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Let Fn = σ(S1, · · · , Sn) = σ(X1, · · · , Xn).

E[Sn|Fn−1] = E[Sn−1|Fn−1] + E[Xn|Fn−1]
= Sn−1 + E[Xn|Fn−1]

Therefore, E[Xn|Fn−1] = 0 a.s., and so E[Xn|Fm] = E[Xn|Fn−1]|Fm] = 0 for
all m < n. Thus, for i > j we have

E[XiXj] = E[E[XiXj|Fj]] = E[XjE[Xi|Fj]] = E[Xj · 0] = 0.

2

(1)To avoid ambiguity, let X1 = 0. To show that X1+···+Xn
n

→ 0 in pr,
consider
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Thus for any k > 0, P (|X1+···+Xn
n

| > k) ≤ 1
k2
E[(X1+···+Xn

n
)2]→ 0 as n→∞.

(2) Note that
∑∞

n=1 P (|Xn| ≥ n) =
∑∞

n=1
1

n logn
= ∞, by Borel-Cantelli

lemma we have P (|Xn| ≥ n i.o.) = 1. When |Xn| ≥ n, either |Sn| > n
3

or

|Sn−1| > n
3
> n−1

3
, and thus P ( |Sn|

n
> 1

3
i.o.) = 1. This shows Sn

n
9 0 a.s.
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First, we observe that the series

∞∑
n=1

1
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2 + ε) log n
· 1√

2π
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2
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converges when ε ≥ 0 and diverges when −
√

2 ≤ ε < 0 by integral test. Since
1 − Φ(x) ∼ φ(x)/x when x is large, by limit comparison test the following
series

∞∑
n=1

P (|Xn| ≥ (
√

2 + ε) log n)

converges when ε ≥ 0 and diverges when −
√

2 ≤ ε < 0, which shows
P (|Xn|/ log n ≥ (

√
2 + ε) i.o.) = 0 when ε ≥ 0 and = 1 when −

√
2 ≤ ε < 0.

This shows lim supn |Xn|/ log n ≥
√

2 a.s.
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First we claim that Yn ∈ σ{X1, · · · , Xn}.

E[Yn|Fn−1] = E[Xn1{Yn−1=0} + nYn−1|Xn|1{Yn−1 6=0}|Fn−1]
= 1{Yn−1=0}E[Xn|Fn−1] + nYn−11{Yn−1 6=0}E[|Xn||Fn−1]
= 1{Yn−1=0}E[Xn] + nYn−11{Yn−1 6=0}E[|Xn|]
= 1{Yn−1=0} · 0 + Yn−11{Yn−1 6=0} = Yn−1.

We notice that Yn is integer valued, and for every nonzero integer k,
P (|Yn| = k) = 0 for all n > |k|. Besides, P (Yn = 0) = P (Xn = 0) = 1

n
→ 1

when n→∞. Thus Yn converges weakly to 0.

Actually, for any ε > 0, P (|Yn| > ε) ≤ P (Yn 6= 0) = P (Xn 6= 0) = 1
n
. Let

n→∞ we find that Yn converges in pr. to 0.

Since
∑∞

n1
P (|Yn| > 1

2
) =

∑∞
n=1 P (|Yn| = 0) =

∑∞
n=1

1
n

= ∞, P (|Yn| >
1
2
i.o) = 1 and hence Yn does not converge a.s. to 0.
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(a) It suffices to show that P (Z > k;X < Y ) = P (Z > k)P (X < Y ) for
all k ∈ R. To see this,

P (Z > k;X < Y ) = P (X > k;X < Y ) =

∫ ∞
k

∫ ∞
x

λe−λxµe−µy dy dx

=

∫ ∞
k

λe−λxe−µx dx

=
λ

λ+ µ
e−(λ+µ)k

= e−λke−µk
∫ ∞
0

λe−λxe−µx dx

= P (X > k)P (Y > k)

∫ ∞
0

∫ ∞
x

λe−λxµe−µy dy dx

= P (Z > k)P (X < Y )

(b)

P (X = Z) = P (X ≤ Y ) =

∫ ∞
0

∫ ∞
x

λe−λxµe−µy dy dx =

∫ ∞
0

λe−λxe−µx =
λ

λ+ µ

(c) For k > 0,

P (U ≤ k) = P (Y ≥ X) +

∫ ∞
0

∫ y+k

y

λe−λxµe−µy dx dy

=
λ

λ+ µ
+

∫ ∞
0

µe−µy(e−λy − e−λ(y+k)) dy

=
λ

λ+ µ
+

µ

λ+ µ
(1− e−λk),

and P (U ≤ 0) = P (U = 0) = λ
λ+µ

; P (U ≤ k) = 0 if k < 0.

(d) V = |X − Y |; for k ≥ 0,

P (V ≤ k) =

∫ ∞
0

∫ x+k

x

λe−λxµe−µy dy dx+

∫ ∞
0

∫ y+k

y

λe−λxµe−µy dx dy

=

∫ ∞
0

λe−λx(e−µx − e−µ(x+k)) dx+

∫ ∞
0

µe−µy(e−λy − e−λ(y+k)) dy

=
λ

λ+ µ
(1− e−µk) +

µ

λ+ µ
(1− e−λk),

and P (V ≤ 0) = 0.
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(No brief way to solve it) The MGF ofX1+· · ·+X10 is (1
6
(et+· · ·+e6t))10 =

e10t

610
(1 + et + · · ·+ e5t)10. Need detailed calculations.
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Since Yn ⇒ Y , For any ε > 0 we may pick A > 0 so that P (|Y | > A) < ε
2
,

and hence for all n large enough we have P (|Yn| > A) < ε. Let B > 0,
we observe that for any bounded continuous function f(x, y), f is uniformly
continuous on {(x, y) : |x| ≤ B, |y| ≤ A}, and |f(x1, y1) − f(x2, y2)| < ε
whenever |x1 − y1| ≤ δ. We have

|
∫
f(Xn, Yn)dP −

∫
f(0, Y )dP |

≤|
∫
f(Xn, Yn)dP −

∫
f(0, Yn)dP |+ |

∫
f(0, Yn)dP −

∫
f(0, Y )dP |

≤
∫
{|Xn|≤δ,|Yn|≤A}

|f(Xn, Yn)− f(0, Yn)|dP +

∫
{|Xn|>δ}

|f(Xn, Yn)− f(0, Yn)|dP

+

∫
{|Yn|>A}

|f(Xn, Yn)− f(0, Yn)|dP + |
∫
f(0, Yn)dP −

∫
f(0, Y )dP |

≤ε+ εK + εK + |
∫
f(0, Yn)dP −

∫
f(0, Y )dP | where K = supx,y |f(x, y)| → ε(1 + 2k) as n→∞,

Since ε is arbitrary, we have lim supn→∞ |
∫
f(Xn, Yn)dP −

∫
f(0, Y )dP | = 0,

and this gives us the the desired result.
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There’re several possible constructions. I list two below.

1. Let the joint density of X and Y be 1
π
e−(x

2+y2)/21{x×y>0}. P (0 <
X + Y < ε) < P (ε < X + Y < 2ε) when ε is small enough, which impossible
for any normal random variable.

2. Let X,Z,W be independent, X,Z ∼ N(0, 1), W has point mass at
−1, 1 with probability 1/2 each. Let Y = WZ. It is clear that X, Y ∼
N(0, 1), while P (X + Y = 0) = 1/2, so X + Y is not normally distributed
and (X, Y )) cannot be a Gaussian vector.
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(a) By definition we have P (X ∈ B1)P (Y ∈ B2) = P (X ∈ B1;Y ∈ B2)
for any B1, B2B(R).
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