646 13  PLANE CURVES AND POLAR COORDINATES

22 I the arc described in Exercise 21 is revolved about the x-axis, find the area of the
restlting surface.

23 Prove that the surface area of a right circular cone of altitude a and base radius b is
nhfat + bt

24 If the ellipse b>x° + a®y? = a*h? is revolved about the y-axis, find the area of the
resulting surface.

25 A torusis the surface generated by revolving a circle about a nonintersecting lineinits
plane. Find the surface area of the torus generated by revolving the circle
%2 + y? = a? about the line x = b, where 0 < a < b,

26 The shape of a reflector in a searchlight is obtained by revolving a parabola about its
—— axis. 1f the refliector is 4 feet across at the apening and I foot deep, find its surface area.

13.8 REVIEW

Concepts

Define or discuss each of the following.

¥ Piane curves

2 Closed curves

3 Parametric equations of a curve

4 Polar coordinate systems

5 Graphs of polar equations

6 Areas in polar coordinales

7 Length of a curve

8 Surfaces of revolution

Exercises

Tn Exercises 1-3 sketch the graph of the curve, find a rectangular equation of a graph which [

contains the points on the curve, and find the slope of the tangent line at the point
corresponding to t = |

1 x=14+1,y=2t-10<t<4 i
2 x=cosr—2, y=sint+ ;0K <2x

—_ - s — p L b
X = jly=e ctz= 0

da ted

Let C be the curve with parametric equations x = 1%,y = 20 + 4t~ |, wherezisin R
Find the abscissas of the points on ¢ at which the tangent Hne passes through the
origin.
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Compare the graphs of the following curves, where ¢ 15 in .
() x =12 y=1° by x=t"y=1"
I S (dy x =1 —sin’e 1= cos

Yy

In each of Exercises 6-19, sketch the graph of the equation and find an equation in x and y
which has the same graph.

=3+ 2cosl T ore=6eos i
r=4 - 4dcost 9 pte= —dsin 20
r= 2sin 3¢ B r(3cosd -~ 2sinth =06
r=e " @820 13 2 =spc2d
r = Ssecd 15 r=dcos? (8
roe=6 —rcosd 17
8
SR Y 1

Find polar equations for the graphs in Exercises 20 and 21

x4 = 2xy 21 }'2 = x* — 2x

Find a polar equation of the hyperbola which has focus at the pole, eccentricity 2, and
equation of directrix » = 6secf.

Find the area of the region bounded by one loop of the graph of #% = 45in 20,

graph of r == 4.
The position (x, ¥) of a particle at time £ s given by x = 2sini, )y = sin? 1. Find the
distance the particle travels from ¢ = 0 to ¢ = »/2.

Find the length of the spiral ¥ = 16 from (1, [} to (1/2. 2}

Find the area of the sutface generated by revolving the graph of v == cosh xfrom x = 0
to x = 1 about the x-axis.

Thecurve x = 262 + 1,y = & ~ 3where ¢ < ¢ < 1 is revolved about the p-axis. Find
the area of the resulting surface.

The arc of the spiral r = ¢° from {1, 0} to (e, 1) is revolved about the line § = =72, Find

the area of the resulting surface.

Find the area of the surface generated by revolving the lemniscate r* = o’ cos 28
about the polar axis.
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9 Unit vector 1 Direction angles and direction cosines
I The dot product and s propertieg 12 The vectar product and its properties
13 The angle between two veclors 14 Parallel VELTors
IS Orthogonaf vectors i6 Cauchy-Schwars Inequality
17 Triangle inequeaiity I8 Waork done by a force

19 Equations of » fine 20 Equations of & plane
I Cylinders 22 Quadric surfaces

23 Spherical coordinates 24 Cylindrical coordinates

Exercives

Find the vectors ar scalars indicated in Exercises 1-10 if 3 — A+ Sfand b= gf i

2 2a-3p

I da+p
3 (a 4b)-(a 2

4 2a.(5h + i)
5 fal -y 6 fa- by
The angle between a and i

2
8 A unit vector having the game direction as b
9

A unit vecror orthogonal 1o g

10 The cosine of the angie between aand b

1 Given the points 4(5, -3, 2} and Bf— 1,
(a) di4, By

(b) The coordinates of the midpoint of the |

(¢ An eguation of the sphere with center B
d} An equation of the pi

{¢) Parametric equations for the line o
fy An equation of the plane through A4 with normal vector A

12 Find ap cquation for the plane through A0, 4,9) and B
perpendicuiar 1o the yz-plane,

—4,3), find the foliowirzg.

ine segment 42

and tangent to {he Xz
anc through 8 paralle] 1o the xz-

z-plane
through 4 and g

~plane

(0.~ 3,7 which 15
13

14

Find an eguation for the plane with S-intercept 3, ,;‘aiutercepi -~ 2, and -intercept 6,
Findanequation for the cylinder which is perpendicular tothe xp-plune and has, forits
directrix, the cirele in the xy-pl

ane with center Ci4, -3, 0) and radiys s,
Find an equation for an eflipsoid with center which hag X-intercepr §, y-intercept 3,
and Z-mtercept |,

16 Findap equation for the surface obtained by revolving the graph of the cquation z = y
about the z-axis.

I each of Exercises [7-27, sketch the graph of the given equation,
17087 332 4 22 g, Ty -8z + 1020

18 4y 32 y5. 0

19 3 =35y 22210
20y =2y

2 9¢? £ 422 2 35
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22 g+ 9 =0 23 2 —dx? =9 — 4)?
4 2P 4 drt =0 25 o4t =4
26 xP4+ 27+ 427 =16 27 X -yt =z
Ha=23i~j— 4k b=2i4 5~ 2k and ¢ = —i+ 6k, find the vectors or scalars in
Exercises 2844,
28 33— 2b 2% a(b-—o
30 b+ 31 bl
32 A unit vector having the same direction as a
33 The direction cosines of a
34  The cosine of the angle between a and ¢
35 axh 36 a-th xe}
37 comp,a 38 comp,ib % c)
39 a-a 40 axa
{a x €) + (¢ x a} 42 ax(b+0o
43 A vector having the opposite direction of b and twice the magnitude of b
44 Two unil vectors orthogonal to both b and ¢
45 Given the points P{2. —1,1), Q(—3.2.0), and Ri4. - 5.3) find the following.
{a) The direction cosines of PR
(b} A unil normal vector orthogonal 1o the plane determined by F. 0, and R
i} An equation for the plape determmed by P, Q. and R
id) Parametric equations for a line through P which 1s paraliel to the line through @
and R
te) OF - QR . -
{fy The angle between OF and QR
{g) The area of the tnangle with vertices P. @, and R
46 Find the angle between the two hines (x — 32 = + N —& = {z — 5)/8 and
ix + D7 =(6—w2=02z+ N4
47 Find parametric equations for each of the lines in Exercise 46.
48 Determine whether the following lines intersect and. if so, find the point ofintersection:
x=24ty=1+rnz=4+Tnx=~4+3y= 2—-2rz=1-—4.
49 Find the angle between the lines in Exercise 48,
50 The position of a particle at time £ is {1, £SIn 1.1 €O 1. Find the distance the particle
moves during the time interval 70,3}
51 Ifthe rectangular coordinates ofa point Pare (2, — 2, 1), find cylindrical and spherical
coordinates for P.
52 Ifspherical coordinates of a point Pare(i 2. 3%/4, 16 find cylindrical and rectangular

coordinates for P

Find a rectangular equation and describe the graph of each equation in Exercises 53-56.

53

55

b = 3n4 54 re=cos 20

psindcost =1 86 pf-3p=0

SRR,
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Find equations in cylindrical coordinates and in spherical coordinates for the graphs of the
equations in each of Exercises 57-60.

n

7 xt = 38 z=x7 7

9

[




752

15.7

15 VECTOR-VALUED FUNCTIONS

REVIEW

Concepts

Defing or discuss each of the following.

1 Vector-valued funciion
2 Limit of a vector-valued function
3 Continuity of a vector-valued function
4 Derivative of a vector-valued fuaction
8§ Tangent vector 1O a curve
6 Velocity and acceleration
7 Differentiation rules for vector-valued functions
8 Integrals of vector-valued functions
9 Curvature of a plane curve
18  Curvature of a space curve
11 Circle of curvature
12 Radius of curvature
I3 Tangential component of acceleration
I4 Normal component of acceleration
15 Kepler's Laws
Exercises
1 Ifr(e) =21 + (32 — 4,
{a) sketch the curve determined by the comporernis of r{z).
{by find v'(1) and r7{L).
{c) sketch geometric vectors corresponding to r(Handr’(0)ift =0,¢=1landt = 2
2 The position of a particle moving in a plane is given by
#{t) = {t — sin0)i + {1 — cos )
Find its velocity, acceleration, and speed at time ¢, Sketch the path of the particle
together with geometric vectors corresponding to the velocity and acceleration for the
following values of t.
fa) + =9 by t =wm/d () t=mun/2
(dy £ =3nd4 {ey t=m f) t=5r/4
{g) r=3r72 {h) t = Tn/4 L t=2n
3 If the curve C is given by x = &'sint,y = £ cost,z = ¢, where 0 < t < 1, find
{a) a uait tangent vector to C at the point P corresponding to £ = 0.
() the length of .
4 The position of a particie at time ¢ is given by

r{) = 3+ + 'k
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{a) Find the velocity and acceleration at time 1.

(b} Sketch the path of the particle together with veciors corresponding to the
velocity and acceleration at r=1.

(¢} Find the speed at ¢ = 1.

5 IHthecurveCisgivenbyx = 3° + Ly =4dr.z = ¢ ' find an eguation of the tangent
- line at the point P{4.4,1).

6 Ifu(t) =%+ 6 + (k and v(r) = i — 5rj + 4¢%k find
{a) the values of t for which u{r) and v'{1} are orthogonal.
(B Dlu(n) = %]
€y D Julr)y- vl

{d fu({) dr.

1
e} { v{1ydt.

g
7 Find u(o) if wir) = 7 — 4sin 26§ + 3tk and 6(0) = —i + 2j.

Verify the identities in Exercises 8 and 9 withoul using components.
8 Dja(rd? = 2ulty v
9 Diuir)-w{t) x w"(1) = w(e) wir) x w’(r)
In Exercises 10-12, find the curvature of the given curve at the point P.
10 ) = xe*: P(O.0) T ox= 10+ 00 = Ll — 0: P(23,2)

—

12 x =20 v=r =4 Plx, v 2)
In Exercises 13 and 14, find the tangential and normal components of acceleration at time ¢
if the position vector of a particle is as indicated.

13 rit) = sin 21i + cosij 14 si)= 3+ Y+ ik
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16 PARTIAL DIFFERENTIATION

15  Extrema of functions of two variables

16 Lagrange muitiphers

Exercises
{n Exercises 1-4 determine the domain of the function f.
i f(k }!} . s
3 firnn = (27 - = )

T 9¥3 2 Jix.y) =inxy

ta,

4 fi(x,yz)=seC 2i{x — ¥}

In Exercises 5-10 find the first partial derivatives of f.

5 fix,y) = xicosy — oot dx 6 firs) =rie”
7 floyn =Tt /(7 + ) 8 flu,r,0) =uln(e/t)
9 f{xyvanbl= \":xh_ Gt 0 f(o,w) = elcosw wlcos

In Exercises 11 and 12 find the sccond partial derivatives of f.
1 fley =x77 — 3xpd 4ot -3y 2

12 figy. 2= et

13 Hu=02+3+27 U2 prove that Swext + BRwidyt 4 Qrytez? =0,

k3

14 {a} Finddwif w= Wian Tt 4 2x — (b Find dw il w = x? sin vz

15 Find Awand dwifw = 2 g Axy -y Use Awto find the exact change and dw to find
the appraximate change in w if {x,y) changes from (=1L, 2yto¢{ 1L 2.1

16 Ohnm's Law states that R = E/l. If measurements are E = 108 volts and [ =2
amperes with a4 possible error of 0.2 volts and G.01 amperes, respectively, use
differentials to approximaic the maximum error in the caleulated value of R{in ohms].

Use the Chain Rule to find the solutions 1 Exercises 17-19.

17 Hs=ule+oiw - whi, u = yeosx, b= xe and w = vIn x, find &s/cx and ds/Cy.
18 Ifz= \rz f, x=re and y= sr2e s, find 8z/dr, 0z/0s, and Ez/01.

19 Ifwextany +ylanz x = Goy=e Fand z = 1/¢%, find dw/dz.

30 Find the directional derivative of f(x,y) = 3x* — ¥ + 3xy at the point P2, - Din
the direction of the vecior a = —3i — 4§ What is the maximum rate of increase of
Jlx,yyat P2

21 The temperature at the point €, 3, 2) is given by T(x, 3, 2} = 1x% 4 2p* — 4z Find the
rate of change of T at the point P{—1, =3, 2} in the direction [rom P to the point
0(-4,1, =2,

37 A curve C is given parametrically by x=ty=1,2= S (%, 7) = yF + xz, find
D, (2,4, %), where ¢ is a unil tangent vector to € at P(2,4,8)

23 Find equations of the tangent plane and normat line to the graph of 7z = 4x* - 2yt
at the peint P(—2, — 1,2).

34 Show thal every plane tangent to the cone gt — bt + 2tiet = O passes through
the crigin.
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Iy = f(x} satisfies the equation x* — dxy? — 3V + x — 2 = 0, use partial derivatives
to find f'(x).

If z = f{x,y} satisfies the equation x%y -+ zeosy — xz? = 0, find 82/8x and Gz/8y.
Find the extrema of fif f{x, ) = x* + 3y — 2.

The material for the bottom of a rectangular box costs twice as much per square inch
as that for the sides and top. What relative dimensions will minimize the cost if the
volume is fixed?

Given fix, v} = x%/4 + y%/25, sketch several level curves associated with f and
represent Vi 1y by a vector for a point P en each curve,

Given Flx, v,z) = z + 4x% + 97, sketch several level surfaces associated with F and
represent VF [p by a vector for a point P on each surface,

Find the local extremz of Sx3.2)=xyz subject to the constraint
Ayt + 2= g

Use Lagrange multipliers to find the local extrema of Fleyzp = dx? + 7 4 22

: subject to the constraints 2x — y + 7 = 4 and x -+ 2y — £ = 1. Check vour answer

using single variable methods,
Find the points on the graph of 1/x + Z/¥ + 3/z = 1 which are closest to the origin.

A hopper in a grain elevator has the shape of a right circular cone of radius 2 ft.
surmounted by a right circular cylinder. If the volume is 100443, find the altitudes k
and k of the eylinder and cone, respectively, that will minimize the curved surface area.




17 MULTIPLE INTEGRALS

Exercises

Evatuate the integrals in Exercises 1-6.

A ax? 22 plary
1 ‘ (v = 2ypdydx 2 q i “dxdy
gt Jydhoy
Ad arid A0 Az ops
3 JU Jr rdfidr 4 J: JQ L (x 4 Ddydxdz
a2 At w2 amh pavos@
3 ‘ i oyirtdadsz oy 6 [ 1 pisingdp dep dff
Jg o odo <0

In each of Exercises 710 express j‘j}{ fix,ydA as an jterated integral if R 18 the region
bounded by the graphs of the given equations.

3

4 oyt eyt =da=d § 2 —yi=4y=4y=4

9 =43+ P 0 v= mxt Ay = 3x7
Fach of the integrals In Exercises 11 and 12 represents the area of a region R in the
xy-plane. Describe R

W At

)
i

At Ay Xt
il ‘ i dxdy 12 J ‘ dydx
R I e
in Exercises 13 and 14 reverse the order of integration and evaluate the resalting integral.

pa X

R ‘ !
i3 1 ‘}‘c?"‘ dxdy 14 ( l o dydx

SO VX

e Y

In Exercises (35 and 16 find the mass and the center of mass of the lamina which has the
shape of the region bounded by the graphs of the given equations and having the indicated
density.

15 y=xy =253 3. density at the point Pix,y} is directly pmponéonai to the

distance from the y-axis to P

h

16 i =xx=4%4 density at the point Pix, y)is directly proportional to the distance from

the lipe with equation X = — Lo P

17 A lamina has the shape of the region which ties inside the graph ofr = 2+ sin f and
outside the graph of r = [, Find the mass if the density at the paint P{7, M is inversely
pmportiorm! 1o the distance from the pole to P

18 Find the area of the region bounded by the potar axis and the graphs of r = ¢ and
F=2from =00t = In2.

{9 Use polar coordinates 10 evaluate

A0 p0

20 Find I, I, and [g for the lamina bounded by the graphs ol y = «?andy = x7if the
density at the point P{x,y) isdirectly prapor%%onal to the distance from the y-axis to P

TRdyar

21 A homogeneous Jamina has the shape ofa right triangle with sides of lengths a. b, and
Jat 5. Find the moment of inertia and the radius of gyration with respect toaline
along the side of length a.

21 Alamina has the shape of the region between concentric circles of radiia and b, where
g < b 1f the density at a point P is directly proportional to the distance from the
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center to P, use polar coordinates to find the moment of inertia with respect to a line
through the center.

Find the volume of the solid which les under the graph of 7 = x3* and over the
rectangle in the xy-plane with vertices {1,1,0), (2. 1,0), (1. 3,0}, and {2,3,6).

Express [[{ofix.7,2)dV¥ as an iterated integral in six different ways. where Q is
bounded by the graphs of y = x* + 427 and y = 4.

Use triple integrals to find the volume and centroid of the solid bounded by the graphs
of z=x%z=4 v=0and y+z=4

Set up a triple integral for the moment of inertia with respect to the z-axis of the solid
bounded by the graphsof z = 9x? + y? and 7 = 9ifthe density at the point P(x.y. r}is
inversely proportional to the square of the distance from the point (L 6, — D to /.

Set up a triple integrat for the moment of inertia with respect 1o the y-axis of the solid
bounded by the graphs of x* — 37 + 2% = 1, y = 0, and y = 4 if the density at the
point P(x,y, 7} is directly proportional to the distance from the y-axis to P.

A homogencous solid is bounded by the graphs of z = 9 - x” - 17, x7 + ¥* = 4. and
z = 0. Use cylindrical coordinates to find the following.

(z) The mass

{b) The center of mass

{¢} The moment of inertia wilh respect to the z-axis

A solid has the shape of a sphere of radius a. Use spherical coordinates to find the
mass if the density at a point P is directly proportional to the distance from the center
o P,

Find the surface area of that part of the cone z = {x* + v**’% which is inside the
cylinder x? 4 y* = 4x.




