statement holds for k ≥ 1. Let

0 −→ K −→ Pk −→ Pk−1 −→ . . . −→ P1 −→ P0 −→M −→ 0

be an exact sequence of left A-modules with projective Pi, 0 ≤ i ≤ k. Then we can split
it into the exact sequences

0 −→ K −→ Pk −→ K ′ −→ 0

and
0 −→ K ′ −→ Pk−1 −→ . . . −→ P1 −→ P0 −→M −→ 0,

and by the induction assumption

ExtjA(K,N) ∼= Extj+1
A (K ′, N) ∼= Extj+k+1

A (M,N).

This proves our claim.
Assume that (iii) holds. Then, from the exact sequence in (iv) we conclude that

Ext1A(K,N) ∼= Extn+1
A (M,N) = 0 for any left A-module N . Therefore, K is projec-

tive. ˜

Let M and N be left A-modules. Then HomA(M,A) is a right A-module with the A-
action defined by right multiplication onA. We define a biadditive map of HomA(M,A)×N
into HomA(M,N) which attaches to (T, n) ∈ HomA(M,A) × N the morphism m 7−→
T (m)n of M into N . This map induces a natural additive map of HomA(M,A)⊗AN into
HomA(M,N).
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5.2. Lemma. Let M and N be left A-modules. If M is a finitely generated projective
A-module, the natural map of HomA(M,A) ⊗A N into HomA(M,N) is surjective.

Proof. If M = A the statement is obvious. Moreover, if M = M ′ ⊕M ′′,

HomA(M,A) ⊗A N = HomA(M ′, A) ⊗A N ⊕ HomA(M ′′, A) ⊗A N

and
HomA(M,N) = HomA(M ′, N) ⊕ HomA(M ′′, N).

Hence, the statement of lemma is true for M if and only if it is true for M ′ and M ′′. This
implies first, by induction in p, that the statement is true for M = Ap. Moreover, if M is
a finitely generated projective A-module, we can identify it with a direct summand of a
free A-module Ap. Hence, the assertion holds for M . ˜

The next result is a converse of 2.

5.3. Lemma. Let M be a left A-module such that the natural map of HomA(M,A)⊗AM
into HomA(M,M) is surjective. Then M is a finitely generated projective left A-module.

Proof. If the map is surjective, one can find Ti ∈ HomA(M,A) andmi ∈M , 1 ≤ i ≤ p,
such that

∑

Ti ⊗mi ∈ HomA(M,A) ⊗AM maps into the identity map in HomA(M,M).
Therefore, we have m =

∑

Ti(m)mi for any m ∈M . Define a morphism i of M into Ap by
m 7−→ (Ti(m) ; 1 ≤ i ≤ p) and a morphism j of Ap into M by (ai ; 1 ≤ i ≤ p) 7−→

∑

aimi.
Then, j ◦ i = 1M . Therefore i is injective and M is isomorphic to the image of i. Moreover,
Ap = im i⊕ ker j, hence M is projective and finitely generated. ˜

5.4. Lemma. Let A be a left nötherian ring and M a finitely generated left A-module.
Then the following conditions are equivalent:

(i) M is a projective;
(ii) M is flat.

Proof. (i)⇒(ii) is evident.
(ii)⇒(i). Since A is a left nötherian ring and M finitely generated, we can find free left

A-modules F0 and F1 of finite rank such that

F1 −→ F0 −→M −→ 0

is an exact sequence of left A-modules. If we apply the functor HomA(−, A) to this exact
sequence, we get the exact sequence of right A-modules

0 −→ HomA(M,A) −→ HomA(F0, A) −→ HomA(F1, A).

Since M is flat, by tensoring with it we get the exact sequence of abelian groups

0 −→ HomA(M,A)⊗AM −→ HomA(F0, A)⊗AM −→ HomA(F1, A) ⊗AM.
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This finally leads to the following commutative diagram:

0 −−−−→ HomA(M,A)⊗AM −−−−→ HomA(F0, A) ⊗AM −−−−→ HomA(F1, A) ⊗AM




y





y





y

0 −−−−→ HomA(M,M) −−−−→ HomA(F0,M) −−−−→ HomA(F1,M)

.

Both rows in this diagram are exact and the last two vertical arrows are surjective by
2. This implies that the first vertical arrow is surjective. Hence, by 3, M is a projective
A-module. ˜

5.5. Proposition. Let A be a left nötherian ring and M be a finitely generated left
A-module. Then the following statements are equivalent:

(i) pdA(M) ≤ n;
(ii) M has a projective resolution of length ≤ n consisting of finitely generated A-

modules;
(iii) ExtrA(M,N) = 0 for any finitely generated left A-module N and any r > n;
(iv) Extn+1

A (M,N) = 0 for any finitely generated left A-module N ;

(v) TorAr (P,M) = 0 for any finitely generated right A-module P and any r > n;

(vi) TorAn+1(P,M) = 0 for any finitely generated right A-module P .

Proof. (ii)⇒(i), (i)⇒(iii)⇒(iv) and (i)⇒(v)⇒(vi) are evident.
(i)⇒(ii). Since M is a finitely generated left A-module and A a left nötherian ring, we

can construct a left resolution

0 −→ K −→ Fn−1 −→ . . . −→ F1 −→ F0 −→M −→ 0

where Fi, 0 ≤ i ≤ n− 1, are free left A-modules of finite rank and K is finitely generated.
By 1, we conclude that K is also projective.

(iv)⇒(i). Since M is finitely generated we can construct a left resolution F · of M

consisting of free A-modules of finite rank. Therefore, ExtjA(M,Q) = Hj(HomA(F ·, Q))
for any left A-module Q. Now, any left A-module Q is a direct limit of a directed system
{Qi; i ∈ I} of its finitely generated submodules, which leads to

ExtjA(M,Q) = Hj(HomA(F ·, Q)) = Hj(HomA(F ·, lim−→Qi))

= lim−→Hj(HomA(F ·, Qi)) = lim−→ExtjA(M,Qi).

Hence, Extn+1
A (M,Q) = 0 for any left A-module Q and, by 1, pdAM ≤ n.

(vi)⇒(i). Let
0 −→ K −→ Fk−1 −→ . . . −→ F1 −→ F0 −→M −→ 0

be a left resolution of M such that Fi, 0 ≤ i ≤ k− 1, are free A-modules of finite rank and
K is a finitely generated left A-module. We claim that TorAj (P,K) ∼= TorAj+k(P,M) for
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any right A-module P and j ≥ 1. Assume first that k = 1. In this case, we have a short
exact sequence

0 −→ K −→ F0 −→M −→ 0,

and by the long exact sequence of TorA· (P,−) we see that TorAj (P,K) ∼= TorAj+1(P,M) for
j ≥ 1. Assume now that k ≥ 1 and consider the exact sequence

0 −→ K −→ Fk −→ Fk−1 −→ . . . −→ F1 −→ F0 −→M −→ 0.

Then we can split it into two exact sequences

0 −→ K −→ Fk −→ K ′ −→ 0

and
0 −→ K ′ −→ Fk−1 −→ . . . −→ F1 −→ F0 −→M −→ 0.

By the induction assumption we now have

TorAj (P,K) ∼= TorAj+1(P,K
′) ∼= TorAj+k+1(P,M)

for any j ≥ 1. This proves our claim.
Applying this to k = n we get a resolution

0 −→ K −→ Fn−1 −→ . . . −→ F1 −→ F0 −→M −→ 0

where Fi, 0 ≤ i ≤ n − 1, are free A-modules of finite rank and K is a finitely generated
left A-module. By (vi) we conclude that TorA1 (P,K) ∼= TorAn+1(P,M) = 0 for any finitely
generated right A-module P .

Since K is finitely generated we can construct a left resolution F · of K consisting of free
A-modules of finite rank. Therefore, TorAj (Q,K) = Hj(Q⊗A F

·) for any right A-module
Q. Now, any right A-module Q is a direct limit of a directed system {Qi ; i ∈ I} of its
finitely generated submodules, which leads to

TorA1 (Q,K) = H1(Q⊗A F
·) = H1((lim−→Qi) ⊗A F

·)

= lim−→H1(Qi ⊗A F
·) = lim−→TorA1 (Qi, K) = 0.

Hence, K is a flat A-module, and by 4, it is a projective A-module. ˜

Homological dimension hd(A) of a ring A is the supremum in Z̄ of n ∈ Z+ such that
there exist left A-modules M , N with ExtnA(M,N) 6= 0.

5.6. Lemma. Let J be a left A-module such that Ext1A(C, J) = 0 for every cyclic left
A-module C. Then J is injective.

Proof. We can assume that C = A/L for some left ideal L of A. Let M be a left
A-module, N its submodule and f a morphism f : N −→ J . We have to show that f is
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a restriction of a morphism of M into J . Denote by F the family of all pairs (N ′, f ′),
where N ′ is a submodule of M such that N ⊂ N ′ ⊂M and f ′ is a morphism of N ′ into J
which extends f . We define a partial order on F by: (N ′, f ′) ≤ (N ′′, f ′′) if N ′ ⊂ N ′′ and
f ′′ extends f ′. By Zorn lemma, there exists a maximal element (P, g) in F . Assume that
P 6= M . Then we can find m ∈ M such that m /∈ P . Let L = {a ∈ A | am ∈ P}. Then
φ(a) = g(am) defines a morphism φ : L −→ J . Since Ext1A(A/L, J) = 0, the long exact
sequence of Ext·A(−, J) applied to the short exact sequence

0 −→ L −→ A −→ A/L −→ 0

implies that every morphism of L into J extends to the morphism of A into J . Therefore,
there exists j ∈ J such that φ(a) = aj for a ∈ L. Let P ′ = P + Am. Since p ∈ P ∩ Am
implies that p = bm for some b ∈ L, we conclude that g(p) = g(bm) = φ(b) = bj. Therefore,
we can define a morphism g′ : P ′ −→ J by g′(p + am) = g(p) + aj. Clearly, (P ′, g′) ∈ F
and (P, g) ≤ (P ′, g′) contradicting the maximality of (P, g). Therefore, P = M and J is
injective. ˜

5.7. Proposition. Let n ∈ Z+. Then the following conditions are equivalent

(i) hd(A) ≤ n;
(ii) for every left A-module M , pdA(M) ≤ n;
(iii) for every finitely generated left A-module M , pdA(M) ≤ n;
(iv) for every exact sequence of left A-modules

0 −→ K −→ Pn−1 −→ . . . −→ P1 −→ P0

with projective Pi, K is projective too;
(v) for every exact sequence of left A-modules

I0 −→ I1 −→ . . . −→ In−1 −→ J −→ 0

with injective Ii, J is injective too;
(vi) every left A-module has an injective resolution of length ≤ n.

Proof. The conditions (i), (ii) and (iv) are equivalent by 1. Evidently, (i)⇒(iii) and
(v)⇒(vi)⇒(i). Hence, it remains to show that (iii) implies (v).

Consider the exact sequence

0 −→ K −→ I0 −→ I1 −→ . . . −→ Ik−1 −→ J −→ 0

with injective Ii, 0 ≤ i ≤ k − 1. We claim that ExtjA(M,J) ∼= Extj+kA (M,K) for any left
A-module M and j ∈ N. If k = 1, we have the short exact sequence

0 −→ K −→ I0 −→ J −→ 0
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and from the long exact sequence of Ext·A(M,−) we conclude that for any j ∈ N we have

ExtjA(M,J) ∼= Extj+1
A (M,K). Assume that the statement holds for k ≥ 1, and consider

the exact sequence

0 −→ K −→ I0 −→ I1 −→ . . . −→ Ik−1 −→ Ik −→ J −→ 0,

with injective Ii, 0 ≤ i ≤ k. We can split it into two exact sequences

0 −→ K −→ I0 −→ I1 −→ . . . −→ Ik−1 −→ J ′ −→ 0,

and
0 −→ J ′ −→ Ik −→ J −→ 0.

By the induction assumption we conclude that

ExtjA(M,J) ∼= Extj+1
A (M,J ′) ∼= Extj+k+1

A (M,K),

and this proves our claim.
Now, (iii) implies that for any finitely generated left A-module M and any left A-module

K we have Extn+1
A (M,K) = 0. Hence, if we apply this and the preceding discussion to

the exact sequence

0 −→ K −→ I0 −→ I1 −→ . . . −→ In−1 −→ J −→ 0,

with injective Ii, 0 ≤ i ≤ n−1, we conclude that Ext1A(M,J) ∼= Extn+1
A (M,K) = 0. From

6. it follows that J is injective. ˜

5.8. Corollary. Let A be a left nötherian ring and n ∈ Z+. Then the following
conditions are equivalent:

(i) hd(A) ≤ n;
(ii) for any two finitely generated left A-modules M and N we have Extn+1

A (M,N) = 0;
(iii) for any finitely generated right A-module P and any finitely generated left A-module

M we have TorAn+1(P,M) = 0.

Proof. Clearly, (i) implies (ii) and (iii). By 5. and 7, (ii) and (iii) imply (i). ˜

Since the condition (iii) is symmetric with respect to left and right modules, 8. has the
following consequence.

5.9. Proposition. Let A be a left and right nötherian ring and A◦ its opposite ring.
Then hd(A) = hd(A◦).

5.10. Proposition. Let A be a commutative ring. Then hd(A[X ]) = hd(A) + 1.

The proof is based on the following results. Let M be an A[X ]-module. We can view it
also as an A-module.
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5.11. Lemma. Let A be a commutative ring and M an A[X ]-module. Then

pdA(M) ≤ pdA[X](M) ≤ pdA(M) + 1.

Proof. To prove the first inequality we can assume that pdA[X](M) is finite and put

pdA[X](M) = q. Then we can find a projective resolution

0 −→ Qq −→ Qq−1 −→ . . . −→ Q1 −→ Q0 −→M −→ 0

of the A[X ]-module M . Since any projective A[X ]-module Q is a direct summand of a free
A[X ]-module, and any free A[X ]-module is free as an A-module, we conclude that Q is a
projective A-module. It follows that pdA(M) ≤ q, i.e., pdA(M) ≤ pdA[X](M).

To prove the other inequality we can assume that pdA(M) is finite and put pdA(M) =
m. Then we have a projective resolution

0 −→ Pm −→ Pm−1 −→ . . . −→ P1 −→ P0 −→M −→ 0

of the A-module M and, since A[X ] is a free A-module, the sequence

0 −→ A[X ]⊗APm −→ A[X ]⊗APm−1 −→ . . . −→ A[X ]⊗AP1 −→ A[X ]⊗AP0 −→ A[X ]⊗AM −→ 0

is exact. We also claim that, for any projective A-module P , A[X ] ⊗A P is a projective
A[X ]-module. This follows immediately from the natural isomorphism

HomA[X](A[X ] ⊗AM,N) = HomA(M,N)

for any A-module M and A[X ]-module N . Therefore we see that pdA[X](A[X ]⊗AM) ≤ m

and Extj
A[X](A[X ]⊗AM,N) = 0 for any A[X ]-module N and j > m.

Define the maps φ : A[X ]⊗AM −→ A[X ]⊗AM by φ(P ⊗m) = XP ⊗m−P ⊗Xm and
ψ : A[X ] ⊗A M −→ M by ψ(P ⊗m) = Pm for P ∈ A[X ] and m ∈ M . Then we have the
exact sequence

0 −→ A[X ]⊗AM
φ
−→ A[X ]⊗AM

ψ
−→M −→ 0.

Clearly, ψ is surjective and ψ ◦φ = 0. Moreover, an arbitrary element s of A[X ]⊗AM can
be written as s =

∑

Xn ⊗mn. Therefore,

φ(s) = φ
(

∑

Xn ⊗mn

)

=
∑

(Xn+1 ⊗mn −Xn ⊗Xmn) =
∑

Xn ⊗ (mn−1 −Xmn),

and s is in the kernel of φ if and only if mn−1 = Xmn for all n ∈ Z+. Since mn = 0 for
large n, by downward induction in n, this implies that mn = 0 for all n ∈ Z+, i.e., s = 0.
Hence, φ is injective.

Assume that s is in the kernel of ψ. Then
∑

Xnmn = 0. Therefore,

s =
∑

Xn ⊗mn =
∑

(Xn ⊗mn − 1 ⊗Xnmn).
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Denote by T and S the A-module endomorphisms of A[X ] ⊗AM defined by T (P ⊗m) =
XP ⊗m and S(P ⊗m) = P ⊗Xm for P ∈ A[X ] and m ∈ M . Then T and S commute
and φ = T − S. This immediately implies that

s =
∑

(Tn − Sn)(1 ⊗mn) = (T − S)
∑

n





n
∑

j=0

Tn−jSj



 (1 ⊗mn) ∈ imφ

This completes the proof of the exactness.
From the long exact sequence of Ext·A[X](−, N) corresponding to this short exact se-

quence and the preceding result we see that Extj
A[X](M,N) = 0 for any A[X ]-module N

and j > m+ 1. Hence, by 1, pdA[X](M) ≤ pdA(M) + 1. ˜

As a consequence, we see that hd(A[X ]) ≤ hd(A) + 1. To finish the proof of 10. it
remains to show that hd(A[X ]) ≥ hd(A) + 1.

Let M be an A[X ]-module. Denote by XM the morphism of M induced by the multi-
plication by X .

5.12. Lemma. Let M be an A[X ]-module. Then:

(i) if XM is injective, we have pdA(M/XM) ≤ pdA[X](M);

(ii) if M 6= 0 and XM = 0, we have pdA(M) = pdA[X](M) − 1.

Proof. (i) We can assume that pdA[X](M) is finite. We prove, by induction in k, that

pdA(M/XM) ≤ pdA[X](M) if pdA[X](M) ≤ k. If M is a projective A[X ]-module, M is a

direct summand of a free A[X ]-module. On the other hand, if F is a free A[X ]-module,
F/XF is a free A-module. Therefore, M/XM is a direct summand of a free A-module and
hence projective. It follows that pdA(M/XM) ≤ pdA[X](M) if pdA[X](M) = 0. Assume

now that pdA[X](M) = k and consider a short exact sequence of A[X ]-modules

0 −→ N −→ F −→M −→ 0

with F free. This leads to the commutative diagram

0 −−−−→ N −−−−→ F −−−−→ M −−−−→ 0

XN





y
XF





y
XM





y

0 −−−−→ N −−−−→ F −−−−→ M −−−−→ 0

.

We can consider it as a short exact sequence of complexes, and from the associated long
exact sequence conclude that XN is injective and that

0 −→ N/XN −→ F/XF −→M/XM −→ 0

is an exact sequence of A-modules. From the long exact sequence of Ext·A[X](−, L) we see

that the connecting morphism of Extj−1
A[X](N,L) into Extj

A[X](M,L) is surjective for any
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A[X ]-module L and j ∈ N. Hence, by 1, we conclude that pdA[X](N) = k− 1, and by the

induction assumption pdA(N/XN) ≤ pdA[X](N) = k−1. Analogously, from the long exact

sequence of Ext·A(−, Q) we deduce that the connecting morphism of Extj−1
A (N/XN,Q)

into ExtjA(M/XM,Q) is surjective for any A-module Q and j ∈ N, which implies that
pdA(M/XM) ≤ k.

(ii) By 11. the assertion is trivial if pdA[X](M) is infinite. Also, if pdA[X](M) = 0, M

is projective and a direct summand of a free A[X ]-module. Since Xu = 0 implies u = 0
in a free A[X ]-module, XM = 0 would imply that M = 0, contrary to our assumptions.
Therefore, we can assume that pdA[X](M) = k > 0. Considering again the short exact
sequence

0 −→ N −→ F −→M −→ 0

with a free A[X ]-module F , we see that pdA[X](N) = k − 1, XN is injective and the
sequence of A-modules

0 −→M −→ N/XN −→ F/XF −→M −→ 0

is exact. Hence, by (i), we conclude that pdA(N/XN) ≤ k − 1. We can split the above
exact sequence into two short exact sequences of A-modules:

0 −→M −→ N/XN −→ K −→ 0

and
0 −→ K −→ F/XF −→M −→ 0.

By using the long exact sequence of Ext·A(−, L) and 11. we conclude from the last one
that pdA(K) ≤ k − 1. Now, the same argument applied to the first one implies that
pdA(M) ≤ k − 1. By 11. we conclude that pdA(M) = k − 1. ˜

Let M be an A-module. We can consider it as an A[X ]-module by defining X ·M = 0.
Denote this A[X ]-module by M̄ . By 12. we see that pdA(M) = pdA[X](M̄) − 1, hence

hd(A) ≤ hd(A[X ])− 1. This ends the proof of 10.

5.13. Theorem. Let k be a field. Then

hd(k[X1, X2, . . . , Xn]) = n.

Now we want to study the homological dimension of local rings. We start with the
following characterization of free A-modules of finite rank.

5.14. Proposition. Let A be a nötherian local ring and m its maximal ideal. Let M
be a finitely generated A-module. Then the following conditions are equivalent:

(i) M is a free A-module;
(ii) M is a projective A-module;

(iii) TorA1 (M,A/m) = 0.
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Proof. Clearly, we have (i)⇒(ii)⇒(iii). Therefore, it remains to prove that (iii)⇒(i).
Let x1, x2, . . . , xn be elements of M such that their images in M/mM form a basis of the
k-vector space M/mM . Let F be the free A-module with the basis e1, e2, . . . , en. Denote
by φ the A-module morphism from F into M defined by φ(ei) = xi for 1 ≤ i ≤ n. If we
put C = kerφ and K = cokerφ we get the exact sequence

0 −→ C −→ F
φ
−→M −→ K −→ 0

of finitely generated A-modules. By tensoring with A/m⊗A − it gives the exact sequence

F/mF
1⊗φ
−−→M/mM −→ K/mK −→ 0

of vector spaces over k. By the construction, 1 ⊗ φ is surjective and K/mK = 0. By
Nakayama lemma this implies that K = 0. Therefore, we have the exact sequence

0 −→ C −→ F
φ
−→M −→ 0.

By applying to it the long exact sequence of TorAj (A/m,−) and (iii), we conclude that

0 −→ C/mC −→ F/mF
1⊗φ
−−→M/mM −→ 0

is an exact sequence of vector spaces over k. Since 1 ⊗ φ is injective, C/mC = 0 and by
Nakayama lemma, C = 0. Therefore, M is a free A-module. ˜

5.15. Proposition. Let A be a nötherian local ring, m its maximal ideal and n ∈ Z+.
Then the following conditions are equivalent:

(i) hd(A) ≤ n;

(ii) TorAn+1(A/m, A/m) = 0.

Proof. Clearly (i)⇒(ii). Assume that (ii) holds. Let M be a finitely generated A-
module and

0 −→ K −→ Fn−1 −→ · · · −→ F1 −→ F0 −→M −→ 0

a left resolution of M such that the modules Fi, 0 ≤ i ≤ n−1, are free A-modules of finite
rank. Then, as in the proof of 5, we conclude that TorA1 (K,A/m) ∼= TorAn+1(M,A/m).

Applying this to M = A/m we conclude that in this case TorA1 (K,A/m) = 0, and by
14, K is a free A-module of finite rank. It follows that A/m has a free left resolution of

length n, i. e. pdA(A/m) ≤ n. This implies that TorAn+1(M,A/m) = 0 for any finitely
generated A-module M , and by repeating the argument, pdA(M) ≤ n. By 7. we conclude
that hd(A) ≤ n. ˜

Finally, we make two technical remarks we shall use in the following.
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5.16. Lemma. Let A be a left nötherian ring with hd(A) < ∞. Let M be a finitely
generated A-module and n ∈ Z+. Then the following conditions are equivalent:

(i) ExtjA(M,A) = 0 for j > n;
(ii) pdA(M) ≤ n.

Proof. Clearly (ii)⇒(i). It remains to show the opposite implication. Let N be
a finitely generated A-module. Since A is left nötherian, we have an exact sequence
0 −→ K −→ Ap −→ N −→ 0 with finitely generated A-module K. By the long exact sequence
of Ext·A(M,−) we conclude that the connecting morphism ExtjA(M,N) −→ Extj+1

A (M,K)
is an isomorphism for j > n. Since the homological dimension of A is finite, by downward
induction in j we see that ExtjA(M,N) = 0 for j > n. By 5. this implies that pdA(M) ≤
n. ˜

5.17. Corollary. Let A be a left nötherian ring with hd(A) <∞ and n ∈ Z+. Then
the following statements are equivalent:

(i) hd(A) ≤ n;

(ii) ExtjA(M,A) = 0 for any finitely generated left A-module M and any j > n.

Proof. This follows immediately from 7. and 16. ˜

5.18. Corollary. Let A be a left nötherian ring with hd(A) < ∞ and M a finitely
generated left A-module. Then the following statements are equivalent:

(i) M = 0;

(ii) ExtjA(M,A) = 0 for all j ∈ Z+.

Proof. Clearly, (i)⇒(ii). If (ii) holds, M is projective by 16, and therefore a direct
summand of some Ap. This implies that HomA(M,M) = 0 which is possible only if
M = 0. ˜

6. Some homological algebra of polynomial rings

Let k be an algebraically closed field. Denote by A the ring of polynomials in n variables
k[X1, X2, . . . , Xn] with coefficients in k.

Since A is commutative, for any two A-modules M and N , HomA(M,N) has a natural
structure of an A-module given by (p · T )(m) = pT (m) for any p ∈ A, T ∈ HomA(M,N)

and m ∈M . In addition, we can view ExtjA(−,−), 1 ≤ j ≤ ∞, as rightderived functors of

this functor HomA(−,−), i.e., all ExtjA(M,N) have natural structures of A-modules.
Also, M ⊗A N hasa a natural structure of an A-module given by p(m⊗ n) = pm⊗ n =

m ⊗ pn, for any p ∈ A, m ∈ M and n ∈ N . Therefore, we can view TorAj (−,−) as left

derived functors of −⊗A −, i.e., all TorAj (M,N) have natural structures of A-modules.
We want now to analyze these modules more carefully. First, by 5.13 we know that

hd(A) = n. Therefore, for any two A-modules M and N , we have ExtjA(M,N) = 0 and

TorAj (M,N) = 0 for j > n.
Also, for any x ∈ kn we can consider the localization Ax of A with respect to the

maximal ideal mx.
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6.1. Lemma. Let x ∈ kn and M and N be A-modules. Then

TorAx

j (Mx, Nx) = TorAj (M,N)x

for all j ∈ Z+.

Proof. Let
. . . −→ Fk −→ . . . −→ F1 −→ F0 −→M −→ 0

be a resolution of M by free, finitely generated A-modules. Then TorAj (M,N) is the

jth-homology module of the complex

. . . −→ Fk ⊗A N −→ . . . −→ F1 ⊗A N −→ F0 ⊗A N −→ 0,

and since localization is exact, TorAj (M,N)x is the jth-homology module of the complex

. . . −→ (Fk ⊗A N)x −→ . . . −→ (F1 ⊗A N)x −→ (F0 ⊗A N)x −→ 0.

On the other hand, if F = A(I),

(F ⊗A N)x = (A(I) ⊗A N)x = N (I)
x = (Nx)

(I) = (Ax)
(I) ⊗Ax

Nx = Fx ⊗Ax
Nx,

which implies that TorAj (M,N)x is the jth-homology module of the complex

. . . −→ (Fk)x ⊗Ax
Nx −→ . . . −→ (F1)x ⊗Ax

Nx −→ (F0)x ⊗Ax
Nx −→ 0.

Since localization is exact,

. . . −→ (Fk)x −→ . . . −→ (F1)x −→ (F0)x −→Mx −→ 0

is a free resolution of the Ax-module Mx, and TorAj (M,N)x = TorAx

j (Mx, Nx) for all
j ∈ Z. ˜

By 5.8, it follows that TorAx

n+1(Mx, Nx) = 0 for any two A-modules M and N . The
local ring Ax of rational functions on kn regular at x has the maximal ideal nx = (mx)x
consisting of all rational functions vanishing at x. Clearly,

(A/mx)x = Ax/(mx)x = Ax/nx.

This implies that

TorAx

j (Ax/nx, Ax/nx) = TorAx

j ((A/mx)x, (A/mx)x) = TorAj (A/mx, A/mx)x

and by the preceeding discussion

TorAx

n+1(Ax/nx, Ax/nx) = 0.

Hence, by 5.15, we have the following result.
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6.2. Lemma. hd(Ax) ≤ n for any x ∈ kn.

We shall see later in 8. that this inequality is actually an equality.

6.3. Lemma. Let x ∈ kn and M be a finitely generated A-module and N any A-module.
Then

ExtjAx
(Mx, Nx) = ExtjA(M,N)x

for all j ∈ Z+.

Proof. Let

. . . −→ Fk −→ . . . −→ F1 −→ F0 −→M −→ 0

be a resolution of M by free, finitely generated A-modules. Then ExtjA(M,N) is the
jth-cohomology module of the complex

0 −→ HomA(F0, N) −→ HomA(F1, N) −→ . . . −→ HomA(Fk, N) −→ . . . ,

and since localization is exact, ExtjA(M,N)x is the jth-cohomology module of the complex

0 −→ HomA(F0, N)x −→ HomA(F1, N)x −→ . . . −→ HomA(Fk, N)x −→ . . . .

On the other hand, if F = Ap,

HomA(F,N)x = (Np)x = Np
x = HomAx

(Fx, Nx),

which implies that ExtjA(M,N)x is the jth-cohomology module of the complex

0 −→ HomAx
((F0)x, Nx) −→ HomAx

((F1)x, Nx) −→ . . . −→ HomAx
((Fk)x, Nx) −→ . . . .

Since localization is exact,

. . . −→ (Fk)x −→ . . . −→ (F1)x −→ (F0)x −→Mx −→ 0

is a free resolution of the Ax-module Mx, and ExtjA(M,N)x = ExtjAx
(Mx, Nx) for all

j ∈ Z. ˜

6.4. Proposition. Let M be a finitely generated A-module. Then

(i) ExtjA(M,A), 0 ≤ j ≤ n, are finitely generated A-modules;
(ii)

supp(M) =

n
⋃

j=0

supp(ExtjA(M,A)).
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Proof. (i) Let 0 −→ K −→ Ap −→ M −→ 0 be an exact sequence of A-modules. By the
long exact sequence of Ext·A(−, A), HomA(M,A) is a submodule of Ap. This implies that

HomA(M,A) is finitely generated. Moreover, ExtjA(M,A) is a quotient of Extj−1
A (K,A)

for any 1 ≤ j ≤ n. By the induction in j, it follows that all ExtjA(M,A) are finitely
generated A-modules.

(ii) Let I be the annihilator of M and f ∈ I. Then the multiplication by f induces
a morphism of a projective resolution P · of M which is homotopic to zero. Therefore, f
annihilates ExtjA(M,A) for any 0 ≤ j ≤ n. It follows that the annihilators of ExtjA(M,A),

0 ≤ j ≤ n, contain I. By 4.2, supp(ExtjA(M,A)) ⊂ supp(M) for 0 ≤ j ≤ n. Therefore,

∪nj=0 supp(ExtjA(M,A)) ⊂ supp(M). Take now x ∈ kn such that x /∈ supp(ExtjA(M,A))

for 0 ≤ j ≤ n. Then we have ExtjA(M,A)x = 0 for 0 ≤ j ≤ n and, by 3, this implies

ExtjAx
(Mx, Ax) = 0 for 0 ≤ j ≤ n. Since the homological dimension of Ax is finite by 2,

we conclude that Mx = 0 by 5.18. Hence, x /∈ supp(M). ˜

By 5.18, for any finitely generated A-module M different from zero we can define

j(M) = min{j ∈ Z+ | ExtjA(M,A) 6= 0}

and for any x ∈ supp(M),

j(Mx) = min{j ∈ Z+ | ExtjAx
(Mx, Ax) 6= 0} = min{j ∈ Z+ | ExtjA(M,A)x 6= 0}.

Clearly, 0 ≤ j(Mx) ≤ n and

j(M) = min
x∈supp(M)

j(Mx).

The main result of this section is the next theorem.

6.5. Theorem. Let M be a finitely generated A-module. Then

(i) ExtjA(M,A) = 0 for j < n− d(M);

(ii) d(ExtjA(M,A)) ≤ n− j for all 0 ≤ j ≤ n;

(iii) d(Ext
n−d(M)
A (M,A)) = d(M).

In addition, if M 6= 0, Ext
n−d(M)
A (M,A) 6= 0 , i.e.,

d(M) + j(M) = n.

In fact we shall show the following localized version of 5.

6.6. Theorem. Let M be a finitely generated A-module and x ∈ supp(M). Then

(i) ExtjA(M,A)x = 0 for j < n− d(Mx);

(ii) d(ExtjA(M,A)x) ≤ n− j for all 0 ≤ j ≤ n;

(iii) Ext
n−d(Mx)
A (M,A)x 6= 0 and d(Ext

n−d(Mx)
A (M,A)x) = d(Mx).
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In particular,
d(Mx) + j(Mx) = n.

Clearly, 6. combined with 4.6 implies 5. Therefore, it remains to prove 6.

First we show that (iii) follows from (i) and (ii). By (ii), d(Ext
n−d(Mx)
A (M,A)x) ≤

d(Mx). Assume that d(Ext
n−d(Mx)
A (M,A)x) < d(Mx). Then, by (i) and (ii), we would

have d(ExtjA(M,A)x) < d(Mx) for 0 ≤ j ≤ n, which contradicts 4. and 4.5. Therefore,

d(Ext
n−d(Mx)
A (M,A)x) = d(Mx).

If d(Mx) 6= 0, d(Ext
n−d(Mx)
A (M,A)x) = d(Mx) implies that Ext

n−d(Mx)
A (M,A)x 6= 0. If

d(Mx) = 0, ExtjA(M,A)x = 0 for j < n by (i), and ExtnA(M,A)x 6= 0 by 4.
We shall prove (i) and (ii) by induction in d(M). We begin with a lemma.

6.7. Lemma. Let x ∈ kn. Then

ExtjA(A/mx, A) = 0 for 0 ≤ j < n and ExtnA(A/mx, A) ∼= A/mx.

Proof. By induction in p we shall prove the following statement:

(∗) Let Mp = A/(X1 − x1, . . . , Xp − xp). Then

ExtjA(Mp, A) = 0 for j 6= p,

and
ExtpA(Mp, A) ∼= Mp.

For p = n this proves our assertion.
Because of M0 = A, the statement (∗) holds for p = 0. Assume that it holds for

p− 1 ≥ 0. Then we have the exact sequence

0 −→Mp−1
Xp−xp

−−−−→Mp−1 −→Mp −→ 0.

By the long exact sequence of Ext·A(−, A) we have

0 −→ Extp−1
A (Mp, A) −→ Extp−1

A (Mp−1, A)
Xp−xp

−−−−→ Extp−1
A (Mp−1, A) −→ ExtpA(Mp, A) −→ 0

and all other ExtjA(Mp, A) vanish. By the induction assumption, Extp−1
A (Mp, A) is iso-

morphic to the kernel of the map induced on Mp−1 by multiplication by Xp − xp and

ExtpA(Mp, A) is isomorphic to the cokernel of this map. It follows that Extp−1
A (Mp, A) = 0

and ExtpA(Mp, A) ∼= Mp. ˜

By 3, this implies, that

ExtnAx
(Ax/nx, Ax) = ExtnAx

(Ax/(mx)x, Ax) = ExtnAx
((A/mx)x, Ax)

= ExtnA(A/mx, A)x ∼= (A/mx)x = Ax/(mx)x = Ax/nx 6= 0.

Combined with 2, this implies the following result.
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6.8. Theorem. For any x ∈ kn, we have

hd(k[X1, X2, . . . , Xn]x) = n.

Now we can start the proof of 6. First we remark that if we have an exact sequence

0 −→M ′ −→M −→M ′′ −→ 0

and (i) and (ii) hold for M ′ and M ′′, then they hold for M . In fact, since localization is
exact, we have the exact sequence

0 −→M ′x −→Mx −→M ′′x −→ 0,

and if j < n − d(Mx), we have j < n − d(M ′x), j < n − d(M ′′x ) and ExtjA(M ′, A)x =

ExtjA(M ′′, A)x = 0. Hence, the localization of the long exact sequence of Ext·A(−, A)

implies that ExtjA(M,A)x = 0 and (i) holds for M . On the other hand, for any 0 ≤ j ≤ n,

. . . −→ ExtjA(M ′′, A)x −→ ExtjA(M,A)x −→ ExtjA(M ′, A)x −→ . . .

also implies that

d(ExtjA(M,A)x) ≤ max(d(ExtjA(M ′, A)x), d(ExtjA(M ′′, A)x)) ≤ n− j,

and (ii) holds for M .
Assume that d(M) = 0. Then M is a finite-dimensional vector space over k. By 7. we

know that (i) and (ii) hold if dimkM = 1. The general case follows by an induction in
dimk. In fact, M has a one-dimensional A-submodule M ′, hence we can form an exact
sequence 0 −→ M ′ −→ M −→ M ′′ −→ 0 such that (i) and (ii) hold for M ′′ by the induction
assumption. Then the preceding discussion applies, and (i) and (ii) hold for M . This ends
the proof for d(M) = 0.

Now we prove the induction step. Assume now that (i) and (ii) hold for all finitely
generated A-modules N with d(N) < p for some p > 0. Let M be a finitely generated
A-module with d(M) = p. Then, by 4.3, we can find a filtration 0 = M0 ⊂ M1 ⊂ . . . ⊂
Ms−1 ⊂ Ms = M such that Mi/Mi−1

∼= A/Ji for some prime ideals Ji, 1 ≤ i ≤ s, and
V (Ji) ⊂ supp(M) for 1 ≤ i ≤ s. It follows that d(A/Ji) ≤ p and we have an exact sequence

0 −→Mi−1 −→Mi −→ A/Ji −→ 0

for 1 ≤ i ≤ s. Hence, if we assume that (i) and (ii) hold for A/J with J prime and
dimV (J) = p, by the induction assumption and an induction in i we see that (i) and (ii)
hold for M .

This reduces the proof of the induction step to the case M = A/J , J a prime ideal and
dimV (J) = p. Let x ∈ V (J). Since V (J) is irreducible, dimx V (J) = p and d(Mx) = p
by 4.5. Moreover, since dimV (J) > 0, mx 6= J and we can find f ∈ A, f /∈ J such that
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f(x) = 0. Consider the endomorphism of M induced by the multiplication by f . As in
the proof of 4.4 and 4.5 we conclude that it is injective, hence we have the exact sequence

0 −→M
f
−→M −→M/fM −→ 0.

Moreover, d(M/fM) ≤ d(M). If we would have d(M/fM) = d(M) it would follow that
e(M/fM) = 0 and M/fM = 0. This would imply that d(M) = d(M/fM) = 0 contrary
to our assumption. Hence, d(M/fM) < d(M) = p and M/fM satisfies (i) and (ii) by the
induction assumption.

Now we can prove (i) for M . By the induction assumption ExtjA(M/fM,A)x = 0 for
j < n− p+ 1. Hence, for any j < n− p, from the localization of the long exact sequence
of Ext·A(−, A) we see that multiplication by f induces an automorphism of ExtjA(M,A)x;

and, since f ∈ mx, we have nx ExtjA(M,A)x = ExtjA(M,A)x. By Nakayama lemma we

conclude that ExtjA(M,A)x = 0.
It remains to prove (ii). We consider the following part of the long exact sequence of

Ext·A(−, A)

. . . −→ ExtjA(M/fM,A) −→ ExtjA(M,A)
f
−→ ExtjA(M,A) −→ Extj+1

A (M/fM,A) −→ . . . .

If j = n, by 5.13, we have Extn+1
A (M/fM,A) = 0. Hence the morphism ExtnA(M,A)

f
−→

ExtnA(M,A) is surjective. By localization at x, we see that ExtnA(M,A)x
f
−→ ExtnA(M,A)x

is also surjective. As in the proof of (i), it follows that nx ExtnA(M,A)x = ExtnA(M,A)x.
Again, by Nakayama lemma, we conlude that ExtnA(M,A)x = 0. Hence, d(ExtnA(M,A)x) =
0, and (ii) holds in this case.

Consider now the case j < n. By the induction assumption we know that

d(ExtjA(M/fM,A)x) ≤ n− j and d(Extj+1
A (M/fM,A)x) ≤ n− j − 1.

If we put

φ : ExtjA(M,A)
f
−→ ExtjA(M,A)

and denote N = ExtjA(M,A), K = kerφ, C = cokerφ and I = imφ we get the exact
sequence

0 −→ K −→ N
φ
−→ N −→ C −→ 0.

By localizing we get

0 −→ Kx −→ Nx
φx
−→ Nx −→ Cx −→ 0

with d(Kx) ≤ n− j and d(Cx) ≤ n− j − 1.
Let Ix = imφx. Then

Ix ∩ nqxNx ⊃ f(nq−1
x Nx) = nq−1

x Ix
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for any q ∈ Z+, and this implies that

dimk(Ix/(Ix ∩ nqxNx)) ≤ dimk(Ix/n
q−1
x Ix)

for any q ∈ Z+. On the other hand, we have the short exact sequence

0 −→ Ix −→ Nx −→ Cx −→ 0

which leads to the short exact sequence

0 −→ Ix/(Ix ∩ nqxNx) −→ Nx/n
q
xNx −→ Cx/n

q
xCx −→ 0

for any q ∈ Z+. Hence,

dimk(Nx/n
q
xNx) = dimk(Cx/n

q
xCx) + dimk(Ix/(Ix ∩ nqxNx))

≤ dimk(Cx/n
q
xCx) + dimk(Ix/n

q−1
x Ix)

for any q ∈ Z+. Also, the short exact sequence

0 −→ Kx −→ Nx −→ Ix −→ 0

leads to the short exact sequence

0 −→ Kx/(Kx ∩ nqxNx) −→ Nx/n
q
xNx −→ Ix/n

q
xIx −→ 0

and

dimk(Nx/n
q
xNx) = dimk(Ix/n

q
xIx) + dimk(Kx/(Kx ∩ nqxNx)),

for any q ∈ Z+. Putting these formulas together we get

dimk(Nx/n
q
xNx) − dimk(Nx/n

q−1
x Nx) ≤ dimk(Cx/n

q
xCx) − dimk(Kx/(Kx ∩ nq−1

x Nx))

for any q ∈ N. Clearly, the left side of this inequality is greater or equal to zero for all
q ∈ N. From the discussion in the proof of 2.7 we know that for large q ∈ N the right side
of this inequality is given by a polynomial of degree ≤ n− j.

Assume first that its degree is equal to n − j, i.e., that d(Kx) = n − j and its leading

coefficient is −e(Kx)
qn−j

(n−j)!
. In particular, it takes negative values for large q ∈ Z+. This

is clearly a contradiction.

Therefore, we must have d(Kx) ≤ n − j − 1. Then, for large q, the function q 7−→
dimk(Nx/n

q
xNx) − dimk(Nx/n

q−1
x Nx) is given by a polynomial of degree ≤ n− j − 1. By

1.7, d(Nx) ≤ n− j. This ends the proof of 6.
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7. Some homological algebra of filtered rings

Let D be a filtered ring with an increasing filtration (Dn ; n ∈ Z) by abelian subgroups
satisfying the properties (i)-(vii) from the beginning of 3. Let M and N be two filtered left
D-modules with filtrations FM and FN respectively. We define an increasing filtration
of HomD(M,N) by abelian subgroups

Fp HomD(M,N) = {φ ∈ HomD(M,N) |φ(FnM) ⊂ Fn+pN, n ∈ Z}

for all p ∈ Z. We first want to study some basic properties of this filtration.

7.1. Lemma. Assume that:

(i) M is a finitely generated D-module and its filtration is exhaustive,
(ii) the D-module filtration on N has the property that FqN = 0 for some q ∈ Z.

Then there exists p ∈ Z such that Fp HomD(M,N) = 0.

Proof. By the assumption, there exists m ∈ Z such that FmM generates M as a D-
module. On the other hand, for any φ ∈ Fq−mHomD(M,N) we have φ(FmM) ⊂ Fq N =
0. Therefore φ = 0. ˜

7.2. Lemma. Assume that:

(i) M is a finitely generated D-module with a good filtration,
(ii) the D-module filtration on N is exhaustive.

Then the filtration on HomD(M,N) is exhaustive.

Proof. Take φ ∈ HomD(M,N). Let m ∈ Z be such that Fn+mM = Dn · FmM for
all n ∈ Z+. Then φ(FmM) is a finitely generated D0-submodule of N , hence we can find
k ∈ Z such that φ(FmM) ⊂ FkN . This implies that for n ≥ m, we have

φ(FnM) = φ(Dn−m · FmM) = Dn−mφ(FmM) ⊂ Dn−m FkN ⊂ Fn−m+kN

On the other hand, since the filtration of M is good, FqM = 0 for a sufficiently negative
q. For q ≤ n ≤ m, we have

φ(FnM) ⊂ φ(FmM) ⊂ FkN ⊂ Fn+k−q N.

Hence, φ ∈ Fk−q HomD(M,N). ˜

In particular, if M and N are finitely generated D-modules with good filtrations, the
filtration on HomD(M,N) is exhaustive and Fq HomD(M,N) = 0 for sufficiently negative
q ∈ Z.

In the following, we want to describe the structure of Gr HomD(M,N). Let φ ∈
Fp HomD(M,N). Then φ(FnM) ⊂ Fn+pN for any n ∈ Z. Therefore, φ defines a graded
morphism φp : GrM −→ GrN of degree p, i.e., φp(GrnM) ⊂ Grn+pN for n ∈ Z. Also,
φp ∈ HomGrD(GrM,GrN). Clearly, φp = 0 if and only if φ ∈ Fp−1 HomD(M,N), hence
φ 7−→ φp induces an injective additive map from Grp HomD(M,N) into the subgroup of
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HomGrD(GrM,GrN) consisting of graded homomorphisms of degree p. This defines an
imbedding of GrHomD(M,N) into HomGrD(GrM,GrN).

Now we study some functorial properties of our filtration. Let N be a filtered D-
module. Assume that M and M ′ are two filtered D-modules equipped with filtrations FM
and FM ′ and f : M −→ M ′ a morphism compatible with the filtrations, i.e., satisfying
f(FnM) ⊂ FnM

′, n ∈ Z. Then f induces the morphism φ 7−→ φ ◦ f of HomD(M ′, N)
into HomD(M,N). If φ ∈ Fp HomD(M ′, N), we have

(φ ◦ f)(FnM) ⊂ φ(FnM
′) ⊂ Fn+pN, n ∈ Z;

hence φ◦f ∈ Fp HomD(M ′, N). Therefore, φ 7−→ φ◦f is a map compatible with filtrations
on HomD(M,N) and HomD(M ′, N). Moreover, the diagram

Gr HomD(M ′, N) −−−−→ HomGrD(GrM ′,GrN)




y





y

GrHomD(M,N) −−−−→ HomGrD(GrM,GrN)

is commutative.
The next step is to analyze the conditions which imply that the canonical map from

Gr HomD(M,N) into HomGrD(GrM,GrN) is surjective. We start with the following
observation.

7.3. Lemma. Let M be a finitely generated D-module with a good filtration FM , such
that GrM is a free GrD-module with a basis e1, e2, . . . , es consisting of homogeneous ele-
ments of degree r1, r2, . . . , rs respectively. Let m1, m2, . . . , ms be elements of M such that
m̄i = ei for 1 ≤ i ≤ s. Then M is a free D-module with basis m1, m2, . . . , ms and

FpM =
s
⊕

i=1

Dp−ri
mi

for any p ∈ Z.

Proof. First we claim that m1, m2, . . . , ms generate M . We shall prove, by induction
in p, that FpM ⊂

∑s
i=1Dp−ri

mi. First, FqM = 0 for sufficiently negative q ∈ Z. Assume
that the statement holds for p − 1. Take v ∈ FpM . Then v̄ ∈ GrpM and v̄ =

∑s
i=1 d̄iei

with di ∈ Dp−ri
. It follows that v −

∑s
i=1 dimi ∈ Fp−1M ⊂

∑s
i=1Dp−1−ri

mi, hence
v ∈

∑s
i=1Dp−ri

mi. This proves our statement and, in particular, m1, m2, . . . , ms generate
M .

We show next that m1, m2, . . . , ms are free generators. Let
∑

dimi = 0, di ∈ Dpi
,

di /∈ Dpi−1
, be a nontrivial relation. Take p = max1≤i≤s(pi + ri). Then we get

∑

d̄iei = 0
where the sum is taken over indices i such that pi + ri = p. This implies that for such i,
d̄i = 0, contrary to our assumption. Therefore, (mi, 1 ≤ i ≤ s) are free generators of M .

This implies, by the first part of the proof, that FpM ⊂
⊕s

i=1Dp−ri
mi. The opposite

inclusion is evident. ˜

We call a free GrD-module with a basis consisting of homogeneous elements, a free
graded GrD-module.
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7.4. Lemma. Let M be a finitely generated D-module with a good filtration FM , such
that GrM is a free graded GrD-module. Then the canonical map Gr HomD(M,N) −→
HomGrD(GrM,GrN) is an isomorphism.

Proof. Since GrM is a free graded GrD-module it has a basis e1, . . . , es as a free
GrD-module consisting of homogeneous elements of degrees r1, . . . , rs. Therefore, we have

HomGrD(GrM,GrN) = HomGrD

(

s
⊕

i=1

GrD · ei,GrN

)

=

s
⊕

i=1

HomGrD(GrD · ei,GrN).

Moreover, the linear map HomGrD(GrD · ei,GrN) −→ GrN given by T 7−→ T (ei) is a
linear isomorphism, and it maps the graded homomorphisms of degree p − ri into ho-
mogeneous elements of degree p for all p ∈ Z. Therefore, HomGrD(GrD · ei,GrN) is a
direct sum of spaces of graded homomorphisms of degree p, p ∈ Z, and the same holds for
HomGrD(GrM,GrN).

Hence, it is enough to show that all graded homomorphisms in HomGrD(GrM,GrN)
are in the image. In the following we use the notation from the preceding argument. Let
Φ ∈ HomGrD(GrM,GrN) be a morphism of order q. This means that Φ(ei) ∈ Grri+qN .
Let wi ∈ Fri+q N such that Φ(ei) = w̄i. Define φ ∈ HomD(M,N) by φ(mi) = wi for
1 ≤ i ≤ s. We see from 3. that

φ(FpM) ⊂
s
∑

i=1

Dp−ri
wi ⊂ Fp+q N

and φ ∈ Fq HomD(M,N). It is evident that φq = Φ. ˜

7.5. Lemma. Let M be a filtered D-module, L a free graded GrD-module and f : L −→
GrM a morphism of graded GrD-modules. Then there exists a filtered free D-module P ,
a morphism g : P −→M of filtered D-modules and an isomorphism j : GrP −→ L of graded
GrD-modules such that the diagram

GrP
Gr g

−−−−→ GrM

j





y

∥

∥

∥

L
f

−−−−→ GrM

commutes.

Proof. Let (ℓi ; i ∈ I) be a basis of L such that ℓi are homogeneous and deg(ℓi) = ri,
i ∈ I. Let P be a free D-module with the basis (pi ; i ∈ I) and define its filtration by
Fp P =

∑

i∈I Dp−ri
pi, for p ∈ Z. Let (mi ; i ∈ I) be a family of elements of M such that

mi ∈ Fri
M and m̄i = f(ℓi) for i ∈ I. Then there exists a unique morphism g : P −→ M

such that g(pi) = mi, for i ∈ I. Moreover,

g(Fp P ) =
∑

i∈I

Dp−ri
g(pi) ⊂ FpM,
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for any p ∈ Z, and g is a morphism of filtered D-modules. Clearly, GrP =
∑

i∈I GrD · p̄i
and Grn P =

∑

i∈I Grn−ri
D · p̄i. This implies that the morphism j : GrP −→ L defined

by j(p̄i) = ℓi, i ∈ I, is an isomorphism of GrD-modules. Also,

(Gr g)(p̄i) = m̄i = f(ℓi) = (f ◦ j)(p̄i),

hence Gr g = f ◦ j. ˜

7.6. Lemma. Let

M ′
f
−→M

g
−→M ′′

be a sequence in the category of filtered D-modules such that g ◦ f = 0. Assume that the
filtration of M is exhaustive and FpM = 0 for sufficiently negative p ∈ Z. If the sequence

GrM ′
Gr f
−−→ GrM

Gr g
−−→ GrM ′′

of graded GrD-modules is exact, the original sequence is exact too.

Proof. By our assumption im f ⊂ ker g; i.e.,

im f ∩ FpM ⊂ ker g ∩ FpM

for p ∈ Z. We shall prove by induction that

im f ∩ FpM = ker g ∩ FpM

for p ∈ Z. Since the filtration of M is exhaustive, this shall imply that im f = ker g. The
assertion is clear for sufficiently negative p. Assume that the assertion holds for p− 1 and
x ∈ ker g∩FpM . By the assumption there exists y ∈ FpM such that (Gr f)(ȳ) = x̄. Hence,
f(y)−x ∈ Fp−1M . Also g(f(y)−x) = g(f(y))− g(x) = 0, hence f(y)−x ∈ ker g. By the
induction assumption x−f(y) ∈ im f , hence there exists z ∈M such that x−f(y) = f(z)
and x = f(y + z), i.e., x ∈ im f . ˜

7.7. Lemma. Let M be a finitely generated D-module with good filtration FM . Let L·
be a left resolution of GrM in the category of graded GrD-modules by free graded GrD-
modules of finite rank. Then there exists a left resolution P· of M in the category of filtered
D-modules such that:

(i) the D-modules Pn, n ∈ Z+, are free;
(ii) the complex GrP· is isomorphic to L·.

Proof. By 5. we can construct a filtered free D-module P0 and a morphism of filtered

modules P0
ǫ
−→M such that

GrP0
Gr ǫ

−−−−→ GrM

∼=





y

∥

∥

∥

L0 −−−−→ GrM
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commutes. By 3.1 the filtration FP0 is a good filtration, and by 3. P0 is a free D-module
of finite rank. In addition, Gr ǫ is surjective. By 6, ǫ is also surjective. Assume that we
constructed filtered D-modules P0, P1, . . . , Pk−1 and morphisms d0, d1, . . . , dk−1 such that

Pk−1
dk−1

−−−→ Pk−2
dk−2

−−−→ . . .
d2−→ P1

d1−→ P0
ǫ
−→M −→ 0

is an exact sequence of filtered D-modules, Pi, 0 ≤ i ≤ k − 1, are free D-modules of finite
rank and

GrPk−1
Gr dk−1

−−−−−→ GrPk−2
Gr dk−2

−−−−−→ . . .
Gr d1−−−−→ GrP0

Gr ǫ
−−−−→ GrM

∼=





y

∼=





y

∼=





y

∥

∥

∥

Lk −−−−→ Lk−1 −−−−→ Lk−2 −−−−→ . . . −−−−→ L0 −−−−→ GrM

is commutative. Let K be the kernel of dk−1 equipped with the induced filtration. Then
GrK is identified with a submodule of GrPk−1

∼= Lk−1. Moreover, with this identification,
GrK ⊂ ker Gr dk−1.

We claim that GrK = ker Gr dk−1. Let ξ ∈ ker Grp dk−1. Let x ∈ Fp Pk−1 be such
that x̄ = ξ. Then (Gr dk−1)(x̄) = 0 and dk−1(x) ∈ Fp−1 Pk−2. Let S be the set of all
s ∈ Z, s ≤ p − 1, such that there exists x ∈ Fp Pk−1 with the property that x̄ = ξ and
dk−1x ∈ Fs Pk−2. Let q ∈ S. Assume that x′ is such that x̄′ = ξ and y = dk−1x

′ ∈ Fq Pk−2.
Then dk−2(y) = (dk−2 ◦ dk−1)(x

′) = 0 hence ȳ ∈ ker Gr dk−2 = imGr dk−1. It follows that
one can find z ∈ Fq Pk−1 such that ȳ = (Gr dk−1)(z̄), i.e., y − dk−1z ∈ Fq−1 Pk−2. Now, if
we put x′′ = x′ − z we get x̄′′ = x̄′ = ξ and

dk−1x
′′ = dk−1x

′ − dk−1z = y − dk−1z ∈ Fq−1 Pk−2

and q − 1 is in S. Therefore, S = {q ∈ Z | q ≤ p − 1}. Since Fq Pk−2 = 0 for sufficiently
negative q, we conclude that there exists x ∈ Fp Pk−1 with the property that x̄ = ξ and
dk−1x = 0, i. e. ξ ∈ GrK.

We proved that GrK = ker Gr dk−1, hence under the isomorphism of GrPk−1 with
Lk−1, it corresponds to the image of Lk in Lk−1. This implies that, by 5, we can construct
Pk and dk : Pk −→ Pk−1 such that

(i) Pk is a filtered free D-module,
(ii) dk is a morphism of filtered D-modules,
(iii) im dk ⊂ K,
(iv) the diagram

GrPk
Gr dk−−−−→ GrPk−1

∼=





y

∼=





y

Lk −−−−→ Lk−1

is commutative.
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Now 6. implies that im dk = ker dk−1 and

Pk
dk−→ Pk−1

dk−1

−−−→ . . .
d2−→ P1

d1−→ P0
ǫ
−→M −→ 0

is exact. By induction we get the required resolution. ˜

Now, letM be a finitely generated D-module with a good filtration FM . Then GrM is a
finitely generated GrD-module. We can find homogeneous generators e1, e2, . . . , es of GrM
as GrD-module. Let r1, r2, . . . , rs be the degrees of these generators respectively. Let L0 be
the free graded GrD-module with basis ℓ1, ℓ2, . . . , ℓs consisting of homogeneous elements
of degrees r1, r2, . . . , rs. Then we can define a GrD-module morphism f : L0 −→ GrM
by f(ℓi) = ei, 1 ≤ i ≤ s, and it is a surjective morphism of graded GrD-modules. Since
GrD is a nötherian ring, ker f is a finitely generated GrD-module and by induction we
can construct a left resolution

. . . −→ Ln −→ . . . −→ L1 −→ L0 −→ GrM −→ 0

by free graded GrD-modules of finite rank. By 7. this implies the existence of a left
resolution in the category of filtered D-modules

. . . −→ Pn −→ . . . −→ P1 −→ P0 −→M −→ 0

by filtered free D-modules, such that the complex GrP· is a left resolution of GrM and

. . . −−−−→ GrPn −−−−→ . . . −−−−→ GrP1 −−−−→ GrP0 −−−−→ GrM

∼=





y

∼=





y

∼=





y

∥

∥

∥

. . . −−−−→ Ln −−−−→ . . . −−−−→ L1 −−−−→ L0 −−−−→ GrM

is a commutative diagram. By 3.1 this implies that FPi are good filtrations of Pi for any
i ∈ Z+.

Let N be a finitely generated D-module with good filtration FN . Then we can consider
the complex K · = HomD(P·, N). Clearly,

Hj(K ·) = ExtjD(M,N)

for any j ∈ Z+. Moreover, by 1. and 2, Kj , j ∈ Z, have natural exhaustive filtrations
compatible with the differentials in the complex and such that FpK

j = 0 for sufficiently
negative p ∈ Z. The corresponding graded complex GrK · = Gr HomD(P·, N) is isomorphic
to the complex HomGrD(GrP·,GrN) ∼= HomGrD(L·,GrN) by 4. Therefore,

Hj(GrK ·) = ExtjGrD(GrM,GrN)

for any j ∈ Z+.
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7.8. Theorem. hd(D) ≤ hd(GrD).

Proof. We can assume that the homological dimension of GrD is finite. Let M and
N be two finitely generated D-modules equipped with good filtrations FM and FN . By
the preceding discussion, ExtjD(M,N) = Hj(K ·) and ExtjGrD(GrM,GrN) = Hj(GrK ·).
Therefore, Hj(GrK ·) = 0 for j > hd(GrD). Hence, if we put n = hd(GrD), we have the
exact sequence

GrKn −→ GrKn+1 −→ GrKn+2 −→ . . . .

Using 6. (for D = k), we conclude that

Kn −→ Kn+1 −→ Kn+2 −→ . . .

is exact. Therefore, ExtjD(M,N) = 0 for j > n, and the assertion follows from 3.4 and
5.8. ˜

Assume now that N = D equipped with the natural filtration. Then we can de-
fine a structure of a right D-module on HomD(M,D) by (φT )(m) = φ(m)T , for φ ∈
HomD(M,D), T ∈ D and m ∈ M . Clearly HomD(−, D) is a contravariant functor
from the category of left D-modules into the category of right D-modules. If M is a
finitely generated left D-module, we have an exact sequence Dp −→ M −→ 0 of left D-
modules. By applying the contravariant functor HomD(−, D) we get the exact sequence
0 −→ HomD(M,D) −→ HomD(Dp, D). Since

HomD(Dp, D) = HomD(D,D)p ∼= Dp

as a rightD-module, we conclude that HomD(M,D) is a finitely generated rightD-module.
Let FM be a D-module filtration on M . Then for any φ ∈ FpHomD(M,D) and T ∈ Dq
we have

(φT )(FmM) = φ(FmM)T ⊂ Dm+pT ⊂ Dm+p+q

and φT ∈ Fp+q HomD(M,D). Therefore, FHomD(M,D) is a D-module filtration.

7.9. Lemma. Let M be a finitely generated left D-module with a good filtration FM .
Then the filtration FHomD(M,D) on the right D-module HomD(M,D) is also good.

Proof. By 1. and 2. we know that the D-module filtration on HomD(M,D) is haus-
dorff and exhaustive. From the preceding discussion, we have the natural inclusion of
Gr HomD(M,D) into HomGrD(GrM,GrD) which is a morphism of GrD-modules. Since
GrM is a finitely generated GrD-module, HomGrD(GrM,GrD) is a finitely generated
GrD-module. Moreover, since GrD is a nötherian ring, this implies that the GrD-module
Gr HomD(M,D) is finitely generated. Finally, 3.1 implies now that F HomD(M,D) is a
good filtration. ˜

Therefore, if we apply this to our previous discussion, and denote now by K · the fil-
tered complex HomD(P·, D), we see that K · is a complex consisting of filtered right D-

modules equipped with good filtrations. Its cohomology modules Hj(K ·) = ExtjD(M,D),
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j ∈ Z+, are filtered right D-modules and the induced filtrations are good by 3.7. The
corresponding graded complex is GrK · = HomGrD(L·,GrD) and its cohomology modules

are Hj(GrK ·) = ExtjGrD(GrM,GrD) for j ∈ Z+. To get a more precise relationship
between these modules we shall study the corresponding spectral sequence.

We start with the following result.

7.10. Lemma. Let f : M −→ N be a morphism of filtered D-modules with good filtrations
FM and FN . Let

Zpr = {x ∈ FpM | f(x) ∈ Fp−r N}

and
Bpr = {x ∈ FpN | x = f(y), y ∈ Fp+rM}.

Then there exists r0 such that for r ≥ r0 we have

Zpr + Fp−1M = (ker f ∩ FpM) + Fp−1M

for all p ∈ Z, and
Bpr = im f ∩ FpN

for all p ∈ Z.

Proof. The submodule im f of N has two good filtrations FN ∩ im f and f(FM). By
3.6 we know that there exists k ∈ Z+ such that

FpN ∩ im f ⊂ f(Fp+kM)

for any p ∈ Z. Therefore, if r ≥ k,

Bpr = FpN ∩ f(Fp+rM) ⊃ FpN ∩ im f ⊃ FpN ∩ f(Fp+rM);

i. e., Bpr = FpN ∩ im f . Also, if r ≥ k + 1, for any p ∈ Z we have

Fp−r N ∩ im f ⊂ f(Fp+k−rM) ⊂ f(Fp−1M);

hence for x ∈ Zpr we have

f(x) ∈ Fp−r N ∩ im f ⊂ f(Fp−1M)

and we can find y ∈ Fp−1M such that f(x) = f(y). Therefore, x+Fp−1M = x−y+Fp−1M
and x− y ∈ ker f ∩ FpM . This implies that

Zpr + Fp−1M ⊂ (ker f ∩ FpM) + Fp−1M.

The inclusion ker f ∩ FpM ⊂ Zpr is clear from the definition. ˜
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Let K · be a filtered complex. Then we define

Zpqr = {x ∈ FpK
p+q | dx ∈ Fp−rK

p+q+1}.

Clearly they satisfy

FpK
p+q = Zpq0 ⊃ Zpq1 ⊃ . . . ⊃ Zpqr ⊃ . . . ⊃ Zp+q(K ·) ∩ FpK

p+q.

Moreover, if we put

Bpqr = {y ∈ FpK
p+q | y = dx, x ∈ Fp+rK

p+q−1} = dZp+r q−r−1
r

we see that

Bp+q(FpK
·) = Bpq0 ⊂ Bpq1 ⊂ . . . ⊂ Bpqr ⊂ . . . ⊂ Bp+q(K ·) ∩ FpK

p+q.

The Er-term in the spectral sequence for the filtered complex K · is defined as

Epqr = (Zpqr + Fp−1K
p+q)/(Bpqr−1 + Fp−1K

p+q),

and the differential dr : Epqr −→ Ep−r q+r+1
r is induced by the differential d of K ·. In

particular the E1-term is equal to

Epq1 = Hp+q(GrpK
·)

for any p, q ∈ Z. (To establish the connection of this formula for Epqr with the one in
[Godement] we remark that from the definition of Zpqr it follows that

Zpqr ∩ Fp−1K
p+q = Zp−1 q+1

r−1 ,

Hence,
Zpqr ∩ (Bpqr−1 + Fp−1K

p+q) = Bpqr−1 + Zp−1 q+1
r−1 ,

and we have
Epqr = Zpqr /(B

pq
r−1 + Zp−1 q+1

r−1 ),

which establishes the connection.)
Assume that K · is a filtered complex of D-modules, such that the filtrations FKj on

Kj , j ∈ Z, are good. Then ⊕p+q=jE
pq
r , j ∈ Z, are GrD-modules and dr : ⊕p+q=jE

pq
r −→

⊕p+q=j+1E
pq
r are morphisms of GrD-modules. Since the filtrations on Kj , j ∈ Z, are

good, GrK · is a complex of finitely generated GrD-modules by 3.1. This implies, by
induction in r, that ⊕p+q=jE

pq
r , j ∈ Z, are finitely generated GrD-modules. Moreover,

⊕

p+q=j

Epq∞

=
⊕

p+q=j

(Zp+q(K ·) ∩ FpK
p+q + Fp−1K

p+q)/(Bp+q(K ·) ∩ FpK
p+q + Fp−1K

p+q)

=
⊕

p+q=j

(Zp+q(K ·) ∩ FpK
p+q)/(Bp+q(K ·) ∩ FpK

p+q + Zp+q(K ·) ∩ Fp−1K
p+q)

is the graded GrD-module corresponding to the filtered module Hj(K ·) with the induced
filtration. This filtration is good by 3.7.
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7.11. Lemma. Let K · be a filtered complex of D-modules, such that the filtrations
FKj on Kj, j ∈ Z, are good. Then the spectral sequence of filtered complex with E1-term
Epq1 = Hp+q(GrpK

·) converges to Hp+q(K ·).

Proof. By 10, we know that for p, q ∈ Z, we can find r0(p+q) such that for r > r0(p+q)
we have

Zpqr + Fp−1K
p+q = (ker d ∩ FpK

p+q) + Fp−1K
p+q = Zp+q(K ·) + Fp−1K

p+q

and

Bpqr−1 = im d ∩ FpK
p+q = Bp+q(K ·) ∩ FpK

p+q.

This implies that

Epqr = (Zp+q(K ·) ∩ FpK
p+q + Fp−1K

p+q)/(Bp+q(K ·) ∩ FpK
p+q + Fp−1K

p+q)

= GrpH
p+q(K ·),

i.e., our spectral sequence converges. ˜

If we apply this to the complex K · = HomD(P·, D) we see that the spectral sequence

of this filtered complex has the E1-term equal to Grp Extp+qGrD(GrM,GrD) and converges

to Extp+qD (M,D).

8. Rings of differential operators with polynomial coefficients

Let k be a field of characteristic zero. Let A be a commutative algebra over k. A
k-derivation of A is a k-endomorphism T of A such that

T (ab) = T (a)b+ aT (b)

for any a, b ∈ A. In particular, [T, a]b = T (ab) − aT (b) = T (a)b, i.e., [T, a] = T (a) ∈ A for
any a ∈ A. This implies that [[T, a0], a1] = 0 for any a0, a1 ∈ A.

This leads to the following definition. We say that a k-endomorphism T of A is a
(k-linear) differential operator on A of order ≤ n if

[. . . [[T, a0], a1], . . . , an] = 0

for any a0, a1, . . . , an ∈ A. We denote by Diffk(A) the space of all differential operators
on A.

8.1. Lemma. Let T, S be two differential operators of order ≤ n, ≤ m respectively.
Then T ◦ S is a differential operator of order ≤ n+m.

Proof. We prove the statement by induction in n + m. If n = m = 0, T, S ∈
HomA(A,A), hence T ◦ S ∈ HomA(A,A) and it is a differential operator of order 0.
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Assume now that n+m ≤ p. Then

[T ◦ S, a] = TSa− aTS = T [S, a] + [T, a]S,

and [T, a], [S, a] are differential operators of order ≤ n − 1 and ≤ m − 1 respectively. By
the induction assumption, this differential operator is of order ≤ n + m − 1. Therefore
T ◦ S is of order ≤ n+m. ˜

Therefore Diffk(A) is an algebra over k. Also,

FnDiffk(A) = {T ∈ Diffk(A) | order(T ) ≤ n}

is an increasing exhaustive filtration of Diffk(A) by vector subspaces over k. This filtration
is compatible with the ring structure of Diffk(A), i.e., it satisfies

Fn Diffk(A) ◦ FmDiffk(A) ⊂ Fn+mDiffk(A)

for any n,m ∈ Z+.

8.2. Lemma.

(i) Fp Diffk(A) = 0 for p < 0.
(ii) F0 Diffk(A) = A.
(iii) F1 Diffk(A) = Derk(A) ⊕A.
(iv) [FnDiffk(A),FmDiffk(A)] ⊂ Fn+m−1 Diffk(A) for any n,m ∈ Z+.

Proof. (i) is evident.
(ii) Clearly, F0 Diffk(A) = HomA(A,A). Hence the evaluation map T 7−→ T (1) identifies

it with A.
(iii) As we remarked before, Derk(A) ⊂ F1 Diffk(A). Also, for any T ∈ Derk(A), we

have T (1) = T (1 · 1) = 2T (1), hence T (1) = 0. This implies that Derk(A) ∩ A = 0. Let
S ∈ F1 Diffk(A) and T = S − S(1). Then T (1) = 0, hence T (a) = [T, a](1), and

T (ab) = [T, ab](1) = ([T, a]b)(1) + (a[T, b])(1) = (b[T, a])(1) + (a[T, b])(1) = T (a)b+ aT (b),

i.e., T ∈ Derk(A).
(iv) Let T, S be of order ≤ n, ≤ m respectively. We claim that [T, S] is of order

≤ n+m− 1. We prove it by induction on n+m. If n = m = 0, there is nothing to prove.
In general

[[T, S], a] = [[T, a], S] + [T, [S, a]]

where [T, a] and [S, a] are of order ≤ n−1 and ≤ m−1 respectively. Hence, by the induction
assumption, [[T, S], a] is of order ≤ n+m− 2 and [T, S] is of order ≤ n+m− 1. ˜

This implies that the graded ring GrDiffk(A) is a commutative A-algebra. In addition,
Diffk(A) satisfies properties (i)-(v) from 3.

Let T be a differential operator on A of order ≤ n. Then we can define a map from An

into Diffk(A) by

σn(T )(a1, a2, . . . , an−1, an) = [[. . . [[T, a1], a2], . . . , an−1], an].

Since σn(T )(a1, a2, . . . , an−1, an) is of order ≤ 0, we can consider this map as a map from
An into A.
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8.3. Lemma. Let T be a differential operator on A of order ≤ n. Then:

(i) the map σn(T ) : An −→ A is a symmetric k-multilinear map;
(ii) the operator T is of order ≤ n− 1 if and only if σn(T ) = 0.

Proof. (i) We have to check the symmetry property only. To show this, we observe
that

[[S, a], b] = [S, a]b− b[S, a] = Sab− aSb− bSa+ baS = [S, b]a− a[S, b] = [[S, b], a]

for any S ∈ Diffk(A) and a, b ∈ A. This implies that

σn(T )(a1, a2, . . . , ai, ai+1, . . . , an−1, an)

= [[. . . [[. . . [[T, a1], a2], . . . , ai], ai+1] . . . , an−1], an]

= [[. . . [[. . . [[T, a1], a2], . . . , ai+1], ai] . . . , an−1], an]

= σn(T )(a1, a2, . . . , ai+1, ai, . . . , an−1, an),

hence σ(T ) is symmetric.
(ii) is obvious. ˜

Now we want to discuss a special case. Let A = k[X1, X2, . . . , Xn]. Then we put
D(n) = Diffk(A). Let ∂1, ∂2, . . . , ∂n be the standard derivations of k[X1, X2, . . . , Xn]. For
I, J ∈ Zn+ we put

XI = X i1
1 X

i2
2 . . .Xin

n

and

∂J = ∂j11 ∂
j2
2 . . . ∂jnn .

Then XI∂J ∈ D(n) and it is a differential operator of order ≤ |J | = j1 + j2 + · · ·+ jn.

8.4. Lemma. The derivations (∂i ; 1 ≤ i ≤ n) form a basis of the free k[X1, . . . , Xn]-
module Derk(k[X1, X2, . . . , Xn]).

Proof. Let T ∈ Derk(k[X1, X2, . . . , Xn]). Put Pi = T (Xi) for 1 ≤ i ≤ n, and define
S =

∑n
i=1 Pi∂i. Clearly,

S(Xi) =
n
∑

j=1

Pj ∂j(Xi) = Pi = T (Xi)

for all 1 ≤ i ≤ n. Since X1, X2, . . . , Xn generate k[X1, X2, . . . , Xn] as a k-algebra it
follows that T = S. Therefore, (∂i ; 1 ≤ i ≤ n) generate the k[X1, X2, . . . , Xn]-module
Derk(k[X1, X2, . . . , Xn]). Assume that

∑n
i=1Qi∂i = 0 for some Qi ∈ k[X1, X2, . . . , Xn].

Then 0 = (
∑n
j=1Qj∂j)(Xi) = Qi for all 1 ≤ i ≤ n. This implies that ∂i, 1 ≤ i ≤ n, are

free generators of Derk(k[X1, X2, . . . , Xn]). ˜
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Let T be a differential operator of order ≤ p on k[X1, X2, . . . , Xn]. Let (ξ1, ξ2, . . . , ξn) ∈
kn. Then we can define a linear polynomial ℓξ =

∑n
i=1 ξiXi ∈ k[X1, X2, . . . , Xn] and the

function Symbp(T ) :

(ξ1, ξ2, . . . , ξn) 7−→
1

p!
σp(T )(ℓξ, ℓξ, . . . , ℓξ)

on kn with values in k[X1, X2, . . . , Xn]. Clearly, one can view Symbp(T ) as a poly-
nomial in X1, X2, . . . , Xn and ξ1, ξ2, . . . , ξn homogeneous of degree p in ξ1, ξ2, . . . , ξn.
It is called the p-symbol of the differential operator T . By its definition, Symbp(T )
vanishes for T of order < p. Therefore, it induces a k-linear map of GrpD(n) into
k[X1, X2, . . . , Xn, ξ1, ξ2, . . . , ξn]. We denote by Symb the corresponding k-linear map of
GrD(n) into k[X1, X2, . . . , Xn, ξ1, ξ2, . . . , ξn].

8.5. Theorem. The map Symb : GrD(n) −→ k[X1, X2, . . . , Xn, ξ1, ξ2, . . . , ξn] is a
k-algebra isomorphism.

The proof of this result consists of several steps. First we prove the symbol map is an
algebra morphism.

8.6. Lemma. Let T, S ∈ D(n) of order ≤ p and ≤ q respectively. Then

Symbp+q(TS) = Symbp(T ) Symbq(S).

Proof. Let ξ ∈ kn, and define the map τξ : D(n) −→ D(n) by τξ(T ) = [T, ℓξ]. Then

τξ(TS) = [TS, ℓξ] = TSℓξ − ℓξTS = [T, ℓξ]S + T [S, ℓξ] = τξ(T )S + Tτξ(S).

Therefore, for any k ∈ Z+, we have

τkξ (TS) =
k
∑

i=0

(

k

i

)

τk−iξ (T ) τ iξ(S).

This implies that

Symbp+q(TS) =
1

(p+ q)!
σp+q(T )(ℓξ, ℓξ, . . . , ℓξ) =

1

(p+ q)!
τp+qξ (TS)

=
1

p!q!
τpξ (T ) τ qξ (S) = Symbp(T ) Symbq(S). ˜

Since Symb0(Xi) = Xi and Symb1(∂i) = ξi, 1 ≤ i ≤ n, the symbol map is surjective. It
remains to show that the symbol map is injective.
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8.7. Lemma. Let T ∈ FpD(n). Then Symbp(T ) = 0 if and only if T is of order
≤ p− 1.

Proof. We prove the statement by induction in p. It is evident if p = 0.
Therefore we can assume that p > 0. Let ξ ∈ kn, and define the map τξ : D(n) −→ D(n)

by τξ(T ) = [T, ℓξ]. Then, for any λ ∈ k and η ∈ kn, we have

τξ+λη(T ) = [T, ℓξ+λη] = [T, ℓξ] + λ[T, ℓη] = τξ(T ) + λτη(T ).

Since τξ and τη commute we see that, for any k ∈ Z+, we have

τkξ+λη(T ) =

k
∑

i=0

(

k

i

)

λi τk−iξ (τ iη(T )).

By our assumption, τpξ+λη(T ) = 0 for arbitrary λ ∈ k. Therefore, since k is infinite,

τp−iξ (τ iη(T )) = 0 for 0 ≤ i ≤ p. In particular, we see that τp−1
ξ (τη(T )) = 0 for any

ξ, η ∈ kn. This implies that Symbp−1([T, ℓη]) = 0 for any η ∈ kn, in particular

Symbp−1([T,Xi]) = 0

for 1 ≤ i ≤ n, and by the induction assumption, [T,Xi], 1 ≤ i ≤ n, are of order ≤ p− 2.
Let P,Q ∈ k[X1, X2, . . . , Xn]. Then

[T, PQ] = TPQ− PQT = [T, P ]Q+ P [T,Q],

hence the order of [T, PQ] is less than or equal to the maximum of the orders of [T, P ]
and [T,Q]. Since Xi, 1 ≤ i ≤ n, generate k[X1, X2, . . . , Xn] we conclude that the order of
[T, P ] is ≤ p− 2 for any polynomial P . This implies that the order of T is ≤ p− 1. ˜

This also ends the proof of 5. In particular, we see that D(n) satisfies properties (i)-(vii)
from 3. From 3.4 we immediately deduce the following result.

8.8. Corollary. The ring D(n) is right and left nötherian.

8.9. Corollary. (XI∂J ; I, J ∈ Zn+) is a basis of D(n) as a vector space over k.

Proof. If |J | = p, the p-symbol of XI∂J is equal to XIξJ and (XIξJ ; I, J ∈ Zn+)
form a basis of k[X1, . . . , Xn, ξ1, . . . , ξn] as a vector space over k. ˜

The following caracterization of D(n) is frequently useful.

8.10. Theorem. D(n) is the k-algebra generated by X1, X2, . . . , Xn and ∂1, ∂2, . . . , ∂n
satisfying the defining relations [Xi, Xj] = 0, [∂i, ∂j] = 0 and [∂i, Xj] = δij for all 1 ≤
i, j ≤ n.

Proof. Let B be the k-algebra generated by X1, X2, . . . , Xn and ∂1, ∂2, . . . , ∂n satis-
fying the defining relations [Xi, Xj] = 0, [∂i, ∂j] = 0 and [∂i, Xj] = δij for all 1 ≤ i, j ≤ n.
Since these relations hold in D(n) and it is generated by X1, X2, . . . , Xn and ∂1, ∂2, . . . , ∂n
we conclude that there is a unique surjective morphism of B onto D(n) which maps gen-
erators into the corresponding generators. Clearly, B is spanned by (XI∂J ; I, J ∈ Zn+).
Therefore, by 9, this morphism is also injective. ˜
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8.11. Proposition. The center of D(n) is equal to k · 1.

Proof. Let T be a central element of D(n). Then, [T, P ] = 0 for any polynomial
P , and T is of order ≤ 0. Therefore, by 2, T ∈ k[X1, X2, . . . , Xn]. On the other hand,
0 = [∂i, T ] = ∂i(T ) for 1 ≤ i ≤ n. This implies that T is a constant polynomial. ˜

Let D(n)◦ be the opposite algebra of D(n). Then, by 10, there exists a unique iso-
morphism φ : D(n)◦ −→ D(n) which is defined by φ(Xi) = Xi and φ(∂i) = −∂i for
1 ≤ i ≤ n. The morphism φ is called the principal antiautomorphism of D(n). This proves
the following result.

8.12. Proposition. The algebra D(n)◦ is isomorphic to D(n).

Moreover, by 10, we can define an automorphism F of D(n) by F(Xi) = ∂i and F(∂i) =
−Xi for 1 ≤ i ≤ n. This automorphism is called the Fourier automorphism of D(n). It
satisfies F2 = −1.

In contrast to the filtration by the order of differential operators, D(n) has another
filtration compatible with its ring structure which is not defined on more general rings of
differential operators. We put

Dp(n) = {
∑

aIJX
I∂J | |I| + |J | ≤ p}

for p ∈ Z. Clearly, (Dp(n) ; p ∈ Z) is an increasing exhaustive filtration of D(n) by
finite-dimensional vector spaces over k.

8.13. Lemma. For any p, q ∈ Z we have

(i) Dp(n) ◦Dq(n) ⊂ Dp+q(n);
(ii) [Dp(n), Dq(n)] ⊂ Dp+q−2(n).

Proof. By 9. and the definition of the filtration (Dp(n) ; p ∈ Z), it is enough to check
that

[∂I , XJ ] ∈ D|I|+|J|−2(n).

We prove this statement by an induction in |I|. If |I| = 1, we have ∂I = ∂i for some

1 ≤ i ≤ n and [∂i, X
J ] = ∂i(X

J) ∈ D|J|−1(n). If |I| > 1, we can write ∂I = ∂I
′

∂i for some
I ′ ∈ Zn+ and 1 ≤ i ≤ n. This leads to

[∂I , XJ ] = [∂I
′

∂i, X
J ] = ∂I

′

∂iX
J −XJ∂I

′

∂i

= ∂I
′

[∂i, X
J ] + [∂I

′

, XJ ]∂i = [∂I
′

, [∂i, X
J ]] + [∂i, X

J ]∂I
′

+ [∂I
′

, XJ ]∂i,

hence, by the induction assumption, [∂I , XJ ] ∈ D|I|+|J|−2(n). ˜

This implies that (Dp(n) ; p ∈ Z) is a filtration compatible with the ring structure on
D(n). In addition, the graded ring GrD(n) is a commutative k-algebra. If we define the
linear map Ψp from Dp(n) into k[X1, X2, . . . , Xn, ξ1, ξ2, . . . , ξn] by

Ψp(
∑

|I|+|J|≤p

aIJX
I∂J) =

∑

|I|+|J|=p

aIJX
IξJ
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we see that it is a linear isomorphism of GrpD(n) into the homogeneous polynomials of
degree p. Therefore, it extends to a linear isomorphism

Ψ : GrD(n) −→ k[X1, X2, . . . , Xn, ξ1, ξ2, . . . , ξn].

By 13. we see that this map is an isomorphism of k-algebras. Therefore, the ring D(n)
equipped with the filtration (Dp(n) ; p ∈ Z) satisfies the properties (i)-(vii) from 3. The
filtration (Dp(n) ; p ∈ Z) is called the Bernstein filtration of D(n).

Evidently, the principal antiautomorphism and the Fourier automorphism of D(n) pre-
serve the Bernstein filtration.

9. Modules over rings of differential operators with polynomial coefficients

In this section we study the category of modules over the rings D(n) of differential oper-
ators with polynomial coefficients. Denote by ML(D(n)), resp. MR(D(n)) the categories
of left, resp. right, D(n)-modules. The principal antiautomorphism φ of D(n) defines then
an exact functor from the category MR(D(n)) into the category ML(D(n)) which maps
the module M into its transpose M t, which is equal to M as additive group and the action
of D(n) is given by the map (T,m) 7−→ φ(T )m for T ∈ D(n) and m ∈ M . An analogous
functor is defined from ML(D(n)) into MR(D(n)). Clearly these functors are mutually
inverse equivalencies of categories. If we denote by ML

fg(D(n)) and MR
fg(D(n)) the cor-

responding categories of finitely generated modules, we see that these functors also induce
their equivalence. Therefore in the following we can restrict ourselves to the discussion of
left modules and drop the superscript L from our notation (except in the cases when we
want to stress that we deal with right modules).

First we consider D(n) as a ring equipped with the Bernstein filtration. Since in this
case D0(n) = k we can define the dimension of modules from ML

fg(D(n)) and MR
fg(D(n))

using the additive function dimk on the category of finite-dimensional vector spaces over k.
This dimension d(M) and the corresponding multiplicity e(M) of a module M are called
the Bernstein dimension and the Bernstein multiplicity respectively. Since the principal
antiautomorphism preserves the Bernstein filtration we see that d(M) = d(M t) for any
finitely generated D(n)-module M .

For any finitely generatedD(n)-moduleM we have an exact sequence D(n)p −→M −→ 0,
hence d(M) ≤ d(D(n)). In addition, from 8.5 we conclude the following result.

9.1. Lemma. For any finitely generated D(n)-module M we have d(M) ≤ 2n.

The main result of the dimension theory of D(n) is the following statement.

9.2. Theorem. Let M be a finitely generated D(n)-module and M 6= 0. Then d(M) ≥
n.

Proof. Since M is a finitely generated D(n)-module, by 3.3, we can equip it with a
good filtration. Also, we can clearly assume that FnM = 0 for n < 0 and F0M 6= 0.

For any p ∈ Z+ we can consider the linear map Dp(n) −→ Homk(FpM,F2pM) which
attaches to T ∈ Dp(n) the linear map m 7−→ Tm. We claim that this map is injective. For
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p ≤ 0 this is evident. Assume that it holds for p− 1 and that T ∈ Dp(n) satisfies Tm = 0
for all m ∈ FpM . Then, for any v ∈ Fp−1M and 1 ≤ i ≤ n we have Xiv ∈ FpM and
∂iv ∈ FpM , hence

[Xi, T ]v = XiTv − TXiv = 0

and

[∂i, T ]v = ∂iTv − T∂iv = 0

and [Xi, T ], [∂i, T ] ∈ Dp−1(n) by 8.13. By the induction assumption this implies that
[Xi, T ] = 0 and [∂i, T ] = 0 for 1 ≤ i ≤ n, and T is in the center of D(n). Since the center
of D(n) is equal to k by 8.11, we conclude that T = 0. Therefore,

dimk(Dp(n)) ≤ dimk(Homk(FpM,F2pM)) = dimk(FpM) · dimk(F2pM)

for any p ∈ Z. On the other hand, for large p ∈ Z+ the left side is equal to a polynomial in
p of degree 2n with positive leading coefficient and the right side is equal to a polynomial in
p of degree 2d(M) with positive leading coefficient. This is possible only if d(M) ≥ n. ˜

We say that a finitely generated D(n)-module is holonomic if d(M) ≤ n. In other words,
M is holonomic if and only if either M = 0 or d(M) = n.

9.3. Remark. There exist nonzero holonomic D(n)-modules. For example, the ring
k[X1, X2, . . . , Xn] has a natural structure of a finitely generated D(n)-module, and its fil-
tration by degree of polynomials is a good filtration. It follows that d(k[X1, X2, . . . , Xn]) =
n, and it is a holonomic D(n)-module.

Now we want to study some homological properties of the ring D(n). Since the graded
ring GrD(n) with respect to the Bernstein filtration is equal to k[X1, . . . , Xn, ξ1, . . . , ξn]
we conclude from 5.13 and 7.8 that hd(D(n)) ≤ hd(GrD(n)) = 2n. In particular, we see
that the homological dimension of D(n) is finite.

To get a more precise result we need to study the Bernstein dimension of finitely gen-
erated right D(n)-modules Extj

D(n)(M,D(n)), 0 ≤ j ≤ 2n, for a finitely generated left

D(n)-module M . First, from 5.18 we know that if M 6= 0, there exists at least one j such

that Extj
D(n)(M,D(n)) 6= 0. Therefore, we can define as usual

j(M) = min{j ∈ Z+ | Extj
D(n)(M,D(n)) 6= 0}.

The following result gives a homological interpretation of the Bernstein dimension.

9.4. Theorem. Let M be a finitely generated left D(n)-module. Then

(i) Extj
D(n)(M,D(n)) = 0 for j < 2n− d(M);

(ii) d(Extj
D(n)(M,D(n))) ≤ 2n− j for all 0 ≤ j ≤ 2n;

(iii) d(Ext
2n−d(M)
D(n) (M,D(n))) = d(M).
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In particular, if M 6= 0, Ext
2n−d(M)
D(n) (M,D(n)) 6= 0 , i.e.,

d(M) + j(M) = 2n.

Proof. To prove this we use the fact that GrD(n) = k[X1, X2, . . . , Xn, ξ1, ξ2, . . . , ξn]
and the results from the end of 7. There we constructed, for a finitely generated left D(n)-
module M with a good filtration FM , a spectral sequence with E1-term given by Epq1 =

Grp Extp+qGrD(n)(GrM,GrD(n)) which converges to Extp+q
D(n)(M,D(n)). More precisely, if

we equip Extj
D(n)(M,D(n)) with good filtrations induced by the good filtrations on the

modules in the complex K ·, we have Epq∞ = Grp Extp+q
D(n)(M,D(n)). By 6.3.(i) we know

that ExtjGrD(n)(GrM,GrD(n)) = 0 for j < 2n − d(GrM) = 2n − d(M). Therefore,

Epq1 = 0 for p+ q < 2n− d(M) and Epq∞ = 0 for p+ q < 2n− d(M). This implies (i).
Since ⊕p+q=jE

pq
r are finitely generated GrD(n)-modules, and ⊕p+q=jE

pq
r+1 is a quotient

of a submodule of ⊕p+q=jE
pq
r , by 3.8 we conclude that d(⊕p+q=jE

pq
r+1) ≤ d(⊕p+q=jE

pq
r )

for any r ∈ Z+ and j ∈ Z. This implies in particular that

d(ExtjGrD(n)(GrM,GrD(n))) = d(⊕p+q=jE
pq
1 ) ≥ d(⊕p+q=jE

pq
∞)

= d(GrExtj
D(n)(M,D(n))) = d(Extj

D(n)(M,D(n)))

for any j ∈ Z+. Therefore, by 6.3.(ii), we see that (ii) holds.
Moreover, the differentials dr induce morphisms dr : ⊕p+q=jE

pq
r −→ ⊕p+q=j+1E

pq
r of

GrD-modules for any j ∈ Z. If j = 2n − d(M), the differential dr : ⊕p+q=j−1E
pq
r −→

⊕p+q=jE
pq
r is always zero since, by the preceding discussion, ⊕p+q=j−1E

pq
r = 0 for all

r ∈ N. Therefore, Epqr+1 ⊂ Epqr for any p + q = j and r ∈ N. On the other hand, we also
remarked that d(⊕p+q=j+1E

pq
r ) ≤ 2n− j − 1 for any r ∈ N. Since, by 6.3.(iii),

d(⊕p+q=jE
pq
1 ) = d(ExtjGrD(n)(GrM,GrD(n))) = d(GrM) = d(M) = 2n− j,

we see by induction in r that d(⊕p+q=jE
pq
r ) = 2n − j for any r ∈ N. This implies that

d(Extj
D(n)(M,D(n))) = 2n− j = d(M) and proves (iii). ˜

9.5. Corollary. Let M be a finitely generated left D(n)-module. Then

(i) Extj
D(n)(M,D(n)) = 0 for j > n.

(ii) ExtnD(n)(M,D(n)) is a holonomic module.

Proof. (i) By 4. we know that d(Extj
D(n)(M,D(n))) ≤ 2n− j < n for j > n. On the

other hand, 2. then implies that Extj
D(n)(M,D(n)) = 0 for j > n.

(ii) By 4, d(ExtnD(n)(M,D(n))) ≤ 2n− n = n. ˜
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9.6. Corollary. Let M 6= 0 be a finitely generated left D(n)-module. Then the
following conditions are equivalent:

(i) M is holonomic;

(ii) Extj
D(n)(M,D(n)) = 0 for j 6= n.

Proof. The condition (ii) is, by 5, equivalent to j(M) = n. The statement follows
immediately from 4. ˜

9.7. Theorem. hd(D(n)) = n.

Proof. From 5. and 5.15 we conclude that hd(D(n)) ≤ n. In addition, from 3. we
know that there exists a nonzero holonomic left D(n)-module M , for which by 6. we have
ExtnD(n)(M,D(n)) 6= 0. ˜

The next result will be useful later. It shows that equivalencies of categories preserve
the dimension function on Mfg(D(n)).

9.8. Proposition. Let Ψ : Mfg(D(n)) −→ Mfg(D(n)) be an equivalence of additive
categories. Then d(Ψ(M)) = d(M) for any M ∈ Mfg(D(n)).

Proof. If Ψ is an equivalence of categories, M 6= 0 is equivalent to Ψ(M) 6= 0.
Therefore, we can consider j(M) and j(Ψ(M)), and by 4.(iii) it is enough to show that
j(M) = j(Ψ(M)).

First we claim that the projective objects in Mfg(D(n)) are exactly the finitely gener-
ated projective D(n)-modules. Clearly, any finitely generated projective D(n)-module is a
projective object in Mfg(D(n)). On the other hand, a projective object in Mfg(D(n)) is
a direct summand of a free D(n)-module of finite rank, hence is a projective D(n)-module.

Therefore, for any M ∈ Mfg(D(n)),

j(M) = min{j ∈ Z+ | Extj
D(n)(M,D(n)) 6= 0}

= min{j ∈ Z+ | Extj
D(n)(M,F ) 6= 0, F free D(n)-module of finite rank}

= min{j ∈ Z+ | Extj
D(n)(M,P ) 6= 0, P finitely generated projective D(n)-module}.

Let P· be a left resolution of M by finitely generated projective D(n)-modules. Then,
since Ψ preserves projective objects in Mfg(D(n)), Ψ(P·) is a left resolution of Ψ(M) by
finitely generated projective D(n)-modules. This implies that for any D(n)-module N ,

Extj
D(n)(Ψ(M),Ψ(N)) = Hj(HomD(n)(Ψ(P·),Ψ(N)))

∼= Hj(HomD(n)(P·, N)) = Extj
D(n)(M,N)

for any j ∈ Z+. In particular,

j(M) = min{j ∈ Z+|Extj
D(n)(M,P ) 6= 0, P finitely generated projective D(n)-module}

= min{j ∈ Z+|Extj
D(n)(Ψ(M),Ψ(P )) 6= 0, P finitely generated projective D(n)-module}

≥ min{j ∈ Z+|Extj
D(n)(Ψ(M), Q) 6= 0, Q finitely generated projective D(n)-module}

= j(Ψ(M)).
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Since Ψ is an equivalence of categories, we analogously conclude that j(M) ≤ j(Ψ(M)). ˜

Now we want to prove some basic properties of holonomic modules.

9.9. Theorem.

(i) Holonomic modules are of finite length.
(ii) Submodules, quotient modules and extensions of holonomic modules are holonomic.

Proof. (ii) follows immediately from 3.8.
(i) Let M be a holonomic D(n)-module different from zero. Then, by definition, d(M) =

n and e(M) ∈ N. Since M is finitely generated and D(n) is a nötherian ring, there exists a
maximalD(n)-submodule M ′ of M different from M . Therefore we have an exact sequence

0 −→M ′ −→M −→M/M ′ −→ 0.

By (ii) M ′ and M/M ′ are holonomic and M/M ′ is an irreducible D(n)-module. If M ′ 6= 0,
we conclude from 3.8 that e(M ′) < e(M). Therefore, by induction in e(M), it follows that
M has finite length. ˜

Therefore, if we denote by Mfl(D(n)), resp. Hol(D(n)), the full subcategories of
Mfg(D(n)) consisting of D(n)-modules of finite length, resp. holonomic D(n)-modules,
we see that Hol(D(n)) is a full subcategory of Mfl(D(n)). One can show that Hol(D(n))
is strictly smaller than Mfl(D(n)) for n > 1.

From 6. and the long exact sequence of Ext·D(n)(−, D(n)) we see that the map M −→

M∗ = ExtnD(n)(M,D(n)) is an exact contravariant functor from the category HolL(D(n))

into the category HolR(D(n)). By abuse of notation denote by the same symbol the
analogous functor from HolR(D(n)) into HolL(D(n)). Therefore, M −→ M∗∗ is an exact
covariant functor from HolL(D(n)) into itself.

9.10. Theorem. The functor M −→ M∗∗ is isomorphic to the identity functor on
HolL(D(n)).

Proof. If F is a free left D(n)-module of finite rank, HomD(n)(F,D(n)) is a free right
D(n)-module of finite rank. Moreover, since any finitely generated projective left D(n)-
module P is a direct summand of a free left D(n)-module of finite rank, HomD(n)(P,D(n))
is a finitely generated projective right D(n)-module.

For any left D(n)-module M we have the natural morphism

DM : M −→ HomD(n)(HomD(n)(M,D(n)), D(n))

defined by DM (m)(φ) = φ(m) for φ ∈ HomD(n)(M,D(n)), m ∈ M . Clearly, it induces
an isomorphism for any free D(n)-module F of finite rank. Using again the fact that any
finitely generated projective D(n)-module P is a direct summand of a free D(n)-module of
finite rank, we see that DP : P −→ HomD(n)(HomD(n)(P,D(n)), D(n)) is an isomorphism.
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Let M be a finitely generated D(n)-module. By 7. there exists a left resolution P· of
length n of M by finitely generated projective left D(n)-modules. Therefore, the complex
C· = HomD(n)(P·, D(n)) satisfies the following properties:

(i) Cj are finitely generated projective right D(n)-modules,
(ii) Cj = 0 for j < 0 and j > n,

(iii) Hj(C·) = Extj
D(n)(M,D(n)) for any 0 ≤ j ≤ n.

By 6. we know that Hj(C·) = 0 for j 6= n and Hn(C·) = ExtnD(n)(M,D(n)). Therefore,
C· is a left resolution of M∗ shifted to the right by n. Applying the same argument again,
we see that the complex D· = HomD(n)(C

·, D(n)) is a left resolution of M∗∗. On the other
hand, D induces an isomorphism of this complex with P·. Hence, M∗∗ ∼= M . ˜

Finally, if M is a D(n)-module, we can define its Fourier transform F(M) as the module
which is equal toM as additive group and the action ofD(n) is given by the map (T,m) 7−→
F(T )m for T ∈ D(n) and m ∈ M . Clearly the Fourier transform is an autoequivalence
of the category M(D(n)). It also induces an autoequivalence of the category Mfg(D(n)).
From the fact that the Fourier automorphism F preserves the Bernstein filtration (or from
3.9) we conclude the following result.

9.11. Lemma. Let M be a finitely generated D(n)-module. Then d(F(M)) = d(M).

In particular, Fourier transform preserves holonomic modules.

10. Characteristic variety

Now we want to study properties of D(n)-modules in more geometric terms. In particu-
lar, we want to consider the filtration FD(n) of D(n) by the degree of differential operators
instead of the Bernstein filtration, since the first one makes sense for rings of differential
operators on smooth affine varieties.

First, since any D(n)-module M can be viewed as a k[X1, X2, . . . , Xn]-module, we can
consider its support supp(M) ⊂ kn.

10.1. Proposition. Let M be a finitely generated D(n)-module. Then supp(M) is a
closed subvariety of kn.

Proof. Fix a good filtration FM on M . Then, for x ∈ kn, Mx = 0 is equivalent
to (FpM)x = 0 for all p ∈ Z. Therefore, by the exactness of localization, it is equiva-
lent to (GrM)x = 0. Let Ip be the annihilator of the k[X1, X2, . . . , Xn]-module GrpM ,
p ∈ Z. Since GrpM are finitely generated k[X1, X2, . . . , Xn]-modules, by 4.2 their sup-
ports supp(GrpM) are equal to V (Ip). This implies that supp(M) = ∪p∈ZV (Ip). Let
m1, m2, . . . , ms be a set of homogeneous generators of GrD(n)-module GrM . Then the
annihilator I of m1, m2, . . . , ms in k[X1, X2, . . . , Xn] annihilates whole GrM . Therefore,
there is a finite subset S of Z such that ∩p∈SIp = I ⊂ Iq for all q ∈ Z. This implies that
∪p∈SV (Ip) = V (I) ⊃ V (Iq) for all q ∈ Z, and supp(M) = V (I). ˜

Let D be a filtered ring with a filtration FD satisfying the properties (i)-(vii) from the
beginning of 3. Let M be a finitely generated D-module and FM a good filtration of M .
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Then GrM is a graded GrD-module. Let I be the annihilator of GrM in GrD. This is
clearly a graded ideal in GrD. Hence, its radical r(I) is also a graded ideal. In general, I
depends on the choice of the good filtration on M , but we also have the following result.

10.2. Lemma. Let M be a finitely generated D-module and FM and F′M two good
filtrations on M . Let I, resp. I ′ be the annihilators of the corresponding graded GrD-
modules GrM and Gr′M . Then r(I) = r(I ′).

Proof. Let T ∈ r(I) ∩ GrpD. Then there exists s ∈ Z+ such that T s ∈ I. If we take
Y ∈ FpD such that Y + Fp−1D = T , we get Y s FqM ⊂ Fq+sp−1M for all q ∈ Z. Hence,
by induction we get

Y ms FqM ⊂ Fq+msp−mM

for all m ∈ N and q ∈ Z. On the other hand, by 3.6, we know that FM and F′M are
equivalent. Hence there exists l ∈ Z+ such that FqM ⊂ F′q+lM ⊂ Fq+2lM for all q ∈ Z.
This leads to

Y ms F′qM ⊂ Y ms Fq+lM ⊂ Fq+l+msp−mM ⊂ F′q+2l+msp−mM

for all q ∈ Z and m ∈ N. If we take m > 2l, it follows that Y ms F′qM ⊂ F′q+msp−1M for
any q ∈ Z, i. e. Tms ∈ I ′. Therefore, T ∈ r(I ′) and we have r(I) ⊂ r(I ′). Since the roles
of I and I ′ are symmetric we conclude that r(I) = r(I ′). ˜

Therefore the radical of the annihilator of GrM is independent of the choice of a good
filtration on GrM . We call it the characteristic ideal of M and denote by J(M).

Now we can apply this construction to D(n). Since GrD(n) = k[X1, . . . , Xn, ξ1, . . . , ξn]
by 8.5, we can define the closed algebraic set

Ch(M) = V (J(M)) ⊂ k2n

which we call the characteristic variety of M .
Since J(M) is a homogeneous ideal in last n variables, we immediately conclude the

following result.

10.3. Lemma. The characteristic variety Ch(M) of a finitely generated D(n)-module
M has the following property: if (x, ξ) ∈ Ch(M) then (x, λξ) ∈ Ch(M) for any λ ∈ k.

We say that Ch(M) is a conical variety.

10.4. Proposition. Let

0 −→M ′ −→M −→M ′′ −→ 0

be an exact sequence of finitely generated D(n)-modules. Then

Ch(M) = Ch(M ′) ∪ Ch(M ′′).
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Proof. Let FM be a good filtration on M . Then it induces a filtration FM ′ on M ′

and FM ′′ on M ′′. By 3.7 we know that these filtrations are also good. Moreover, we have
the exact sequence

0 −→ GrM ′ −→ GrM −→ GrM ′′ −→ 0

of finitely generated k[X1, . . . , Xn, ξ1, . . . , ξn]-modules, and their supports are, by 4.2, the
characteristic varieties of D(n)-modules M , M ′ and M ′′ respectively. Therefore the asser-
tion follows from 4.1. ˜

The fundamental result about characteristic varieties is the following theorem. It also
gives a geometric description of the Bernstein dimension.

10.5. Theorem. Let M be a finitely generated D(n)-module. Then

dimCh(M) = d(M).

Proof. Clearly we can assume that M 6= 0. The proof of 9.4 applies, word by word, to
the situation where Bernstein filtration on D(n) is replaced with the filtration by the order
of differential operators and Bernstein dimension by the dimension of GrM considered as
a module over GrD(n). Hence, we see that

d(M) + j(M) = 2n = d(GrM) + j(M).

Therefore, d(GrM) = d(M). On the other hand, by 4.2, dimCh(M) = d(GrM). ˜

In particular, by combining 9.2 and 5, we get the following result.

10.6. Theorem. Let M be a finitely generated D(n)-module, M 6= 0, and Ch(M) its
characteristic variety. Then dimCh(M) ≥ n.

Let π : k2n −→ kn be the map defined by π(x, ξ) = x for any x, ξ ∈ kn.

10.7. Proposition. Let M be a finitely generated D(n)-module. Then supp(M) =
π(Ch(M)).

Proof. Denote by m1, m2, . . . , ms a set of homogeneous generators of GrM . Then,
as in the proof of 1, the annihilator I of m1, m2, . . . , ms in k[X1, X2, . . . , Xn] satisfies
supp(M) = V (I). On the other hand, if J is the annihilator of m1, m2, . . . , ms in
k[X1, X2, . . . , Xn, ξ1, ξ2, . . . , ξn], it is a homogeneous ideal in ξ1, ξ2, . . . , ξn which satisfies
I = k[X1, X2, . . . , Xn] ∩ J , and Ch(M) = V (J). This implies that x ∈ V (I) = supp(M)
is equivalent with (x, 0) ∈ V (J) = Ch(M). Since Ch(M) is conical this implies the
assertion. ˜

Let M be a finitely generated D(n)-module. Define the singular support of M as

sing supp(M) = {x ∈ kn | (x, ξ) ∈ Ch(M) for some ξ 6= 0}.

Then sing supp(M) ⊂ supp(M).
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10.8. Lemma. Let M be a finitely generated D(n)-module. Then sing supp(M) is a
closed subvariety of supp(M).

Proof. Let p : kn − {0} −→ Pn−1(k) be the natural projection. Then

1 × p : kn × (kn − {0}) −→ kn × P
n−1(k)

projects Ch(M) − (kn × {0}) onto the closed subvariety of kn × Pn−1(k) corresponding
to the ideal J(M) which is homogeneous in ξ1, ξ2, . . . , ξn. Finally, the projection to the
first factor kn × Pn−1(k) −→ kn maps it onto sing supp(M). Since Pn−1(k) is a complete
variety, the projection kn × Pn−1(k) −→ kn is a closed map. Therefore, sing supp(M) is
closed. ˜

10.9. Corollary. Let M be a holonomic D(n)-module. Then dim sing supp(M) ≤
n− 1.

Proof. We can assume that M 6= 0. By 5. we see that J(M) defines an n-dimensional
subvariety of k2n. Therefore, since J(M) is homogeneous in last n variables it defines an
(n− 1)-dimensional variety in kn × Pn−1(k) and its projection into kn is at most (n− 1)-
dimensional. ˜

11. Exterior tensor products

Let X = kn and Y = km in the following, and denote by DX and DY the corresponding
algebras of differential operators with polynomial coefficients. Then we can consider the
algebra DX ˆDY which is equal to DX ⊗k DY as a vector space over k, and the multipli-
cation is defined by (T ⊗ S)(T ′ ⊗ S′) = TT ′ ⊗ SS′ for T, T ′ ∈ DX and S, S′ ∈ DY . We
call DX ˆ DY the exterior tensor product of DX and DY .

The following result is evident.

11.1. Lemma. DX ˆ DY = DX×Y .

If M and N are DX -, resp. DY -modules, we can define DX×Y -module M ˆN which is
equal to M ⊗k N as a vector space over k, and the action of DX ˆ DY = DX×Y is given
by (T ⊗ S)(m⊗ n) = Tm⊗ Sn for any T ∈ DX , S ∈ DY , m ∈M and n ∈ N .

11.2. Lemma. Let M be a finitely generated DX-module and N a finitely generated
DY -module. Then M ˆN is a finitely generated DX×Y -module.

Proof. Let e1, e2, . . . , ep and f1, f2, . . . , fq be generators of M and N respectively.
Then for any m ∈ M and n ∈ N , we have m =

∑

Tiei, Ti ∈ DX , and n =
∑

Sjfj,
Sj ∈ DY . This implies that m ⊗ n =

∑∑

Tiei ⊗ Sjfj =
∑∑

(Ti ⊗ Sj)(ei ⊗ fj), and
ei ⊗ fj , 1 ≤ i ≤ p, 1 ≤ j ≤ q, generate M ˆ N . ˜

Our main goal in this section is to prove the following result.

11.3. Theorem. Let M be a finitely generated DX -module and N a finitely generated
DY -module. Then d(M ˆ N) = d(M) + d(N).

This result has the following important consequence.
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11.4. Corollary. Let M be a holonomic DX -module and N a holonomic DY -module.
Then M ˆ N is a holonomic DX×Y -module.

Let DX and DY be equipped with the Bernstein filtration. Let M and N be finitely
generated DX -, resp. DY -modules with good filtrations FM and FN respectively. Define
the product filtration on M ˆ N by

Fj(M ˆ N) =
∑

p+q=j

FpM ⊗k FqN

for any j ∈ Z. Clearly the product filtration on DX ˆDY = DX×Y agrees with the Bern-
stein filtration. Therefore, F(M ˆN) is an exhaustive hausdorff DX×Y -module filtration.

Now we want to describe Gr(M ˆN). Let j ∈ Z. If p+ q = j we have a well-defined k-
linear map FpM⊗kFqN −→ GrpM⊗kGrq N with kernel Fp−1M⊗kFqN+FpM⊗kFq−1N .
On the other hand,

Fp−1M⊗kFq N+FpM⊗kFq−1N = (FpM⊗kFq N)∩

(

∑

p′+q′=j, p′ 6=p, q′ 6=q

Fp′ M⊗kFq′ N

)

,

hence the natural linear surjection of ⊕p+q=j FpM ⊗k FqN −→ ⊕p+q=j GrpM ⊗k GrqN
factors through Fj(M ˆN). The kernel of the linear map

Fj(M ˆ N) −→ ⊕p+q=j GrpM ⊗k GrqN

is equal to the image of ⊕p+q=j(Fp−1M ⊗k FqN +FpM ⊗k Fq−1N) in Fj(M ˆN) which
is equal to Fj−1(M ˆ N). This implies that Grj(M ˆ N) = ⊕p+q=j GrpM ⊗k Grq N for
any j ∈ Z.

If we define analogously the algebra GrDX ˆ GrDY with grading given by the total
degree, we see that GrDX ˆ GrDY = GrDX×Y . In addition, GrM ˆ GrN becomes a
graded GrDX×Y -module isomorphic to Gr(M ˆ N) by the preceding discussion. Since
the filtrations FM and FN are good, GrM and GrN are finitely generated GrDX -,
resp. GrDY -modules by 3.1. By an analogue of 2, Gr(M ˆ N) is a finitely generated
GrDX×Y -module. This implies that the product filtration is a good filtration on M ˆN .

Let

P (M, t) =
∑

p∈Z

dimk(GrpM) tp

and

P (N, t) =
∑

q∈Z

dimk(Grq N) tq
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be the Poincaré series of GrM and GrN . Then

P (M, t)P (N, t) =
∑

p∈Z

∑

q∈Z

dimk(GrpM) dimk(Grq N) tp+q

=
∑

j∈Z





∑

p+q=j

dimk(GrpM) dimk(GrqN)



 tj

=
∑

j∈Z





∑

p+q=j

dimk(GrpM ⊗k GrqN)



 tj

=
∑

j∈Z

dimk Grj(M ˆ N) tj = P (M ˆ N, t)

is the Poincaré series of M ˆN . Therefore, the order of the pole at 1 of P (M ˆN, t) is the
sum of the orders of poles of P (M, t) and P (N, t). From 1.5, we see that this immediately
implies 3.

12. Inverse and direct images

Let X = kn and Y = km and denote by x1, x2, . . . , xn and y1, y2, . . . , ym the canonical
coordinate functions on X and Y respectively. Let R(X) = k[x1, x2, . . . , xn] and R(Y ) =
k[y1, y2, . . . , ym] denote the rings of regular functions on X and Y respectively.

Let F : X −→ Y be a polynomial map, i.e.,

F (x1, x2, . . . , xn) = (F1(x1, x2, . . . , xn), F2(x1, x2, . . . , xn), . . . , Fm(x1, x2, . . . , xn))

with Fi ∈ R(X). Then F defines a ring homomorphism φF : R(Y ) −→ R(X) by φF (P ) =
P ◦F for P ∈ R(Y ). Therefore we can view R(X) as an R(Y )-module. Hence, we can define
functor F ∗ from the category M(R(Y )) of R(Y )-modules into the category M(R(X)) of
R(X)-modules given by the following formula

F ∗(M) = R(X) ⊗R(Y ) M

for any R(Y )-module M . Clearly F ∗ : M(R(Y )) −→ M(R(X)) is a right exact functor.
We call it the inverse image functor.

Denote now by DX and DY the algebras of differential operators with polynomial coeffi-
cients on X and Y respectively. If M is a left DY -module, we want to define a DX -module
structure on the inverse image F ∗(M). (As we remarked at the beginning of 9, the trans-
position functor is an equivalence of the category of left modules with the category of right
modules, hence we can analogously treat right modules.) First we consider the bilinear
map

(P, v) 7−→
∂P

∂xi
⊗ v +

n
∑

j=1

P
∂Fj
∂xi

⊗
∂

∂yj
v,
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from R(X)×M into R(X) ⊗R(Y ) M . Since

∂P (Q ◦ F )

∂xi
⊗ v +

n
∑

j=1

P (Q ◦ F )
∂Fj
∂xi

⊗
∂

∂yj
v

=
∂P

∂xi
⊗Qv +

n
∑

j=1

P

(

∂Q

∂yj
◦ F

)

∂Fj
∂xi

⊗ v +
n
∑

j=1

P (Q ◦ F )
∂Fj
∂xi

⊗
∂

∂yj
v

=
∂P

∂xi
⊗Qv +

n
∑

j=1

P
∂Fj
∂xi

⊗ (
∂Q

∂yj
v +Q

∂

∂yj
v)

=
∂P

∂xi
⊗Qv +

n
∑

j=1

P
∂Fj
∂xi

⊗
∂

∂yj
(Qv)

for any Q ∈ R(Y ), this map factors through a linear endomorphism of F ∗(M) which we
denote by ∂

∂xi
. By direct calculation we get

[

∂

∂xi
,
∂

∂xj

]

(P ⊗ v) = 0

and
[

∂

∂xi
, xj

]

(P ⊗ v) = δij(P ⊗ v),

hence, by 8.10, we see that F ∗(M) has a natural structure of a left DX -module.
This structure can be described in another way. Let

DX→Y = F ∗(DY ) = R(X)⊗R(Y ) DY .

Then, as we just described, DX→Y has the structure of a left DX -module. But it also
has a structure of a right DY -module given by the right multiplication on DY . These two
actions clearly commute, hence DX→Y is a (left DX , right DY )-bimodule. Moreover, for
any DY -module M we have

F ∗(M) = R(X)⊗R(Y ) M = (R(X)⊗R(Y ) DY ) ⊗DY
M = DX→Y ⊗DY

M

and the action of DX on F ∗(M) is given by the action on the first factor in the last
expression. From this relation it is evident that the inverse image functor is a right exact
functor from ML(DY ) into ML(DX). Since hd(DY ) = m by 9.7, the left cohomological
dimension of F ∗ is ≤ m. Therefore, the left derived functors LiF ∗ of F ∗, given by

L−jF ∗(M) = TorDY

j (DX→Y ,M)

for a left DY -module M , vanish for j > m.
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12.1. Lemma. Let P be a projective left DY -module. Then F ∗(P ) is a projective
R(X)-module.

Proof. Let P be a projective DY -module. Then it is a direct summand of a free DY -

module (DY )(I). This implies that F ∗(P ) is a direct summand of F ∗(D
(I)
Y ). Since DY is

a free R(Y )-module, F ∗(D
(I)
Y ) is a free R(X)-module. ˜

12.2. Theorem. Let X = kn, Y = km and Z = kp, and F : X −→ Y and G : Y −→ Z
polynomial maps. Then

(i) the the inverse image functor (G◦F )∗ from ML(DZ) into ML(DX) is isomorphic
to F ∗ ◦G∗;

(ii) for any left DZ-module M there exist a spectral sequence with E2-term Epq2 =
LpF ∗(LqG∗(M)) which converges to Lp+q(G ◦ F )∗(M).

Proof. (i) We consider first the polynomial ring structures. In this case

(G ◦ F )∗(M) = R(X)⊗R(Z) M = R(X) ⊗R(Y ) (R(Y ) ⊗R(Z) M) = F ∗(G∗(M))

for any DZ-module M .
On the other hand,

∂

∂xi
(P ⊗ v) =

∂

∂xi
(P ⊗ (1 ⊗ v))

=
∂P

∂xi
⊗ (1 ⊗ v) +

m
∑

j=1

P
∂Fj
∂xi

⊗
∂

∂yj
(1 ⊗ v)

=
∂P

∂xi
⊗ v +

m
∑

j=1

P
∂Fj
∂xi

⊗

(

p
∑

k=1

∂Gk
∂yj

⊗
∂

∂zk
v

)

=
∂P

∂xi
⊗ v +

p
∑

k=1

P
m
∑

j=1

∂Fj
∂xi

(

∂Gk
∂yj

◦ F

)

⊗
∂

∂zk
v

=
∂P

∂xi
⊗ v +

p
∑

k=1

P
∂(Gk ◦ F )

∂xi
⊗

∂

∂zk
v

for any P ∈ R(X) and v ∈M . Hence the DX -actions agree.
(ii) By 1, for any projective DZ-module P , the inverse image G∗(P ) is F ∗-acyclic.

Therefore, the statement follows from the Grothendieck spectral sequence. ˜

Now we consider an especially simple example. Let p be the projection of X ×Y to the
second factor. Then

p∗(M) = R(X × Y ) ⊗R(Y ) M = (R(X) ˆR(Y )) ⊗R(Y ) M = R(X) ˆ M

as a module over R(X × Y ) = R(X) ˆ R(Y ). On the other hand, from the definition it
follows immediately that the actions ∂

∂xi
and ∂

∂yj
also agree, i.e., p∗(M) = R(X) ˆ M .

From 11.3 and 11.4 we immediately get the following result.
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12.3. Proposition. Let p : X × Y −→ Y be the projection defined by p(x, y) = y for
x ∈ X, y ∈ Y . Then,

(i) p∗ is an exact functor from ML(DY ) into ML(DX×Y );
(ii) p∗(M) = R(X) ˆ M for any left DY -module M ;
(iii) p∗(M) is a finitely generated DX×Y -module if M is a finitely generated
(iv) d(p∗(M)) = d(M) + n for any finitely generated left DY -module M .

In particular, a finitely generated DY -module M is holonomic if and only if p∗(M) is
holonomic.

If we apply the transposition to the both actions on DX→Y we get the (left DY , right
DX)-bimodule DY←X . This allows the definition of the left DY -module

F+(M) = DY←X ⊗DX
M

for any left DX -module M . Clearly, F+ is a right exact functor from ML(DX) into
ML(DY ). We call it the direct image functor. Since hd(DX) = n by 9.7, the left coho-
mological dimension of F+ is ≤ n. Therefore, the left derived functors LiF+ of F+, given
by

L−jF+(M) = TorDX

j (DY←X ,M)

for a left DX -module M , vanish for j > n.

12.4. Lemma. Let X = kn, Y = km and Z = kp, and F : X −→ Y and G : Y −→ Z
polynomial maps. Then

(i) DX→Z = DX→Y ⊗DY
DY→Z ;

(ii) TorDY

j (DX→Y , DY→Z) = 0 for j ∈ N.

Proof. (i) By 2.(i) we have

DX→Z = (G ◦ F )∗(DZ) = F ∗(G∗(DZ)) = F ∗(DY→Z) = DX→Y ⊗DY
DY→Z .

(ii) Let M be a left DY -module and F· its left resolution by free DY -modules. Since
DY is a free R(Y )-module for left multiplication, we can also view it as a resolution by
free R(Y )-modules. This implies that

Tor
R(Y )
j (R(X),M) = Hj(R(X) ⊗R(Y ) F·)

= Hj((R(X)⊗R(Y ) DY ) ⊗DY
F·) = TorDY

j (DX→Y ,M).

Since DY→Z is a free R(Y )-module, Tor
R(Y )
j (R(X), DY→Z) = 0 for j ∈ N, what implies

our assertion. ˜

This implies, by transposition of actions, the following statements

DZ←X = DZ←Y ⊗DY
DY←X
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and
TorDY

j (DZ←Y , DY←X) = 0

for j ∈ N.

If P is a projective left DX -module, P ⊕ Q = D
(I)
X for some left DX -module Q and

some I. Therefore, F+(P ) ⊕ F+(Q) = F+(D
(I)
X ) = (DY←X )(I). This implies the following

result.

12.5. Lemma. Let P be a projective left DX-module. Then

TorDY

j (DZ←Y , F+(P )) = 0

for j ∈ N.

12.6. Theorem. Let X = kn, Y = km and Z = kp, and F : X −→ Y and G : Y −→ Z
polynomial maps. Then

(i) the direct image functor (G ◦ F )+ from ML(DX) into ML(DZ) is isomorphic to
G+ ◦ F+;

(ii) for any left DX-module M there exist a spectral sequence with E2-term Epq2 =
LpG+(LqF+(M)) which converges to Lp+q(G ◦ F )+(M).

Proof. (i) For any left DX -module M by 4.(i) we have

(G ◦ F )+(M) = DZ←X ⊗DX
M = (DZ←Y ⊗DY

DY←X) ⊗DX
M

= DZ←Y ⊗DY
(DY←X ⊗DX

M) = DZ←Y ⊗DY
F+(M) = G+(F+(M)).

(ii) By 5, for any projective DX -module P , the direct image F+(P ) is G+-acyclic.
Therefore, the statement follows from the Grothendieck spectral sequence. ˜

Now we consider a simple example. Let i be the canonical injection of X into X × Y
given by i(x) = (x, 0) for any x ∈ X . Then

DX→X×Y = i∗(DX×Y ) = i∗(DX ˆ DY ) = DX ˆ DY /((y1, y2, . . . , ym)DY )

and
DX×Y←X = DX ˆDY /(DY (y1, y2, . . . , ym)).

This implies that
i+(M) = M ˆDY /(DY (y1, y2, . . . , ym))

for any left DX -module M .

12.7. Proposition. Let i : X −→ X × Y be the injection defined by i(x) = (x, 0) for
x ∈ X. Then,

(i) i+ is an exact functor from ML(DX) into ML(DX×Y );
(ii) i+(M) = M ˆDY /(DY (y1, y2, . . . , ym)) for any left DX-module M ;
(iii) i+(M) is finitely generated DX×Y -module if M is a finitely generated DX-module;
(iv) d(i+(M)) = d(M) +m for any finitely generated left DX-module M .
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In particular, a finitely generated DX -module M is holonomic if and only if i+(M) is
holonomic.

Proof. We already proved (ii), and it immediately implies (i). Clearly, the quotient
DY /(DY (y1, y2, . . . , ym)) is a finitely generated DY -module, hence (iii) follows from 11.2.
To prove (iv) we first remark that by 11.3, we have

d(i+(M)) = d(M) + d(DY /(DY (y1, y2, . . . , ym))).

It remains to determine the dimension of N = DY /(DY (y1, y2, . . . , ym)).
The Fourier transform F(N) of this module is equal to DY /(DY (∂1, ∂2, . . . , ∂m)) =

R(Y ). Since the Fourier transform preserves the dimension of modules by 9.1, we have
d(N) = d(R(Y )) = m. ˜

13. Kashiwara’s theorem

Let X = kn and Y = {xn = 0} ⊂ X . We put also Z = {x1 = x2 = · · · = xn−1 = 0} ∼= k.
Hence X = Y × Z. This also implies that DX = DY ˆ DZ . Let M be a DX -module and
put

Γ[Y ](M) = {m ∈M | xpnm = 0 for some p ∈ N}.

13.1. Lemma. Let M be a DX-module. Then:

(i) Γ[Y ](M) is a DX -submodule of M ;
(ii) supp(Γ[Y ](M)) ⊂ Y ;
(iii) if N is a DX-submodule of M with supp(N) ⊂ Y , then N ⊂ Γ[Y ](M).

Proof. (i) Let m ∈ Γ[Y ](M). Then xim ∈ Γ[Y ](M) and ∂jm ∈ Γ[Y ](M) for 1 ≤ i ≤ n
and 1 ≤ j < n. It remains to check that ∂nm ∈ Γ[Y ](M). We have

xj+1
n ∂nm = [xj+1

n , ∂n]m+ ∂nx
j+1
n m = −(j + 1)xjnm+ ∂nx

j+1
n m

for any j ∈ N. Hence, if xjnm = 0, we see that xj+1
n ∂nm = 0.

(ii) If x /∈ Y , xn /∈ mx and the localization Γ[Y ](M)x = 0.
(iii) Assume that N is a DX -submodule of M with supp(N) ⊂ Y . Let m ∈ N and

denote by N ′ the R(X)-submodule generated by m. Then supp(N ′) ⊂ Y . Since N ′ is
finitely generated, by 4.2, its support is equal to the variety determined by its annihilator
I in R(X). By Nullstelensatz we see that r(I) ⊃ (xn). This implies that xjn annihilates
N ′ for some j ∈ N, i.e., m ∈ Γ[Y ](M). ˜

Therefore Γ[Y ](M) is the largest DX -submodule of M supported in Y .
The multiplication by xn defines an endomorphism of M as DY -module. Let

M0 = kerxn ⊂ Γ[Y ](M)

and
M1 = cokerxn = M/xnM.

Denote by i the natural inclusion of Y into X .
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13.2. Lemma. Let M be a DX-module. Then:

(i) Lji∗(M) = Mj+1 for j = 0,−1;
(ii) Lji∗(M) = 0 for j 6= 0,−1.

Proof. By definition, Lji∗(M) = TorDX

−j (DY→X ,M). On the other hand, we estab-
lished in the last section that

DY→X = DY ˆDZ/(xn)DZ = DX/(xn)DX .

Therefore, we have the exact sequence

0 −→ DX
xn−→ DX −→ DY→X −→ 0

where the map from DX into itself is by left multiplication by xn. This is a short exact
sequence of (left DY , right DX)-bimodules and the first two terms are free DX -modules.
Therefore we constructed a resolution of the (left DY , right DX)-bimodule by free right

DX -modules. This implies that TorDX

−j (DY→X ,M) are the cohomology groups of the
complex

. . . −→ 0 −→M
xn−→M −→ 0 −→ . . . . ˜

From the preceding argument we see that

DX←Y = DX/DX(xn) = DY ˆ DZ/DZ(xn) =
∞
⊕

j=0

∂jnDY .

Clearly, we have a natural DX -module morphism

i+(M0) = DX←Y ⊗DY
M0 −→ Γ[Y ](M).

By 2. this is actually a morphism of the functor i+ ◦ L−1i∗ into Γ[Y ].
The critical result of this section is the next lemma.

13.3. Lemma. The morphism i+(M0) −→ Γ[Y ](M) is an isomorphism of DX -modules.

Proof. We first show that the morphism is surjective. We claim that

{m ∈M | xpnm = 0} ⊂ DX ·M0

for any p ∈ N. This is evident for p = 1. If p > 1 and xpnm = 0 we see that

0 = ∂n(x
p
nm) = xp−1

n (pm+ xn∂nm),

and by the induction hypothesis,

pm+ xn∂nm ∈ DX ·M0.
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Also, by the induction hypothesis, xnm ∈ DX ·M0. This implies that

(p− 1)m = pm+ [xn, ∂n]m = pm+ xn∂nm− ∂nxnm ∈ DX ·M0

and m ∈ DX ·M0. Hence the map is surjective.
Now we prove injectivity. By the preceding discussion

i+(M0) = DX←Y ⊗DY
M0 =

∞
⊕

j=0

∂jnM0.

Let (m0, ∂nm1, . . . , ∂
q
nmq, 0, . . . ) be a nonzero element of this direct sum which maps into

0, i.e.,

m0 + ∂nm1 + · · ·+ ∂qnmq = 0,

with minimal possible q. Then

0 = xn(

q
∑

j=0

∂jnmj) =

q
∑

j=1

[xn, ∂
j
n]mj = −

q
∑

j=1

j∂j−1
n mj

and we have a contradiction. Therefore, the kernel of the map is zero. ˜

13.4. Corollary. xnΓ[Y ](M) = Γ[Y ](M).

Proof. By 3. any element of Γ[Y ](M) has the form
∑

j∈Z+
∂jnmj with mj ∈ M0. On

the other hand,

xn
∑

j∈Z+

1

j + 1
∂j+1
n mj = −

∑

j∈Z+

∂jnmj . ˜

13.5. Corollary. Let M be a DX-module. Then

(i) Γ[Y ](M) is a finitely generated DX-module if and only if M0 is a finitely generated
DY -module;

(ii) d(Γ[Y ](M)) = d(M0) + 1.

In particular, Γ[Y ](M) is holonomic if and only if M0 is holonomic.

Proof. (i) From 3. and 12.7.(iii) we see that Γ[Y ](M) is finitely generated if M0 is
finitely generated. Assume that Γ[Y ](M) is a finitely generated DX -module. Let Nj , j ∈ N,
be an increasing sequence of DY -submodules of M0. Then they generate DX -submodules
i+(Nj) = ⊕∞p=0∂

p
nNj of Γ[Y ](M). Since Γ[Y ](M) is a finitely generated DX -module, the

increasing sequence i+(Nj), j ∈ N, stabilizes. Moreover, Nj is the kernel of xn in i+(Nj)
and the sequence Nj , j ∈ N, must also stabilize. Therefore, M0 is finitely generated.

(ii) Follows from 3. and 12.7.(iv). ˜



70 DIFFERENTIAL OPERATORS WITH POLYNOMIAL COEFFICIENTS

13.6. Corollary. Let M be a holonomic DX -module. Then M0 is a holonomic DY -
module.

Proof. If M is holonomic, Γ[Y ](M) is also holonomic. Therefore, the assertion follows
from 5. ˜

Let MY (DX) be the full subcategory of M(DX) consisting of DX -modules supported
in Y . Denote by Mfg,Y (DX) and HolY (DX) the corresponding subcategories of finitely
generated, resp. holonomic, DX -modules supported in Y . Then, by 1, we have M =
Γ[Y ](M) for any M in MY (DX). By 2. and 4. we see that i∗(M) = 0 for any M in

MY (DX), hence L−1i∗ is an exact functor from MY (DX) into M(DY ). On the other
hand, i+ defines an exact functor in the opposite direction, and by 3. the composition
i+ ◦ L−1i∗ is isomorphic to the identity functor on MY (DX). Also it is evident that
L−1i∗ ◦ i+ is isomorphic to the identity functor on M(DY ).

This leads us to the following basic result due to Kashiwara.

13.7. Theorem. The direct image functor i+ defines an equivalence of the cate-
gory M(DY ) (resp. Mfg(DY ), Hol(DY )) with the category MY (DX) (resp. Mfg,Y (DX),
HolY (DX)). Its inverse is the functor L−1i∗.

Proof. It remains to show only the statements in parentheses. They follow immedi-
ately from 5. ˜

14. Preservation of holonomicity

In this section we prove that direct and inverse images preserve holonomic modules. We
start with a simple criterion for holonomicity.

14.1. Lemma. Let D(n) be equipped with the Bernstein filtration. Let M be a D(n)-
module and FM an exhaustive D(n)-module filtration on M . If

dimk FpM ≤
c

n!
pn + (lower order terms in p)

for all p ∈ Z+, M is a holonomic D(n)-module and its length is ≤ c.
In particular, M is a finitely generated D(n)-module.

Proof. Let N be a finitely generated D(n)-submodule of M . Then FM induces an
exhaustive D(n)-module filtration on N . By 3.5 there exists a good filtration F′N of N
and s ∈ Z+ such that F′pN ⊂ Fp+sN for any p ∈ Z. It follows that

dimk F′pN ≤ dimk Fp+sN ≤ dimk Fp+sM ≤
c

n!
pn + (lower order terms in p)

for p ∈ Z+. Therefore, d(N) ≤ n and N is holonomic. If N 6= 0, we have e(N) ≤ c.
Clearly this implies that the length of N is ≤ e(N) ≤ c. It follows that any increasing
sequence of finitely generated D(n)-submodules ofM stabilizes, and thatM itself is finitely
generated. ˜
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Let M be a D(n)-module and P ∈ k[X1, X2, . . . , Xn]. Then on the localization MP of
M we can define k-linear maps ∂i : MP −→MP by

∂i(
m

P p
) = −p∂i(P )

m

P p+1
+
∂im

P p

for any m ∈M and p ∈ Z+. By direct calculation we can check that

[∂i, ∂j](
m

P p
) = 0

and
[∂i, xj](

m

P p
) = δij

m

P p

for any 1 ≤ i, j ≤ n and p ∈ Z+. By 8.10 this defines a structure of D(n)-module on MP .

14.2. Proposition. Let M be a holonomic D(n)-module and P ∈ k[X1, X2, . . . , Xn].
Then MP is a holonomic D(n)-module.

Proof. We can clearly assume that P 6= 0. Let FM be a good filtration on M such
that FpM = 0 for p ≤ 0 and m = degP . Define FpMP = 0 for p < 0 and

FpMP =
{ v

P p

∣

∣

∣
v ∈ F(m+1)pM

}

for p ∈ Z+. Clearly FpMP , p ∈ Z, are vector subspaces of MP .

Let w ∈ FpMP , p > 0. Then w = v
P p = Pv

P p+1 for some v ∈ F(m+1)pM . Since
Pv ∈ F(m+1)p+mM ⊂ F(m+1)(p+1)M , we see that w ∈ Fp+1MP . This proves that the
filtration FMP is increasing.

Let v ∈ FqM . Then v
P p = P sv

P p+s for any s ∈ Z+. Also, P sv ∈ Fq+smM for any s ∈ Z+.
Moreover, (m+ 1)(p+ s) − (q + sm) = s+ (m+ 1)p− q ≥ 0 for s ≥ q − (m+ 1)p. Hence

P sv ∈ Fq+smM ⊂ F(m+1)(p+s)M

and v
P p ∈ Fp+sMP . Therefore, the filtration FMP is exhaustive.

It remains to show that it is a D(n)-module filtration. First, for v ∈ F(m+1)pM ,

xiPv ∈ F(m+1)(p+1)M , hence xi
v
P p = xiPv

P p+1 ∈ Fp+1MP . Also,

∂i

( v

P p

)

=
−p∂i(P )v + P∂iv

P p+1

and −p∂i(P )v + P∂iv ∈ F(m+1)(p+1)M ; hence ∂i
(

v
P p

)

∈ Fp+1MP .
Therefore, we constructed an exhaustive D(n)-module filtration on MP . Since

dimk FpMP ≤ dimk F(m+1)pM ≤ e(M)
((m+ 1)p)n

n!
+ (lower order terms in p)

for p ∈ Z+, MP is holonomic by 1. ˜
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14.3. Corollary. Let P ∈ k[X1, X2, . . . , Xn]. Then k[X1, X2, . . . , Xn]P is a holo-
nomic D(n)-module.

Now we put X = kn and Y = km. Let F : X −→ Y be a polynomial map. We want
to study the behavior of holonomic modules under the action of inverse and direct image
functors. First we use the graph construction to reduce the problem to special maps. We
have the following diagram:

X
1×F

−−−−→ X × Y
∥

∥

∥

pr2





y

X
F

−−−−→ Y

where (1 × F )(x) = (x, F (x)), for x ∈ X , is an immersion, and pr2(x, y) = y for x ∈ X
and y ∈ Y , is a projection.

By 12.3 we know that pr∗2 is exact and maps holonomic modules into holonomic modules.
Also, since the spectral sequence from 12.2 collapses in this case, we see immediately that
Lp(1 × F )∗ ◦ pr∗2 = LpF ∗ for any p ∈ Z. This reduces the analysis to the case of the
immersion j = 1 × F .

We first discuss the immersion i : X −→ X × Y given by i(x) = (x, 0) for x ∈ X .

14.4. Lemma. Let M be a DX×Y -module. Then L−pi∗(M) = 0 for p > dimY .
If M is a holonomic DX×Y -module, the DX-modules Lpi∗(M), p ∈ Z, are holonomic.

We prove this statement by induction in dimY . If dimY = 1, this corresponds to the
situation studied (with different notation) in 13.2. If we denote by y1 the natural coordinate

on Y , and consider the DX -module morphism M
y1
−→ M , we have i∗(M) = coker y1

and L−1i∗(M) = ker y1 and all other derived inverse images vanish. Moreover, if M is
holonomic L−1i∗(M) is holonomic by 13.6.

14.5. Lemma. Let M be a holonomic DX×Y -module. Then i∗(M) is holonomic.

Proof. Let M̄ = M/Γ[X](M), i.e., we have the short exact sequence

0 −→ Γ[X](M) −→M −→ M̄ −→ 0.

Since i∗ is right exact functor, this leads to the exact sequence

i∗(Γ[X](M)) −→ i∗(M) −→ i∗(M̄) −→ 0.

On the other hand, by 13.4, we see that i∗(Γ[X](M)) = 0. Therefore, the natural map

i∗(M) −→ i∗(M̄) is an isomorphism.
Let m̄ ∈ Γ[X](M̄) ⊂ M̄ and denote by m ∈ M the representative of m̄. Then yp1m̄ = 0

for sufficiently large p ∈ Z+. Therefore, yp1m ∈ Γ[X](M). This in turn implies that

yp+qm = yq(ypm) = 0 for sufficiently large q ∈ Z+. Hence, m ∈ Γ[X](M) and m̄ = 0. It

follows that Γ[X](M̄) = 0.

If M is a holonomic DX×Y -module, M̄ is a holonomic DX×Y -module.
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Therefore, we can assume from the beginning that Γ[X](M) = 0. This means that the
multiplication by y1 is injective on M , and M imbeds into its localization My1 . Consider
the exact sequence

0 −→M −→My1

φ
−→ N −→ 0.

Let n ∈ N . Then n = φ
(

m
y

p

1

)

for some m ∈ M and p ∈ Z+. Therefore, yp1n = φ(m) = 0

and n ∈ Γ[X](N). Hence, we have Γ[X](N) = N .
Since M is a holonomic DX×Y -module, from 2. we know that My1 is a holonomic.

Hence, N is a holonomic DX×Y -module. By 13.7 this implies that N = i+(L−1i∗(N)) and
L−1i∗(N) is a holonomic DX -module.

Applying the long exact sequence of inverse images of i to our short exact sequence, we
get

. . . −→ L−1i∗(My1) −→ L−1i∗(N) −→ i∗(M) −→ i∗(My1) −→ i∗(N) −→ 0.

Since the multiplication by y1 on My1 is invertible, by 13.2 we see that

i∗(My1) = L−1i∗(My1) = 0.

Hence, it follows that i∗(M) ∼= L−1i∗(N). By the preceding discussion we conclude that
i∗(M) is a holonomic DX -module. ˜

Now we can finish the proof of 4. Let Y ′ = {ym = 0} ⊂ Y . Denote by i′ : X −→ X × Y ′

the morphism given by i′(x) = (x, 0) and by i′′ the natural inclusion of X × Y ′ into
X × Y . By induction assumption 4. holds for i′ and i′′. Hence, by 12.2, it holds for their
composition i = i′′ ◦ i′.

Now we use 4. to prove the corresponding statement for j = 1×F . Define the morphism
G : X × Y −→ X × Y by

G(x, y) = (x, y1 + F1(x), y2 + F2(x), . . . , ym + Fm(x))

for x ∈ X and y ∈ Y . Then H : X × Y −→ X × Y defined by

H(x, y) = (x, y1 − F1(x), y2 − F2(x), . . . , ym − Fm(x))

for x ∈ X and y ∈ Y , is the inverse of G, i.e., G is an isomorphism of X × Y onto itself.
This implies that G∗ is an equivalence of the category M(DX×Y ) with itself. Also it
preserves finitely generated DX×Y -modules. By 9.8, G∗ preserves the dimension of finitely
generated DX×Y -modules; in particular, it preserves holonomic modules.

Moreover, we have the following commutative diagram:

X
i

−−−−→ X × Y

1X





y
G





y

X
j

−−−−→ X × Y
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Therefore, by 12.2, we have

Lpj∗(M) = Lp(G ◦ i)∗(M) = Lpi∗(G∗(M))

for any p ∈ Z and DX×Y -module M . By 4, we conclude that Lpj∗(M), p ∈ Z, are
holonomic DX -modules for any holonomic DX×Y -module M .

This finally ends the proof of the following result.

14.6. Theorem. Let F : X −→ Y be a polynomial map and M a holonomic DY -module.
Then LpF ∗(M), p ∈ Z, are holonomic DX-modules.

Now we want to study analogous properties of the direct image functors. As in the
preceding argument, we conclude that G+ is an equivalence of the category M(DX×Y )
with itself, and it preserves holonomic modules. Therefore, since the spectral sequence
from 12.6 collapses, we conclude that

Lpj+(M) = Lp(G ◦ i)+(M) = G+(Lpi+(M))

for any DX -module M . By 12.7, i+ is an exact functor from M(DX) into M(DX×Y ) and
it maps holonomic modules into holonomic modules. Therefore, j+ = G+ ◦ i+ is an exact
functor from M(DX) into M(DX×Y ) and it maps holonomic modules into holonomic
modules.

Applying now the graph decomposition to F , we see from 12.6 that

LpF+(M) = Lp(pr2)+(j+(M))

for any DX -module M . Therefore, it remains to analyze the direct images of pr2.
Consider first the case of dimX = 1. Then

DX×Y→Y = R(X × Y ) ⊗R(Y ) DY = R(X) ˆ DY = DX/DX (∂1) ˆDY .

Hence, DY←X×Y = DX/(∂1)DX ˆ DY . We have an exact sequence

0 −→ DX×Y
∂1−→ DX×Y −→ DY←X×Y −→ 0

of (left DY , right DX×Y )-bimodules, where the second arrow represents left multiplication
by ∂1. Clearly, this is a left resolution of DY←X×Y by free right DX×Y -modules, hence
the cohomology of the complex

. . . −→ 0 −→M
∂1−→M −→ 0 −→ . . .

is Tor
DX×Y

−· (DY←X×Y ,M) = L·(pr2)+(M) for any DX×Y -module M . By applying the
Fourier transform we get the complex

. . . −→ 0 −→ F(M)
x1−→ F(M) −→ 0 −→ . . .

which calculates F(Lq(pr2)+(M)). Hence, by 9.11, 13.2, 13.6 and 14.5, we conclude that
Lq(pr2)+(M) = 0 for q 6= 0,−1, and Lq(pr2)+(M) are holonomic DY -modules.

Consider now the general case. LetX ′ = {xn = 0} ⊂ X , and denote by pr′2 the canonical
projection of X ′ × Y onto Y . Also, denote by p the canonical projection of X onto X ′.
Then pr2 = pr′2 ◦ (p× 1Y ). Hence, by 12.7 and the induction assumption we conclude that
Lp(pr2)+(M), p ∈ Z, are holonomic DY -modules for any holonomic DX×Y -module M .

This ends the proof of the following result.
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14.7. Theorem. Let F : X −→ Y be a polynomial map and M a holonomic DX-module.
Then LpF+(M), p ∈ Z, are holonomic DY -modules.

14.8. Remark. The statements analogous to 6. and 7. for finitely generated modules
are false. For example, if we put X = {0}, Y = k and denote by i : X −→ Y the
natural inclusion, the inverse image i∗(DY ) is an infinite-dimensional vector space over k.
Analogously, if p is the projection of Y into a point, p+(DY ) is an infinite-dimensional
vector space over k.

15. b-functions

Let k be an algebraically closed field and D the algebra of differential operators with
polynomial coefficients on k. Let A be a free k[x, λ]-module with basis (xλ+j ; j ∈ Z).
Denote by B its submodule generated by the elements x·xλ+j−xλ+j+1, and put M = A/B.
Clearly, we can view M as a free k[λ]-module with basis (xλ+j ; j ∈ Z). On A we can define
a k[λ]-linear map T by

T (Pxλ+j) = (∂P ) · xλ+j + (λ+ j)P · xλ+j−1.

Now

T (P (x · xλ+j − xλ+j+1)) = T (Px · xλ+j − P · xλ+j+1)

= ∂(Px) · xλ+j + (λ+ j)Px · xλ+j−1 − ∂P · xλ+j+1 − (λ+ j + 1)P · xλ+j

= (∂P )(x · xλ+j − xλ+j+1) + (λ+ j)P (x · xλ+j−1 − xλ+j) ∈ B,

so T induces a k[λ]-linear map ∂ on M given by

∂ xλ+j = (λ+ j)xλ+j−1.

Hence, it extends to M̃ = k(λ) ⊗k[λ] M where k(λ) denotes the field of rational functions

in λ. Clearly, M̃ is a linear space with basis {xλ+j , j ∈ Z} over the field k(λ). Also

∂(xxλ+j) = ∂(xλ+j+1) = (λ+ j + 1)xλ+j = x∂ xλ+j + xλ+j ,

hence [∂, x] = 1. This implies that M̃ has a natural structure of a D-module. If we put

D(λ) = k(λ)⊗k D, M̃ becomes a D(λ)-module. From the definition of the action of D(λ)

it is evident that every xλ+j , j ∈ Z, generates M̃ .
We can define a filtration (Fm M̃ ; m ∈ Z) of M̃ where Fm M̃ is the linear span of

xλ+k, |k| ≤ m. The filtration is evidently increasing and it is exhaustive. Finally,

xFm M̃ ⊂ Fm+1M̃ and ∂ Fm M̃ ⊂ Fm+1 M̃ , hence this is a D(λ)-module filtration.

Clearly, dimk(λ) Fm M̃ = 2m+ 1 for any m ∈ Z+.

Let K be the algebraic closure of k(λ). Put DK = K⊗k(λ)D(λ) and MK = K⊗k(λ) M̃ .

Also, put FmMK = K⊗k(λ) Fm M̃ for m ∈ Z. This defines a DK -module filtration of MK .
Moreover, dimK FmMK = 2m+1 for all m ∈ Z. By 14.1, MK is a holonomic DK -module.
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Let D(n) be the algebra of all differential operators with polynomial coefficients on
kn. Denote by DK(n) corresponding algebra of differential operators on Kn. Let f ∈
k[X1, X2, . . . , Xn]. We can view f as a polynomial on Kn with coefficients in k.

We can view

f∗(MK) = K[X1, X2, . . . , Xn] ⊗K[X] MK = K ⊗k(λ)

(

k(λ)[X1, X2, . . . , Xn] ⊗k(λ)[X] M̃
)

as aK[X1, X2, . . . , Xn]-module spanned by fλ+j = 1⊗xλ+j for j ∈ Z. If we denote byM(f)

the k(λ)-linear space k(λ)[X1, X2, . . . , Xn] ⊗k(λ)[X] M̃ , we have f∗(MK) = K ⊗k(λ) M(f).
First, we see that

f · fλ+j = f · (1 ⊗ xλ+j) = f ⊗ xλ+j = 1 ⊗ x · xλ+j = 1 ⊗ xλ+j+1 = fλ+j+1

for any j ∈ Z.
Moreover, the short exact sequence

0 −→ B −→ A −→M −→ 0

by localization leads to the short exact sequence

0 −→ B̃ −→ Ã −→ M̃ −→ 0

where B̃ = k(λ)⊗k[λ] B and Ã = k(λ)⊗k[λ] A is a free k(λ)[X ]-module. By tensoring this
short exact sequence with k(λ)[X1, X2, . . . , Xn] we get the exact sequence

k(λ)[X1, X2, . . . , Xn] ⊗k(λ)[X] B̃ −→ k(λ)[X1, X2, . . . , Xn] ⊗k(λ)[X] Ã −→M(f) −→ 0.

Therefore, the module M(f) is the quotient of the free k(λ)[X1, X2, . . . , Xn]-module with

basis {fλ+j ; j ∈ Z} by the submodule generated by the elements f · fλ+j − fλ+j+1, j ∈ Z.
The DK(n)-action on f∗(MK) is given by

∂i f
λ+j = ∂i(1⊗xλ+j) = ∂if ⊗ ∂ xλ+j = (λ+ j) (∂if) (1⊗xλ+j−1) = (λ+ j) (∂if) fλ+j−1.

for any 1 ≤ j ≤ n.
Put D(λ, n) = k(λ) ⊗k D(n). Then M(f) is a D(λ, n)-submodule of f∗(MK).
Since f∗(MK) is holonomic DK(n)-module by 14.6, it is also of finite length. This in

turn implies the following result.

15.1. Lemma. The D(λ, n)-module M(f) is a module of finite length.

Now, denote by Mp the D(λ, n)-submodule of M(f) generated by fλ+p. Then

· · · ⊃Mp ⊃Mp+1 ⊃ · · ·
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is an decreasing exhaustive filtration of M(f) by D(λ, n)-submodules. Since M(f) is of
finite length, there exists p0 ∈ Z such that Mp = M(f) for p ≤ p0.

Let η± be the automorphisms of k(λ) defined by η±(g)(λ) = g(λ±1) for g ∈ k(λ). They
extend to an automorphism of D(λ, n) which we also denote by η±. On the other hand,

τ±(P · fλ+j) = η±(P ) · fλ+j±1

defines k-linear endomorphisms of M(f). Also

τ±(∂i(P · fλ+j)) = η±(∂iP ) · fλ+j±1 + (λ+ j ± 1)(∂if)η±(P )fλ+j−1±1

= ∂iη±(P ) · fλ+j±1 + (λ+ j ± 1)(∂if)η±(P ) · fλ+j−1±1 = ∂iτ±(P · fλ+j);

hence, for any T ∈ D(λ, n) and m ∈M(f),

τ±(Tm) = η±(T )τ±(m).

Evidently, τ− is the inverse of τ+, and

τ±(Mp) = τ±(D(λ, n)fλ+p) = D(λ, n)τ±(fλ+p) = D(λ, n)fλ+p±1 = Mp±1

for any p ∈ Z. Hence, if Mp = M(f) we have

Mp+1 = τ+(Mp) = τ+(M(f)) = M(f).

Therefore, by the induction in p, the above remark implies Mp = M(f) for all p ∈ Z.
In particular, there exists ∆(λ) ∈ D(λ, n) such that

∆(λ)fλ+1 = fλ.

This implies that there exists ∆[λ] ∈ k[λ] ⊗k D(n) and b ∈ k[λ] such b 6= 0 and

∆[λ]fλ+1 = b(λ)fλ

in M(f). The polynomial b is not unique, but all such polynomials form an ideal in k[λ].
Since k[λ] is a principal ideal domain, there exists a unique polynomial of lowest degree
with leading coefficient 1 with this property. This polynomial is called the Bernstein-Sato
polynomial. One can show that it has rational zeros.

We can generalize this construction in the following way. First we need to construct the
inner tensor product of two D-modules on X .

Let X = kn and M , N two DX -modules. Then we can form the exterior tensor product
M ˆN , which is a D-module on X ×X . If M and N are holonomic DX -modules, M ˆN
is a holonomic DX×X -module by 11.4. Let ∆ : X −→ X × X be the diagonal map
∆(x) = (x, x). Then we can consider the DX -module

∆∗(M ˆ N) = R(X) ⊗R(X×X) (M ˆ N) = (M ˆN)/I(M ˆ N),
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where we denoted by I the ideal of functions in R(X ×X) which vanish on the diagonal
∆(X) in X×X . This ideal is generated by functions Xi⊗1−1⊗Xi, 1 ≤ i ≤ n. Therefore,
∆∗(M ˆN) is the quotient of M ˆN by the subspace spanned by the elements of the form
Xiu⊗ v − u⊗Xiv, 1 ≤ i ≤ n and u ∈M , v ∈ N . This implies that

∆∗(M ˆ N) = M ⊗R(X) N

as an R(X)-module. Moreover,

∂i(u⊗ v) = ∂iu⊗ v + u⊗ ∂iv

for 1 ≤ i ≤ n, u ∈ M and v ∈ N . Therefore, we defined a structure of a DX -module on
M ⊗R(X) N . We call this DX -module the inner tensor product of M and N . By 14.6. we
conclude that the following result holds.

15.2. Proposition. Let M and N be two holonomic DX-modules. Then M ⊗R(X) N
is a holonomic DX-module.

Now we can apply this to the previous situation. Let V be a D(n)-module. We can
extend the field of scalars from k to K and define VK = K⊗k V as a DK(n)-module. Next,
we can construct the inner tensor product VK ⊗R(XK ) MK . Let V(f) be the k(λ)-linear

subspace of VK ⊗R(XK) MK spanned by v ⊗ fλ+j, v ∈ V and j ∈ Z. Then V(f) is a
D(λ, n)-module with the action given by

∂i(v ⊗ fλ+j) = ∂iv ⊗ fλ+j + (λ+ j) (∂if) (v ⊗ fλ+j−1)

for j ∈ Z and v ∈ V . Clearly, VK ⊗R(XK) MK = K ⊗k(λ) V(f).
If V is a holonomic D(n)-module, VK is a holonomic DK(n)-module. This implies, by 2,

that the inner tensor product VK⊗R(XK)MK is a holonomic DK(n)-module, and therefore
of finite length. Hence, we have the following generalization of 1.

15.3. Lemma. Let V be a holonomic D(n)-module. Then the D(λ, n)-module V(f) is a
module of finite length.

As before, denote by Vp the D(λ, n)-submodule of V(f) generated by v ⊗ fλ+p, v ∈ V .
Then we get an decreasing exhaustive filtration of D(λ, n)-module V(f), and

· · · ⊃ Vp ⊃ Vp+1 ⊃ · · · .

Since V(f) is of finite length, Vp = V(f) for sufficiently small p.
Define the k-linear endomorphisms ω± of V(f) by

ω±(P (v ⊗ fλ+j)) = η±(P )(v ⊗ fλ+j±1)

for any v ∈ V , P ∈ k(λ) ⊗k R(X) and j ∈ Z. Then, as in the preceding argument, we
show that ω− is the inverse of ω+, and ω±(Vp) = Vp±1 for any p ∈ Z. This implies that
Vp = V(f) for any p ∈ Z. Therefore, we conclude that the following result holds.

15.4. Lemma. Let V be a holonomic D(n)-module. Then for any j ∈ Z we can find
vectors v1, v2, . . . , vp ∈ V such that the D(λ, n)-module V(f) is generated by the vectors

v1 ⊗ fλ+j , v2 ⊗ fλ+j , . . . , vp ⊗ fλ+j.
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16. Meromorphic continuation of some distributions

Let C∞0 (Rn) be the space of smooth compactly supported complex-valued functions on
Rn with the usual Schwartz topology. For any function f ∈ L1

loc(R
n) the expression

ǫf (ϕ) =

∫

Rn

f(x)ϕ(x) dx

defines a continuous linear form on C∞0 (Rn), i.e., a distribution on Rn.
Let f be a continuous real-valued function on Rn. Then U+ = {x ∈ Rn | f(x) > 0} is an

open set in Rn. The function sup(f, 0) is a positive continuous function on Rn, therefore
the function x −→ sup(f(x)λ, 0), λ ∈ C, Reλ > 0, is a continuous function on Rn. This
implies that for any union U of connected components of U+ and for any λ ∈ C, Re λ > 0,

fλ : ϕ −→

∫

U

f(x)λϕ(x) dx

defines a distribution on Rn which depends holomorphically on λ.
In his address to the International Congress of Mathematicians in Amsterdam in 1954,

I.M. Gelfand posed the following problem:
If f is a polynomial on Rn, does λ −→ fλ extend to a meromorphic function from C into

distributions on Rn?
Assume that there exists a differential operator ∆[λ] depending polynomially in λ and

a polynomial b ∈ C[λ] on Rn such that

∆[λ]fλ+1 = b(λ)fλ

for for Re λ > 0. Assume that fλ has a meromorphic extension to {λ ∈ C | Reλ > −k}
for k ∈ Z+ with the set of poles Sk. Then we have, on {λ ∈ C | Reλ > −k},

fλ(ϕ) =
1

b(λ)
(∆[λ]fλ+1)(ϕ) =

1

b(λ)
fλ+1(∆[λ]∗ϕ),

where ∆[λ]∗ denotes the formal adjoint of ∆[λ]. Therefore, for Re λ > −k the two mero-
morphic functions

λ 7−→ fλ

and

λ 7−→
1

b(λ)
∆[λ]fλ+1

agree. On the other hand, the latter one is meromorphic on {λ ∈ C | Reλ > −k−1}. This
implies that λ 7→ fλ extends to a meromorphic distribution on {λ ∈ C | Re λ > −k − 1}
with poles in the union of Sk − 1 and the set of zeros of b. By induction in k, one proves
the existence of a meromorphic continuation of fλ to the whole complex plane with poles
in the set {α− k |α a zero of b, k ∈ Z+}.
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It remains to show the existence of the differential operator ∆[λ] and a polynomial b
with the required properties. We can view the space (C∞0 (Rn))′ of all distributions on Rn

as a module for the algebra of all differential operators on Rn with polynomial coefficients.
Therefore, the spaces of all holomorphic maps from {λ ∈ C | Re λ > k}, k ∈ N, into
(C∞0 (Rn))′ are D(n)-modules. Hence, their direct limit H as k −→ ∞ is a D(n)-module.
Since any function in C(λ) is holomorphic in the region {λ ∈ C | Reλ > k} for k large
enough, the direct limit H is also a linear space over C(λ). Hence we can view it as a
D(λ, n)-module.

Clearly, the functions λ 7→ fλ+j are in H for arbitrary j ∈ Z, and they satisfy the
relations f · fλ+j = fλ+j+1 and

∂if
λ+j = (λ+ j)(∂if)fλ+j−1,

for any i, j ∈ Z. This implies that the D(λ, n)-submodule of H generated by elements
fλ+j , j ∈ Z, is a quotient of the module M(f) considered in 15. Hence, the existence of
∆[λ] and b follows from the results proved there, which completes the proof of the next
result.

16.1. Theorem. For any polynomial f with real coefficients on Rn the map λ 7→ fλ

extends to a meromorphic function with values in the space of distributions on Rn. Its
poles are of the form α − k, where α is a zero of the Bernstein-Sato polynomial of f and
k ∈ Z+.

16.2. Remark. By inspecting the proof of 1. one easily checks that λ 7→ fλ is actually
a meromorphic function with values in the space of tempered distributions on Rn.

16.3. Corollary. Let f be a nonzero polynomial on Rn. Then there exists a tempered
distribution T on Rn such that fT = 1.

Proof. Assume first that f(x) ≥ 0 for all x ∈ Rn. Since f is nonzero, the set of zeros
of f has measure zero. Therefore, if we put

fλ(ϕ) =

∫

Rn

f(x)λϕ(x) dx

for Re λ > 0, by 2, fλ extends to a meromorphic function with values in tempered distri-
butions.

First we claim that fλ is regular at 0 with value equal to 1. Clearly, for any ϕ ∈ C∞0 (Rn)
we have

lim
t↓0

∫

Rn

f(x)tϕ(x) dx =

∫

Rn

ϕ(x) dx.

Hence, the meromorphic function λ 7→ fλ(ϕ) is regular at 0 for any ϕ ∈ C∞0 (Rn). Let

fλ =

∞
∑

n=−∞

Snλ
n
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be the Laurent expansion of λ 7→ fλ at 0. Then,

fλ(ϕ) =
∞
∑

n=−∞

Sn(ϕ)λn;

hence Sn(ϕ) = 0 vanish for n < 0 and S0(ϕ) =
∫

Rn ϕ(x) dx, for any ϕ ∈ C∞0 (Rn). This
implies that tempered distributions Sn vanish for n < 0, and S0 = 1.

Consider now the Laurent expansion

fλ =
∞
∑

n=−∞

Tn(λ+ 1)n

at -1. Then Tn, n ∈ Z, are tempered distributions and Tn = 0 for sufficiently negative
n ∈ Z. Moreover, since f · fλ = fλ+1, the product f · fλ is regular at -1 and has value 1.
This implies that fTn = 0 for all n < 0, and fT0 = 1.

Assume now that f is arbitrary. Then we can put g = f f̄ , and g has non-negative
values on Rn. Hence, there exists a tempered distribution T such that gT = 1. But now

f(f̄T ) = gT = 1,

hence f̄T has the required property. ˜

17. Differential equations with constant coefficients

Let P ∈ C[X1, X2, . . . , Xn], i.e.,

P (X) =
∑

I∈Z
n
+

cIX
I .

Then we can define the differential operator

P (∂) =
∑

I∈Z
n
+

cI∂
I

with constant coefficients on Rn. Let δ be the distribution ϕ 7→ ϕ(0) on Rn. A distribution
T on Rn is called a fundamental solution for P (∂) if it satisfies P (∂)T = δ.

As an application of the results of 16. we prove the following result about the existence
of fundamental solutions.

17.1. Theorem. Let P be a nonzero polynomial on Rn. Then there exists a tempered
distribution T on Rn such that P (∂)T = δ.

Proof. We define the Fourier transform F : S(Rn) −→ S(Rn) via

(Fϕ)(y) = (2π)−
n
2

∫

Rn

ϕ(x)e−ixy dx
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for ϕ ∈ S(Rn); and the inverse Fourier transform by

(F̄ψ)(x) = (2π)−
n
2

∫

Rn

ψ(y)eixy dy

for ψ ∈ S(Rn). This defines the Fourier transform on the space (S(Rn))′ of tempered
distributions on Rn via

(FT )(ϕ) = T (Fϕ), ϕ ∈ S(Rn);

and
(F̄T )(ψ) = T (F̄ψ), ψ ∈ S(Rn).

Clearly,

(F̄δ)(ψ) = δ(F̄ψ) = (F̄ψ)(0) = (2π)−
n
2

∫

Rn

ψ(y) dy

for arbitrary ψ ∈ S(Rn), hence

F̄δ = (2π)−
n
2

and
δ = (2π)−

n
2 F(1).

One easily checks that
∂IFT = F((−i)|I|xIT ).

for any tempered distribution T . Let Q(x) = P (−ix). By 16.3 there exists a tempered
distribution S on Rn such that QS = 1. Let

T = (2π)−
n
2 F(S).

Then
P (∂)T = (2π)−

n
2 P (∂)F(S) = (2π)−

n
2 F(QS) = (2π)−

n
2 F(1) = δ. ˜


