
A SURGICAL PROOF OF THE CONTRACTIBILITY OF THECOMPLEX OF MINIMIZING CYCLESWe give a short proof of the 
ontra
tibility of the 
omplex of minimizing 
y
les.Our proof is inspired by Hat
her's proof of the 
ontra
tibility of the ar
 
omplex fora surfa
e [2℄. This theorem was used by the authors to 
ompute the 
ohomologi
aldimension of the Torelli group for a surfa
e [1℄. We start by brie
y re
alling thede�nition of the 
omplex of minimizing 
y
les.Curves and 
y
les. Let S = Sg be a 
losed 
onne
ted orientable surfa
e of genusg. A 1-
y
le in S is a �nite formal sumX ki
iwhere ki 2 R, and ea
h 
i is an oriented simple 
losed 
urve in S. The set f
i :ki 6= 0g is 
alled the support of the 1-
y
le. We say that the 1-
y
le is simple if the
urves of the support are pairwise disjoint, and we say that it is positive if ea
h kiis positive.A basi
 
y
le is a simple positive 1-
y
leP ki
i with the property that its supportforms a linearly independent subset of H1(S;R).Let S denote the set of isotopy 
lasses of oriented simple 
losed 
urves in S. Thereis a natural set map from the set of 1-
y
les in S to RS .A multi
urve in the surfa
e S is a nonempty 
olle
tion of disjoint simple 
losed
urves in S that are isotopi
ally nontrivial and isotopi
ally distin
t.Constru
tion of the 
omplex. The �rst step is to �x an arbitrary nontrivialelement x of H1(S;Z). Next, let M be the set of isotopy 
lasses of oriented mul-ti
urves M in S with the property that ea
h oriented 
urve of M appears in thesupport of some basi
 
y
le for x supported in M . The setM has a natural partialordering under in
lusion (the orientation is important here). As su
h, we 
an thinkof M as a 
ategory where the morphisms are in
lusions.GivenM 2M, let PM be the polytope in RS given by the 
onvex hull of the imagesof the basi
 
y
les for x supported (with orientation) in M . The 
olle
tion fPMgis a 
ategory under in
lusion, whi
h we denote F . The fun
tor given byM 7! PMis an isomorphism fromM to F . We de�ne the 
omplex of minimizing 
y
les B(S)as the geometri
 realization of the 
olimit of this fun
tor:B(S) = ����
olimM2M fPMg���� :1



2A SURGICAL PROOF OF THE CONTRACTIBILITY OF THE COMPLEX OF MINIMIZING CYCLESAn auxiliary 
omplex. Let ~M be the set of isotopy 
lasses of oriented multi
urvesM in S with the property that ea
h oriented 
urve of M lies in the support of some1-
y
le that represents x and is supported in M . If in the de�nition of B(S) werepla
e M with ~M, we get a spa
e, whi
h we denote ~B(S), that 
ontains B(S).The spa
e ~B(S) has the stru
ture of a 
ell 
omplex, ex
ept that some of the \
ells"are not 
ompa
t.A 
hara
terization of B(S). Below, we give two alternate 
hara
terizations ofpoints of B(S). For a positive 1-
y
le 
 = P ki
i, an equation of the form [
i1 ℄ +� � �+[
in ℄ = 0 (n > 0) is 
alled a one-sided relation, and we may say that 
 satis�esa one-sided relation. Also, we say that 
 is a minimizing 
y
le for x if there is ahyperboli
 metri
 on S for whi
h 
 realizes the minimum length over all 1-
y
les inS representing x (the length of 
 is the sum P ki`(
i), where `(
i) is the length ofthe unique geodesi
 homotopi
 to 
i).Lemma 1. Let 
 be a 1-
y
le in S. The following are equivalent.(1) 
 represents a point of B(S).(2) 
 is a minimizing 
y
le for x.(3) 
 satis�es no one-sided relations.Proof. The equivalen
e of (1) and (2) is the 
ontent of Lemma 3.12 in our originalpaper [1℄.That (2) implies (3) is straightforward: if 
 satis�es a one-sided relation, say,[
1℄ + � � � [
n℄ = 0, then we may shorten 
 by subtra
ting � from the 
oeÆ
ients of
1; : : : ; 
n, where � is any positive number smaller than the minimum of fk1; : : : ; kng.To show that (3) implies (1), we suppose that 
 satis�es no one-sided relations. Thegoal is to show that there is a basi
 
y
le for x supported in f
ig with some �xed
i0 in the support. If 
 is not already basi
, that means S �[
i is dis
onne
ted. IfS0 is one 
omponent, then the 
i that form the boundary of S0 satisfy a relation ofthe form [
1℄ + � � �+ [
p℄ = [
p+1℄ + � � �+ [
p+q ℄with p; q > 0. Suppose without loss of generality that i0 > p and that k1 isthe minimum of fk1; : : : ; kpg. The following is a new simple positive 1-
y
le thatrepresents x:
0 = ((k2�k1)
2+� � � (kp�k1)
p)+((kp+1+k1)
p+1+� � � (kp+q+k1)
p+q)+ Xi>p+q ki
i:The 1-
y
le 
0 is a simple positive 1-
y
le that 
ontains 
i0 in its support. What ismore, S � 
0 has one fewer 
onne
ted 
omponent than S � 
. By indu
tion, we 
an�nd a 1-
y
le representing x that is supported in f
ig and that is nonseparating inS. Su
h a 1-
y
le is basi
. �



A SURGICAL PROOF OF THE CONTRACTIBILITY OF THE COMPLEX OF MINIMIZING CYCLES3Surgery on 1-
y
les. Suppose that d and d0 are two 1-
y
les in S representingpoints of B(S), assume that d and d0 have the minimal number of interse
tions intheir isotopy 
lasses, and let 
 be the 1-
y
le td + (1 � t)d0, where t 2 [0; 1℄; notethat 
 represents the 
lass x. In general, 
 is not simple. We now explain how todo surgery to 
onvert 
 into a simple 1-
y
le Surger(
), whi
h is 
anoni
al up toisotopy.By Poin
ar�e Duality, the homology 
lass x 
orresponds to a 
ohomology 
lass, andhen
e to a homotopy 
lass of based maps from S to the 
ir
le S1. We will use the
y
le 
 to 
onstru
t an expli
it representative ' of this homotopy 
lass.As above, say that 
 = P ki
i. We thi
ken ea
h 
i to a band (annulus) Ai =S1�[0; ki℄. We 
hoose the Ai and 
oordinates (�i; ti) so that the following 
onditionshold (
f. the left hand side of Figure 1).(1) 
i is oriented in the positive � dire
tion.(2) The interse
tion of 
j with Ai (i 6= j) is a 
oordinate ar
.(3) The interse
tion of two annuli is a 
oordinate re
tangle in both annuli.(4) The re
tangles of interse
tion are disjoint.(5) In ea
h re
tangle of interse
tion, an ar
 is a 
oordinate ar
 in one annulusif and only if it is a 
oordinate ar
 in the other.We 
an now de�ne a measure �i on the set of ar
s in Ai. For an ar
 � : [0; 1℄ �! Ai,we de�ne �i(�) = R� dti. We get a measure �i on ar
s in S by adding the measuresof the 
omponents 
ontained in Ai. Finally, we obtain a measure � on ar
s in Sgiven by �(�) =X�i(�):For a 
losed loop �, we see that �(�) is the same as the algebrai
 interse
tion of �with 
.We are now ready to de�ne the map ' : S �! S1. Let p be an arbitrarily 
hosenbasepoint of S, let q be an arbitrary point of S, and let �q : [0; 1℄ �! S be anarbitrary path from p to q. Thinking of S1 as R=Z we de�ne '(q) as the fra
tionalpart of �(�q). Sin
e x is an integral homology 
lass, this map is well-de�ned.We now use the map ' : S �! S1 to de�ne the simple 1-
y
le Surger(
). Thepreimage of ea
h regular point of ' in S1 is a 1-manifold, that is, a 
olle
tion ofpairwise disjoint 
urves in S. If we 
onsider the union of the preimages of regularpoints in S1 all at on
e, we see some number of parallel families of 
urves. Ea
hfamily has a well-de�ned thi
kness, 
oming from the measure on the 
ir
le (we usethe measure 
oming from R). As su
h, we repla
e ea
h family of 
urves with a singleweighted 
urve. Also, we dis
ard any 
urves that are homotopi
 to a point. Theresulting 1-
hain is the desired simple 1-
hain Surger(
). From the 
onstru
tion,we see that Surger(
) 
orresponds to the same 
ohomology 
lass as 
 (integratingagainst Surger(
) gives a map homotopi
 to '), and so Surger(
) represents thehomology 
lass x.All of the 
hoi
es made were unique up to isotopy, and so the 1-
y
le Surger(
) isa well-de�ned point of ~B(S).



4A SURGICAL PROOF OF THE CONTRACTIBILITY OF THE COMPLEX OF MINIMIZING CYCLESIn what follows, we will use the fa
t that, for any �xed 1-
y
le 
 
oming from apoint of B(S), the fun
tion d 7! Surger(t
+ (1� t)d)is a 
ontinuous map from B(S) � [0; 1℄ to ~B(S). For 
ontinuity, the key point isthat the 
ondition that some isotopy 
lass is in the support of Surger(t
+(1� t)d)is an open 
ondition.
PSfrag repla
ements ki

kj
kjkj ki � kj

Figure 1. Surgery on 1-
y
lesThe 
onstru
tion of Surger(
) is more easily explained by a single pi
ture; seeFigure 1. The well-de�nedness is easy to see in this �gure. What is not easy to seein the �gure is that Surger(
) is a 1-
y
le. For instan
e, 
onsider on the torus two
urves � and � that interse
t on
e, and let d be the 1-
y
le �� + (1 � �)� where� is irrational. If we perform the surgery indi
ated in Figure 1 at the interse
tion,the result is not a well-de�ned 1-
y
le. The point is that d does not represent arational homology 
lass. In our 
onstru
tion of Surger(
) it was essential that xwas an integral 
lass (a slight modi�
ation is needed in the rational 
ase).Draining 1-
y
les. The result of the surgery de�ned above is always a simplepositive 1-
y
le representing x. However, it is not ne
essarily true that this 1-
y
lerepresents a point of B(S); rather, this 1-
y
le is in general a point in ~B(S). Toaddress this issue, we now de�ne a strong deformation retra
tion Drain : ~B(S)�! B(S).As a basi
 example, suppose that 
 is the formal sum of a 1-
y
le representing apoint of B(S) with a weighted oriented separating 
urve d. The 
y
le Drain(
),in this 
ase, is obtained by \draining" the 
oeÆ
ient of d to 0 (we think of thesubsurfa
e bounded by d as the drain).We now return to the general 
ase; let 
 be a 1-
y
le representing a point of ~B(S).Let fSig be the set of embedded subsurfa
es of S that have boundary in 
. Saythat fS1; : : : ; Skg is the subset of fSig 
onsisting of subsurfa
es that give rise to1-sided relations. Suppose that the 1-sided relation 
orresponding to S1 is[
1℄ + � � �+ [
p℄ = 0:For small enough �, we obtain a new 1-
y
le representing x by starting with 
 andde
reasing ea
h of the 
oeÆ
ients of 
1; : : : ; 
p by �.



A SURGICAL PROOF OF THE CONTRACTIBILITY OF THE COMPLEX OF MINIMIZING CYCLES5We may simultaneously 
onsider all of the k one-sided relations at on
e: again, westart with 
, and we de
rease the 
oeÆ
ient of 
i by n�, where 0 � n � k is thenumber of one-sided relations in whi
h 
i appears.We adjust weights in this way, until some 
oeÆ
ient be
omes 0. At this point, werepeat the pro
ess, starting with the new 1-
y
le. When there are no more 1-sidedrelations, we stop. The resulting 1-
y
le is 
alled Drain(
). By Lemma 1, Drain(
)represents a point of B(S). Note in parti
ular, that, sin
e no arbitrary 
hoi
es weremade, the 1-
y
le Drain(
) is well-de�ned.The way we de�ned the Drain map, it is a strong deformation retra
tion of ~B(S)onto B(S). Below, it will suÆ
e to think of Drain as a 
ontinuous map ~B(S)�! B(S).The proof of 
ontra
tibility. We 
hoose an arbitrary basepoint v of B(S). Wewill now de�ne a deformation retra
tion of B(S) to the point v.Denote by 
 a 1-
y
le representing v. The retra
tion H : B(S) � [0; 1℄ �! B(S) isgiven by H(w; t) = Drain(Surger(t
+ (1� t)d))where w is an arbitrary point of B(S), and d is a representative 1-
y
le.The map H is a strong deformation retra
tion of B(S) onto the point v, and soB(S) is 
ontra
tible.A
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