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A New Derivation of Robin Boundary Conditions through Homogenization of a
Stochastically Switching Boundary*
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Abstract. We give a new derivation of Robin boundary conditions and interface jump conditions for the
diffusion equation in one dimension. To derive a Robin boundary condition, we consider the diffusion
equation with a boundary condition that randomly switches between a Dirichlet and a Neumann
condition. We prove that, in the limit of infinitely fast switching rate with the proportion of time
spent in the Dirichlet state, denoted by p, approaching zero, the mean of the solution satisfies a
Robin condition, with conductivity parameter determined by the rate at which p approaches zero.
We carry out a similar procedure to derive an interface jump condition by considering the diffusion
equation with a no flux condition in the interior of the domain that is randomly imposed /removed.
Our results also provide the effective deterministic boundary condition for a randomly switching
boundary.
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1. Introduction. The Robin boundary condition (also known as third type, impedance,
radiation, convective, partially absorbing, or reactive condition) for a partial differential equa-
tion (PDE) enjoys a long history in science and engineering applications. While the Dirichlet
boundary condition specifies the value of the solution and the Neumann boundary condition
specifies the value of the derivative of the solution, the Robin boundary condition specifies
a relationship between the solution and its derivative. It arises in a variety of physical sit-
uations and is often used as a way to homogenize complex boundary dynamics. In biology
and chemistry, the Robin condition for the diffusion equation is often invoked to represent
reactive or semipermeable boundaries. Similarly, interface jump conditions are widely used
in applications and are typically needed when the medium of diffusion has sharply changing
properties.

In this paper, we give a new derivation of Robin boundary conditions and interface jump
conditions for the diffusion equation in one dimension. To derive a Robin boundary condition,
we consider the diffusion equation with a boundary condition that randomly switches between
a Dirichlet and a Neumann condition. We prove that, in the limit of infinitely fast switching
rate with the proportion of time spent in the Dirichlet state, denoted by p, approaching zero,
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the mean of the solution satisfies a Robin condition, with conductivity parameter determined
by the rate at which p approaches zero. Furthermore, our results give the effective or homog-
enized deterministic boundary condition for a randomly switching boundary, thus providing
a tractable boundary condition for applications involving a switching boundary and giving a
precise answer to the following question: “What is the average of a Dirichlet and a Neumann
condition?” In addition, we carry out a similar procedure to derive an interface jump con-
dition. That is, we consider the diffusion equation with a no flux condition in the interior
of the domain that is randomly imposed/removed and show that the mean of the solution
approximately satisfies an interface jump condition.

From a theoretical standpoint, our results are of interest as we provide a completely
new derivation and thus interpretation of the classical Robin boundary and interface jump
conditions. We show that, in fact, any Robin condition is the mean of a condition that
randomly switches between Dirichlet and Neumann. In comparison, a number of other works
derive Robin boundary conditions by homogenizing a mixed boundary value problem, where
the boundary contains alternating Dirichlet and Neumann conditions [2], [3], [9], [10], [11],
[12], [18]. In such problems, the Dirichlet and Neumann conditions alternate in space as
different conditions are imposed on different pieces of the boundary. In our derivation, a
Robin condition is produced through Dirichlet and Neumann conditions that alternate in
time instead of space.

Furthermore, other works derive Robin boundary conditions based on the stochastic trajec-
tories of individual diffusing particles. In such settings, when a particle is near the boundary,
it is envisioned as being either absorbed with some probability or otherwise reflected. Erban
and Chapman [8] and Singer et al. [21] have given mathematical justification and precision
to this derivation. In contrast, in our derivation the fate of a particle at the boundary is
determined by the state of a Markov process.

There is one recurring theme in derivations of Robin conditions which our method further
highlights. In the derivations mentioned above involving mixed boundary value problems that
impose either Dirichlet or Neumann conditions on different pieces of the boundary, a Robin
condition is recovered only if (a) the size of each piece of the boundary goes to zero, and
(b) the proportion of the boundary with a Neumann condition goes to one. A similar phe-
nomena occurs in the derivations mentioned above based on the trajectories of individual
particles that, when near the boundary, are either absorbed with some probability or other-
wise reflected. Such derivations start with a discretized random walk for a particle’s trajectory,
and a Robin condition is recovered only if (a) the discrete step size goes to zero, and (b) the
probability of reflection goes to one. In our derivation, in order to recover a Robin condition
we must take (a) the rate of boundary switching to infinity, and (b) the proportion of time
in the Neumann state to one. In all three derivations, if (a) holds but (b) does not, then the
resulting condition is pure Dirichlet.

From an applied perspective, our results provide a homogenization technique for a problem
with a switching boundary. In [7], the authors give the boundary value problems satisfied by
the mean of a PDE with a switching boundary, but finding explicit solutions to these problems
is often impossible, and thus our results provide a needed tractable alternative. Indeed, a
growing number of applied problems, especially in biology, couple diffusion with a switching
boundary. For example, several works—often in the context of biochemical reactions—study
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the escape of diffusing molecules in the presence of a switching boundary in which the molecules
can exit only when the boundary is in a particular state [5], [6], [16], [23], [24]. Similarly, other
works study the escape of diffusing molecules when the molecules themselves switch states and
can exit only in a particular state [1], [4], [19], [20], [22]. In addition, the membrane voltage
fluctuations of a single neuron due to diffusion of ions through stochastically gated channels
continues to be an important problem [13], [17]. Furthermore, the diffusion equation with a
switching boundary has been proposed as a model for other very diverse biological processes
such as the modulation of neurotransmitter concentration in the brain and insect respiration
[15]. Indeed, our results apply naturally to insect respiration, as the switching is much faster
than the other timescales in that problem (see [15] for more details).

The rest of the paper is organized as follows. In section 2, we set up the switching PDEs
and outline our main results. In section 3, we give the boundary value problems that the
means of the switching PDEs satisfy. In section 4, we prove that the mean of the process with
a randomly switching boundary condition approximately satisfies a Robin boundary condition.
In section 5, we prove that the mean of the process with a randomly imposed no flux condition
in the interior of the domain approximately satisfies an interface jump condition.

2. Main results. Let J; € {0,1} be a continuous time Markov jump process with jump
rate from state 0 to state 1 given by ki := D(1 — p)/(¢L?) and jump rate from state 1 to
state 0 given by k_ := Dp/(¢L?):

k
0=—1.
k_

The dimensionless parameter 0 < p < 1 specifies the proportion of time J; spends in the 0
state, and € > 0 is a dimensionless parameter that scales the jump rate. Suppose J; starts in
its invariant distribution: P(Jy = 0) = p. The process J; controls the state of the boundary
(or interface) in the PDEs we consider.

2.1. Robin condition. Let u®(x,t) : [0, L] x [0,00) — R? satisfy the diffusion equation
with an absorbing condition, u® = 0, at x = 0 and a condition at = L that switches between
a Dirichlet condition, u® = 1 > 0, and a Neumann condition, d,u® = § > 0, as J; jumps
between 0 and 1. That is, u® satisfies

2.1) o = DAu®, x € (0,L), t >0,
' uf(0,t) = 0,

with switching boundary condition at z = L:

(2.2) (1 — J)(u(L,t) —n) + J(Ozu(L,t) — ) = 0.

We show that the mean of this stochastic process approximately satisfies a Robin boundary
condition at z = L. That is, if v*(x,t) := E[u®(xz,t)], then v° satisfies (2.1) and

|v°(z,t) — w*(x,t)] = 0 uniformly in z as € — 0,
where w® satisfies (2.1) with the Robin condition at z = L:

(2.3) p(w(L,t) —n) + Lve(l — p) (0pw (L, t) — &) = 0.



1848 SEAN D. LAWLEY AND JAMES P. KEENER

Thus, we obtain a general Robin condition
w®(L,t) + Copw®(L,t) =

for any C' > 0 as the mean of a randomly switching boundary condition by setting

0 = 0, and taking € — 0. In this case, the switching rate goes to infinity and the proportion
of time in the Neumann state goes to one.

We also remark on the form of the conditions in (2.2) and (2.3). While E[J;] = 1 — p,
naively taking the expected value of the condition in (2.2) does not yield the correct effective
condition in (2.3). The effective condition in (2.3) is the expected value of (2.2) with a
correcting factor of Ly/e.

2.2. Interface condition. Similarly, we can derive a general interface jump condition as
the mean of a solution to a PDE with a randomly imposed no flux condition in the interior of
the domain. Suppose u® satisfies the diffusion equation on [0, L] with deterministic boundary
conditions, but with a no flux condition at x = L/2 that is imposed only when J; = 1. That
is, u® satisfies

o = DAu®, x€(0,L/2)U(L/2,L), t >0,

2.4
24) u®(0,t) =0, and wu°(L,t)=mn,

with a randomly imposed no flux condition at = = L/2:
JiOzut(L/2,t) = 0.

We show that the mean of this stochastic process approximately satisfies an interface jump
condition at # = L/2. That is, if v*(z,t) := E[u®(x, t)], then v° satisfies (2.4) and

|v*(z,t) — w*(z,t)] = 0 uniformly in z as e — 0,

where w® satisfies (2.4) with an interface jump condition at x = L/2:
1—
wi —ws = 2L\/E(Tp)8xwi,

where wS = lim,_, 1 /o4 w®(z) and we := lim,_,; o w®(z). Thus, we obtain a general inter-
face jump condition
wl —w = Co,w

for any C' > 0 as the mean of a solution with a randomly imposed no flux condition in the
interior of the domain by setting

r= (1)

and taking € — 0.
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3. First moment equations. For convenience, from now on we suppress the explicit e
dependence in our functions; i.e., we now write u for u¢, w for w*®, and so on.

3.1. Boundary switching. Since we can always define new time and space variables, %t
and %:17, we henceforth take L = D = 1 without loss of generality. Under that rescaling, a
Neumann condition of § becomes Ld, so let u be the stochastic process defined in section 2.1
with L = D = 1, and let the Neumann condition § be replaced by LJ. Suppose u has initial
condition u(x,0) = ¢(x) for some given ¢ € L?[0,1].

Define the deterministic functions

vo(x,t) := Elu(z,t)1,20] and wvy(z,t) :=Elu(x,t)l5,-1],
where 178! denotes the indicator function. Observe that
Elu(z,t)] = vo(x,t) + v1(x,t).

The following proposition gives the boundary value problem that vy and vy satisfy. It follows
immediately from [7].
Proposition 3.1. The functions

(vogb%?) : [0,1] x [0, 00) — R?

U1 33,)

satisfy

(3.1) at<”°>:A<”°>+1<p_l p><”°>, ze(0,1), t>0,
V1 v1 e\l—p —p)\u1

subject to boundary conditions
v0(0,t) =v1(0,t) =0, wvo(1,t) =pn, and Oyvi(l,t) = (1—p)Lo

and initial conditions vo(z,0) = pp(z) and vi(z,0) = (1 — p)e(x).

3.2. Interface switching. Let u be the stochastic process defined in section 2.2 with
L = D = 1 subject to the initial condition u(x,0) = ¢(z) for some given ¢ € L?[0,1].
As above, we define the deterministic functions as

vo(x,t) = Elu(z,t)15,20] and wvy(z,t):= Elu(x,t)1s,-1].

The following proposition is directly analogous to Proposition 3.1 and is included as an ex-
ample in [14]. Equations (3.2) and (3.4) follow from an interchange of limits, and (3.3) is
immediate. This interchange amounts to checking the hypotheses of the dominated conver-
gence theorem, which follow from standard estimates for the heat equation.

Proposition 3.2. The functions

vo(z,t)\
('U(l)(x,t)> . [0705) U (05, 1] X [0700) - R2
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satisfy

vo\ () 1 p—l P Vo
on A (D) -a(M) 1 2Y(0), remanvusy on

subject to boundary conditions

(3.3) vo(0,t) = v1(0,¢) =0, wvo(l,t) =pn, and wvi(1,t)=(1—p)n,
and interface conditions

(3.4) Vo =Uo_, OgUoy = O0yvo_, and Oyvi, = Oyv1_ =0,

where fy :=lim,_,05+ f(x), and vo(z,0) = pp(x) and vi(z,0) = (1 — p)e(z).

4. The mean approximately satisfies a Robin condition. Since the matrix in (3.1) has
zero column sums, the mean E[u] = vy + v; satisfies the diffusion equation. The following
theorem determines the Robin condition that the mean approximately satisfies at @ = 1.

Theorem 4.1. Suppose w(z,t) : [0,1] x [0,00) — R satisfies

ow = Aw, x€(0,1),t>0,
with boundary conditions

and initial condition w(x,0) = p(z). Let vy and v1 be as in Proposition 3.1. Then for each
t >0 and q > 0, there exists an M and an 9 > 0 such that

(4.2) lvo(x,t) + vy (z,t) —w(x,t)| < Me3/2—4

for all 0 < e <eg and x € [0,1].

Since the coefficient in the Robin condition in (4.1) is multiplied by +/e, it vanishes in
the limit that ¢ — 0. But, if p, the proportion of time in the Dirichlet state, is O(y/¢), then
the Robin condition is recovered. Indeed, if we let p depend on &, then we can obtain any
coefficient in the Robin boundary condition.

Theorem 4.2. Let C > 0, and suppose w(z,t) : [0,1] x [0,00) — R satisfies

ow = Aw, x€(0,1),t>0,
with boundary conditions
(4.3) w(0,t) =0, w(l,t)+ Cw,(1,t)=n

and initial condition w(x,0) = @(x). Assume vy and vy are as in Proposition 3.1, with

C -1
p—<$+1> and 6 = 0.
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Figure 1. Using the notation of Theorem 4.2, we plot e~ w(x, t)—Eu(z,t)| = e w(x, t)—vo(z, t) —vi (z, )]
as a function of © for different values of ¢ with t =n = 1. Plots for e = 1073, 107*, and 10~° are not shown,
as they are indistinguishable from the plot for € = 1072, This suggests that the convergence rate in (4.4) is
sharp for ¢ =0 and some M < .04.

Then for each t > 0 and q > 0, there exists an M and an £y > 0 such that
(4.4) lvo(z,t) 4+ v1(z,t) — w(z,t)] < M4

for all 0 < e <eg and x € [0,1].

Figure 1 illustrates Theorem 4.2 numerically and suggests that the convergence rate in
(4.4) is sharp for ¢ = 0 and some M < .04.

We prove Theorems 4.1 and 4.2 using a series of lemmas. Our strategy is as follows. First,
we make a change of coordinates in R? to decompose vy and v; into a pair of functions, a and
B, with the property that a = vy 4+ v; and § is a function whose most significant variation is
in a boundary layer near = L. Then we show that the steady states of a and w are close to
each other. To complete the argument, we show that the transient parts of o and w are close
to each other by looking at their spectral decompositions. More specifically, if a® and w? are
the transient parts of o and w, then Lemma 4.3 below gives

lvg +v1 — w| = |a® — w?| + O(e") for each n.

The remaining lemmas collect the necessary estimates on |a? — w?| to complete the proof.
Lemma 4.3. If vy and vy are as in Proposition 3.1, w is as in Theorems 4.1 and 4.2, and
we define v and 3 by the equation

() =(u2,) +o (L)

then for each m, we have that

(4.5) alz,t) —w(z,t) = oz, t) — wi(z,t) + O("),
where o and B¢ satisfy

od=al, and Bl = gm—éﬂd z e (0,1), t >0,
(4.6) ol =p4=0 at x =0,

pa +51=0 and (l—p)ad—ﬂgzo atx =1,

xT
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and w® satisfies
wl = w? z € (0,1), t >0,

.7 wh(0,t) =0, wi(1,t)+ ﬁ(l%p>wg(1,t) = 0.

Further, if we denote the initial conditions by

P (@) = a¥(@,0) and @"(z) = w(a,0),
then for each n, we have that
(4.8) % (x) = ¢"“(x) + O(").

Proof. 1t is straightforward to check that o and S can be decomposed into a sum of the
following steady state and decay parts:

(4.9) a(z,t) = Crz + o(z, 1),
6($a t) = (s Sinh(’}/x) + ﬁd(x’ t)a

where v = 1/4/¢,

1-p
ot L5 tanh(y)

o (1 p)(C: — 1)
1+ % tanh(7y)

7 cosh(7)

, and (9=

)

and that the decay parts, o and ¢, satisfy the boundary value problem in (4.6).
Further, one can quickly check that w can be decomposed into the following sum of steady
state and decay parts:

1-p
n+ Lo !

(4.10) w(z,t) = Bz +w(z,t), where B= e
Yy

)

and that w? satisfies the boundary value problem given in (4.7). It is easy to check that
|IB — C1| = O(e") for each n, and thus (4.5) and (4.8) hold, even in the case that
p=0(e). NW

Now that we have established that |vg 4+ v; — w| = | — w| = |a® — w?| + O(e"), it remains
to bound |a? —w?|. We do this by analyzing the spectral decompositions of a® and w?. First,
we verify that the differential operator associated with the boundary value problem for a is
self-adjoint.

Lemma 4.4. Let L be the operator corresponding to the boundary value problem in (4.6).

< > : < " ” >
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for (f,g) in the domain of L given by

(4.11) {f.9 € H*(0,1) : £(0) = g(0) = pf(1) + g(1) = (1 = p)f'(1) —4'(1) = O}
Then L is self-adjoint on the direct sum L?[0,1] @ L2[0, 1] with the inner product

(11 (().())=n [ rwiw i+ a - [ s

where
1

(4.13) k=1-

Furthermore, L is negative definite. X
Proof. We first check that L is self-adjoint. Let (f,g) and (f,g) be in the domain of L,
and observe that integrating by parts twice gives

() (D))= (1) -£(2) )+ strmim - s
+(1=r)[g'(Dg(1) — g(1)F (V)]

where we have used that (f,g) and ( f, g) vanish at z = 0. Further, by our choice of the
domain of £ and the factor k, we have that

£ = FOF O] + 1= R)[d(1)a(1) - g(1)7'(
= (k=1 =r)1=pp)[fMFQ) - FO)F D] =0.
Hence, £ is symmetric.
To show that L is self-adjoint, we need only show that the domain of the adjoint of L is
contained in the domain of £. Let (fo, f1) be in the domain of the adjoint of £. Thus, if ¢

and ¢ are both in C§°(0,1) (and thus in the domain of £), then by the definition of adjoint
there exists a pair of L?[0,1] functions gy and g; such that

(4.14)

1 1 1 1
/{/0 Agpfod$+(1—/<)/0 Azﬁflda::/{/o ngod$+(1—/€)/0 g1 do.

Taking ¢ = 0 shows that f; has a weak second derivative, and taking 1) = 0 shows that f
has a weak second derivative. Since fy and f; are both functions of only one variable, they
trivially have all their weak derivatives of order two, and thus have weak first derivatives and
thus are in H2(0,1). Showing that (fg, f1) satisfy the correct boundary conditions follows
immediately from the definition of adjoint, integration by parts twice, and our choice of k.

To check that £ is negative definite, let (f,g) be in the domain of £, and observe that
integrating by parts once gives

<£ @ ’ @ > = “[f’(l)f(l) - /0 l(f'(a:))zda;]
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where we have used that (f,g) vanishes at © = 0. As in (4.14), the boundary terms cancel
since (f, g) is in the domain of £ and by the choice of k. Hence,

(). (N == [ @2 + @@ + @) e <o
(e(0)-(0)) -

If the above integral is 0, then f'(z) = ¢'(x) = g(x) = 0 for all z € [0, L] since (f,g) is in
the domain of £, and thus they are both continuously differentiable. But then f(z) = 0 for
all x € [0,L] since f/ = 0 for all z € [0,L] and pf(1) = —g(1) = 0. Hence, L is negative
definite. [ |
The next two lemmas collect information about the spectral decompositions of w? and a?.
Lemma 4.5. Let w(x,t) be as in Lemma 4.3. Then, for each t > 0, it is given by the
uniformly convergent series

(4.15) w(z,t) = Z bye Fint sin(fin),

n>1

where 0 < 11 < jig < --- are the solutions of
(4.16) tan() = ——2Lp,

where v = 1/+/e, and

(4.17) b, = /01 @ (x) sin(fipx) d:n/ /01 sin?(finz) dz.
Further, we have that

(4.18) [bn| < 4[l0®][ 2.

Finally, if n # k, then

(4.19) in — ] > 7/2.

Proof. Deriving the formulas in (4.16) and (4.17) is routine. The bound on |b,| in (4.18)
follows from Holder’s inequality and the bound

1 . _
/ in2(jin) do = 0.5 — S0Hn) & 4y
0 Ay,
since [i, > jiy > /2 because the left-hand side of (4.16) is positive for 0 < i < 7/2 and the
right-hand side of (4.16) is negative for g > 0.

To see why (4.19) holds, observe that for each positive integer n, the interval I, :=
(nm 4+ 7/2,(n + 1)m 4+ 7/2) contains at most one solution to (4.16) since tan(u) is a strictly
increasing function of p on I, and —(1 — p)/(yp)u is a strictly decreasing function of u.
Further, a solution to (4.16) in I,, must occur in the left half of I,, since —(1 — p)/(yp)u < 0
and tan(u) is negative only on the left half of I,,. Thus, if n # k, then [, must be in the left



A NEW DERIVATION OF ROBIN BOUNDARY CONDITIONS 1855

half of some I;, and fiy, in the left half of some I; with i # j. But all such points are separated
by at least /2, and thus (4.19) holds.

The uniform convergence of (4.15) for ¢ > 0 follows immediately from (4.18) and
(4.19). |

Lemma 4.6. Let a®(xz,t) be as in Lemma 4.3. Then, for each t > 0, it is given by the
uniformly convergent series

oz, t) = Z cpeHnt sin(pnx),
n>1

where 0 < p1 < pg < --- are the solutions to either

1—
(4.20) tan(u) = ——— P - tanh(y/42 — p?)p
V2 —u?p
or
1—
(4.21) tan(p) = P tan(v/ 12 — 72) L,

V2 —2p

depending on whether u2 < ~* or pu2 > ~?, where v = 1/\/e. If ¢ is such that tan(y) =
—((1 = p)/p)y, then there is one value u, = . Further,

1
(4.22) Cn = dn/ % (x) sin(ppx) dr,
0

where

(4.23) dn = < Anlp — 1) sinh? (A, ) (sin(2pn ) — 2pin

pinpsin? (py ) (sinh(20,,) — 2\,,) n 1) !
) )

if u2 < %, where A\, = \/7% — p2. Further, for all n > 1, we have that
(4.24) |en| < 4flo®[| 2.

Further, if n # k are such that max{u2, u3} < +2, then
(4.25) b — x| > /2.
Finally, if n is a positive integer, then there are at most two solutions to (4.21) on the interval
(nm+7/2,(n+ )7 +7/2).

Proof. Since L is self-adjoint and negative definite, we seek eigenvalues —p? < 0 and

eigenfunctions @ and 3, satisfying

(4.26) a’ + M25& =0,
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If 42 — 1/e < 0, then the eigenfunctions are of the form @ = Asin(uz) and 3 = Bsinh(\z),
where

(4.27) A= V92—
with v = 1y/e. In order for the eigenfunctions to satisfy the boundary conditions, we need

(4.28) pAsin(u) + Bsinh(\) = 0,
(4.29) (1 = p)pAcos(p) — BAcosh(A) = 0.

Since we seek nonzero A and B, we need the determinant of the matrix in (4.28) and (4.29)
to be zero. Equivalently, we need

—psin(p)Acosh(X) — (1 — p)pcos(u) sinh(N) = 0,

which can be written as

1-— 1-—
(4.30) tan(pu) = — )\pp tanh(A\)p = S tanh(\/v2 — p?)p.

AV

For each ¢ > 0, this equation has a finite number of solutions p satisfying u? — 1/ < 0. Let
u2 < 42 denote the nth positive solution to (4.30) and A, be defined from (4.27) with respect
to p,. Hence, the eigenfunctions are of the form v, := A, sin(u,x) and B, := B, sinh(\,x).

Now, we want the eigenfunctions (ay, 3,) to have norm equal to one with respect to the
inner product defined in (4.12). That is, we want

1 1
(4.31) H/ A2 sin®(ppx) dz 4 (1 — k) / BZsinh?(\,z)dx = 1,
0 0

where k is defined in (4.13). Since (4.28) implies that A,, = —B,, sinh(\)/(psin(u)), it follows
from (4.31) that

1 _ —sinh(\,)
(4.32) B, = X and A, = Kopsin(u)’
where
B sinh(A\,) \*[1  sin(2un) sinh(2)\,) 1
(43 fin = \/K<psm(l‘n)> [5 Afin TA=r) E 2]’

which comes from explicitly evaluating the integrals in (4.31).
It is easy to see from (4.26) that all the normalized eigenfunctions for a? are of the form

Ay sin(p,), even for p2 > 2. So, putting this together, we have that

(4.34) ad(x,t) = Z ane Mt A, sin(ppx),

n>1
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where the a,’s are chosen to meet the initial conditions. To find a,,, we note, by the self-
adjointness of £, that its normalized eigenfunctions form an orthonormal basis for the direct
sum L?2[0,1] with L2[0,1]. Thus, for each f,g € L?[0,1], we have that

)20 ()
where the inner product (-,-) is defined by (4.12). Since this holds for each g € L?[0,1], it
must hold for g = 0. Thus, for n such that p2 < 72, we have from (4.34) that

1
(4.35) an = Ann/ o (x) sin(ppx) dz.
0

Since ¢, = an Ay, (4.22) and (4.23) follow.
To obtain the bound on |¢,| in (4.24), observe that for all n > 1, we have that

1 1
/{Ai/ sin? (pnz) dz + (1 — k) / B2(x)dx = 1,
0 0

where (,, is the nth normalized eigenfunction. Thus,

1 -1
A2 < </{/ sin? (pnx) d:n) .
0

Equation (4.24) then follows from the fact that ¢, = a,A4,, equation (4.35), and the same
argument that gave (4.18) in Lemma 4.5.

The proof of (4.25) is similar to the proof of (4.19). To see that there are at most two solu-
tions to (4.21) on the interval I, = (nm + 7/2,(n + 1)m + 7w/2) for positive
integers n, observe that tan(u)/p is a strictly increasing function of p on I, and
—(1 — p)/ptan(y/u% —¥2)/\/u? —~2 is a strictly decreasing function of u on I,, except for
one point of discontinuity.

The uniform convergence of (4.34) for each ¢ > 0 follows immediately from (4.24) and
the fact that there are at most two solutions to (4.21) on the interval (nm + 7/2,(n + 1)+
w/2). [ |

To bound the difference between a? and w?, we bound the difference between their eigen-
values, p, and fi,, for u, sufficiently less than 1/e.

Lemma 4.7. Let p > 0 and n be such that max{j,, fin} < e P/2, where p, and fi,, are as
in Lemmas 4.5 and 4.6. If p is independent of €, as is the case in Theorem 4.1, then

(4.36) [fin = | = O(3/27%12),
If p = O(\/e), as is the case in Theorem 4.2, then

(4.37) i — pin| = O('7%12).
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Proof. First, observe from (4.20) and (4.16) that

tan(fn) _ tan(un) _ _1=p (20 pn(m2 =)

fin Ln ST AVATLES un
' 7P V1- u%/72 '

Let 0 < p < 1 and notice that if max{/i,, fi,} < e ?/2, then

I T

L—p?/y? 1T 1—p2/y?
—i—‘iHl—tanh(\/*yQ—,uQ)‘

V1= p?/y?

— 0(="7)

if p is independent of e. Hence by (4.38), we have that if max{,, fin} < e ?/2, then

tan(i,)  tan(un)| _ o
4. — =0 Py,
(439) Fn o (e )
Let f(p) = tan(u)/p, and observe that
2
/1) = - <n

prsec?(p) — tan(u)

Thus, by the mean value theorem and (4.39), we have that if max{/,, fin} < e /2, then

|,l_1;n . 'un| < €—p/2 tan_(ﬂn) . tan(,U»n) _ 0(63/2_31,/2).
Un Un
The case where p = O(/€) is similar. [ ]

Now that we have a bound on the difference between the eigenvalues of o and w? for
eigenvalues less than e 7/2, we are ready to bound the difference between the spectral decom-
positions of a and w®. For the terms in the sum corresponding to eigenvalues less than e #/2,
we use that the eigenvalues must be close. The other terms in the sum are transcendentally
small in € for each ¢ > 0 since they contain a factor of the form et with > e P2,

Lemma 4.8. Lett > 0 and p > 0. If p is independent of €, as is the case in Theorem 4.1,
then there exists an M and an eq such that the functions a(x,t) and we(x,t) defined in
Lemma 4.3 satisfy

\ad(x,t) — wd(ac,t)\ < Med/22p

for all0 <e <egp and x € [0,1]. If p = O(\/€), as is the case in Theorem 4.2, then the same
statement holds but with £3/>=2P replaced by £~ .
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Proof. Suppose p is independent of €. Using Lemmas 4.5 and 4.6, we have that

lod(z,t) — w(z,t)| < Z \cne_“%tsin(,unx) e sin(finz)|
max{ fin,fin y<e~P/2
+ Z |cne_“%t sin(pnx) — by Fnt sin(fin )|
max{#nyﬁn}szp/z
=: 57 + 5.

It is straightforward to see that Sy must be O(e™) for every n. This follows from the bounds on
¢n, and b, and the fact that there are at most two eigenvalues on each interval (nw 4+ 7/2, (n+
1)m 4+ 7/2), all shown in Lemmas 4.5 and 4.6. Hence, we need only bound S; to complete the
proof.

By the triangle inequality and the mean value theorem, we have that

|cne_“glt sin(ppz) — bye Pt sin(finz)|
(4.40) <|en — bp| + |bn||e_“%t sin(pnx) — e Fnt sin(fi, )|
< len = bn| + [bn|(t + 1)|pn — fin.

Now by (4.19) and (4.25), there are order e ?/2 terms in the sum S;. Thus, using Lemma 4.7,
(4.18) in Lemma 4.5, and the bound in (4.40), we have that

(4.41) S < O(%27%) + > |Cn — bl
max{fin ,fin y<e~P/2

Hence, it remains only to bound |¢, — b,|. By (4.17) and the triangle inequality, we have
that

len — by| < e fo £ snin) dx‘ ‘fo P sin{jin) dr fol @ sin(finx) dv
R fo sin? () da 0 sin? () da fol sin?(fi, ) do
=T+ T>.

By (4.8), to show that T5 = O(¢%272P) we need only show that T3 = O(e3/?2~2P), where
T3 is 15, with gp replaced by p*. This bound on T3 follows from applying the mean value
theorem to f(y) := fo ) sin(yx) dz/ fo sin?(yx) dr, equation (4.36), and the fact that
min{ iy, fin } > 71'/ 2 for all n, Wthh follows immediately from the definitions of p, and fi, in
(4.16), (4.20), and (4.21).

Now we have that

n)d
(4.42) Ty < |dy —1|‘f0“0 sin(yn) aj‘
o sin? (up) do

where d,, is as in (4.23) in Lemma 4.6. In addition, the same argument that gave (4.18) gives
that

(4.43)

f ©* sin(ppx) do
|| < 46 e

f sin?(pnx) da
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Further, it follows from (4.23) that

An(p — )s1nh2()\n)(sm(2,un) — 2p) n 1‘—1
pnpsin?(u, ) (sinh(2),) — 2),,)

(

pnpsin?(u, ) (sinh(2),,) — 2),,) .
An(p — 1) sinh?( A, ) (sin (24, ) — 24tn)

Since py, > 7/2 for all n, we have that

dy — 1] =

(4.44)

1 1
(4.45) _— | < -
sin(2p,) — 24n ™
Further, it is straightforward to see that
inh(2\,) — 2\
(4.46) ‘Sm ( 7;) | <3,
sinh*(\,,)

Thus, using (4.45) and (4.46) in (4.44), we have

i S0 (f1,)

(4.47) \dn _1|<_ o lp =T

Now, using (4.20), we have that

2
i) = (S (7= ) o |

'72_:u’n

1—p\2 2 1—p\2 7P
S( p) 2% 7 = ( p) ———— = 0(E"7).
P R P e —¢e?

(4.48)

Since 1/\, = O(e%%) and p,, < e P/2, using (4.47) and (4.48) gives
(4.49) \d, — 1| = O(%/2730/2),

Combining this with (4.42) and (4.43) gives that 71 = O(e3/27%/2), Hence, from equa-
tion (4.41) we have that S; = O(e%/?~?P) since there are order e ?/2 terms in the sum. Thus,
for every 0 < p < 1, we have that

la(x,t) — w(w, t)] = OE*?).
The case where p = O(/€) is similar. [ ]

5. The mean approximately satisfies an interface jump condition. In this section, we
show that the mean of the process with a randomly imposed no flux condition at x = 0.5
approximately satisfies an interface jump condition. The results and proofs in this section
are directly analogous to those in section 4. We use the notation w; := lim,_,0 5+ w(z) and
w_ := lim, 05— w(x) throughout this section.

Theorem 5.1. Suppose w(z,t) : [0,0.5) U (0.5,1] x [0,00) — R satisfies

Jw = Aw, x € (0,0.5)U (0.5,1), t >0,
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with boundary conditions
(5.1) w(0,t) =0, w(l,t)=mn,
interface conditions

1—p

Oywy = Opw_  and wy —w_ = 2\/E< >8xw+,

and initial condition w(z,0) = @(z). Let vo and vy be as in Proposition 3.2. Then, for each
t >0 and q > 0, there exists an M and an 9 > 0 such that

(5.2) o (2, t) + v1 (1) — w(z, t)| < Me3/?7a

for all0 < e <eg and x € (0,0.5) U (0.5,1).
If we let p depend on €, then we can obtain any coefficient in the interface jump condition.
Theorem 5.2. Let C' > 0 and suppose w(x,t) : [0,0.5) U (0.5,1] x [0,00) — R satisfies

Ow = Aw, z€(0,0.5)U(0.5,1), t >0,
with boundary conditions
w(0,t) =0, w(l,t)=mn,
interface conditions
Oywy = 0pyw_  and wy —w_ = COwy,

and initial condition w(x,0) = p(z). Assume vy and v1 are as in Proposition 3.2 with

Then, for each t > 0 and q > 0, there exists an M and an 9 > 0 such that
lvo(z,t) 4+ v1(z,t) — w(x,t)] < Me'™1

for all0 < e <eg and x € (0,0.5) U (0.5,1).

We prove Theorems 5.1 and 5.2 using a series of lemmas. The lemmas are all directly
analogous to those in section 4.

Lemma 5.3. If vg and vy are as in Proposition 3.2, w is as in Theorems 5.1 and 5.2, and
we define a and B by the equation

() =(a2,) =0 (L)

(5.3) alz,t) —w(z,t) = oz, t) —wi(z,t) + O("),

then, for each n, we have that
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where o and B¢ satisfy

1
ail = acmlm and ﬁg = 5gx - gﬁda WS (07 1)) t> 07
(5.4) ot =p4=0 at z=0,1,
&cofi = 9yt and amﬁi = 9,8 at interface xr = 0.5,

—p(ozfl|r —at) = ﬁi — g4 and (1- p)amozfl1r = wﬂi at interface x = 0.5,
and w® satisfies

wl=wl,, xec(0,05) U(0.51), t>0,

TxT)

w? =0 atx =0,1,

1 —
8xwi = 0,w?  and wi —wt = 2\/5( p)(‘)xwi at interface x = 0.5.
p

Further, if we denote the initial conditions by
P (@) = a¥(@,0) and @"(z) = w(a,0),
then, for each n, we have that
(5.5) % (x) = ¢"“(x) + O(").

Proof. Tt is straightforward to check that o and S can be decomposed into a sum of the
following steady state and decay parts:

Ciz if 0 <x < 0.5,

alx,t =af x,t) 4+
( ) ( ) {C1x+C3 if05 <z <1,

inh if 0 < ,
Blant) = F(a, 1) 4 4 C250OD) 0 <7 <05,
—Cysinh(y(1 —z)) if05<z<1,

where v = 1/4/¢,

o) = U (1-p)C

, =—————  and Cs=n-0C,
1+%¥tanh(*y/2) > cosh(v/2) e

and the decay parts, a? and 3¢, satisfy the boundary /interface problem in (5.4).
Further, one can quickly check that w can be decomposed into the following sum of steady
state and decay parts:

Bz if 0 <ax<0.5,
where B =
Bx+n—B if0b<ax<1, 1+

w(z,t) = wh(z,t) + {

2|3

1—p~’
p
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and that w? satisfies the indicated boundary /interface problem. It is easy to check that |B —
Ci| = O(e") for each n, and thus (5.3) and (5.5) hold, even in the case that

p=0(e). N

Lemma 5.4. Let L be the operator corresponding to the boundary value problem in (5.4).

That is, define
0"
g 9" —g/e

for (f,g) in the domain of L given by all f,g € L?[0,1] such that their restrictions to (0,0.5)
and (0.5,1) are in H*(0,0.5) and H?(0.5,1) and such that

f0)=9(0)=f1)=9g(1)=f, =f. =g, =4g_
= —p(fy—f)—(Bsr—B)=10—-p)fL—g,=0.

Then, L is self-adjoint with respect to the inner product

(57) (().())=n [ rwiw i+ a - [ s

where

(5.6)

1

(5.8) mzl—m.

Furthermore, L is negative definite.

Proof. The proof is analogous to the proof of Lemma 4.4. |

Lemma 5.5. Let w®(x,t) be as in Lemma 5.3. Then, for each t > 0, it is given by the
uniformly convergent series

(5.9) wi(a, ) — { Snzaboe T sinine) F0<a <05,
' ’ — bpe Pt sin(fin(1 — 2)) 0.5 <z <1,
anl M
where 0 < i1 < fig < --- are the solutions to
1—p
5.10 tan(i/2) = ——p,
(5.10) (1/2) -

where v = 1//e, and

1

0.5
G0t =201 = sinG) /) " ([ sy [ sinG(1 - ) ) dy )

.5

Further, we have that
(5.12) |bn| < 4]l¢" (| 2
Finally, if n # k, then

(5.13) |fin — [k > .
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Proof. Deriving the formulas in (5.10) and (5.11) is routine.

The proofs of (5.12) and (5.13) are analogous to the proofs of (4.18) and (4.19). The
uniform convergence of (5.9) for ¢ > 0 follows immediately from (4.18) and (4.19). [ ]

Lemma 5.6. Let a®(z,t) be as in Lemma 5.3. Then, for each t > 0, it is given by the
uniformly convergent series

Oéd(flf t) = ZnZl cne_‘u%t Sln(unw‘) Zfo S T < 057
’ =D > Cne—ﬂitsin(un(l —1z)) if05 <z <1,

where 0 < 1 < pe < --- are the solutions to either

1-—
(5.14) tan(p/2) = ———— tanh(0.5v/v2 — u?)
2 —u?p
or
1-—
(5.15) tan(u/2) = tan(0.5y/u? — ~2)

R

depending on whether u? < 42 or u2 > 42, where v = 1/y/¢ and A = \/~? — u2. If € is such
that tan(y/2) = —((1 — p)/p)v/2, then there is one value p, = ~y. Further,

0.5 1
(5.16) Cn = dn</0 sin(uny )9 (y) dy — /Ossin(un(l =) (y) dy>,
where

_ (_inpsin® (un /2)(sinh (M) — Av) B
(5.17) dn = <)\n(p — 1) sinh?(\,, /2) (sin(pn) — pn) " 1) 7

if u2 < %, where A\, = \/7% — 2. And for all n > 1, we have that
(5.18) len| < 4llo® (|2
Further, if n # k are such that max{u2, 3} < +2, then

(5.19) lpn — pri| > 7.

Finally, if n is a positive integer, then there are at most two solutions to (4.21) on the interval
@nm+7m,2(n+ )7+ 7).

Proof. Since L is self-adjoint and negative definite, we seek eigenvalues —p? < 0 and
eigenfunctions @, 3 satisfying

(5.20) a4 2 = 0,
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If 4?2 —1/e < 0, then the homogeneous boundary conditions and the equality of the derivatives
at the interface imply that the eigenfunctions are of the form

3 (2) Asin(ux) it 0 <z <0.5,
a(x) =
—Asin(pu(l —x)) if0.5 <z <1,
B(x) Bsinh(A\x) if 0 <z <0.5,
xTr) =
—Bsinh(A(1 —z)) if05 <z <1,

where

(5.21) A=/ — 2

In order for the eigenfunctions to satisfy the interface conditions —p(ay —a_) = 84 — f— and
(1 —p)0yaq = 0,0+ at the interface x = 0.5, we need the following system of linear equations
to be satisfied:

(5.22) pAsin(p/2) + Bsinh(A/2) =0,

(5.23) (1 = p)pAcos(p/2) — AB cosh(A/2) = 0.

Since we seek nonzero A and B, we need the determinant of the matrix in (5.22) and (5.23)

to be zero. Equivalently, we need
u(p — 1) sinh(\) cos?(p/2) — Apcosh?(\/2) sin(u) = 0,

which can be written as

(5.24) tan(u/2) = — 1)\—pp tanh(\/2) .

For each ¢ > 0, this equation has a finite number of solutions p satisfying u? — 1/ < 0. Let
p2 < 4% denote the nth positive solution to (5.24) and A, be defined as in (5.21) with respect

to pn.
Hence, the eigenfunctions are of the form

Ap sin(pir, if 0 < 5,
(5.25) on(z) = sm‘(,u x) 1 0<z<05
—Apsin(pup(l —z)) if05<z<1,
6, () By, sinh(\,x) if 0 <z <0.5,
n\T) =
—B,sinh(A\, (1 —z)) if05<ax<1.

Now we want the eigenfunctions (a,, 3,) to have norm equal to one with respect to the inner
product defined in (5.7) for each n. That is, we want

0.5 0.5
(5.26) H/ A2 sin? () do + (1 — H)/ BZsinh?(\,x) dz = 0.5,
0 0
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where £ is defined in (5.8). Since (5.22) implies that A, = —B,sinh(\/2)/(psin(n/2)), it
follows from (5.26) that

1 — sinh(A,, /2)
2 B, = — Ay = ————,
(5.27) K, and K, psin(u,/2)

where

G28) K f\/ (o JZ@)) T [ ),

which comes from explicitly evaluating the integrals in (5.26).
It is easy to see from (5.20) that all the normalized eigenfunctions for a? are of the form
given in (5.25), even for u, > 2. So, putting this together, we have that

2 . .
(5.29) ad(z,t) = {an ane” Mt Ay sin (i) if 0 <z <0.5,

= n>1 ane Mt Ay sin(p, (1 — ) if 0.5 <z < 1,

where the a,’s are chosen to meet the initial conditions. The remainder of the proof is
analogous to the proof of Lemma 4.6. |

Lemma 5.7. Let p > 0 and n be such that max{j,, fin} < e P/2, where p, and fi, are as
in Lemma 5.6. If p is independent of €, as is the case in Theorem 5.1, then

(5.30) |fin — pn| = O(¥/27/2),
If p = O(\/e), as is the case in Theorem 5.2, then

(5.31) |fin — pn| = O("P/2).

Proof. The proof is analogous to the proof of Lemma 4.7. |

Lemma 5.8. Let t > 0 and p > 0. If p is independent of €, as is the case in Theorem 5.1,
then there exists an M and an €y such that the functions o®(x,t) and w?(x,t) defined in
Lemma 5.3 satisfy

|ad(3:,t) - wd(:n,t)| < Mg3/2=2p

for all 0 < e < egg and x € [0,1]. If p = O(\/e), as is the case in Theorem 5.2, then the same
statement holds but with €3/>=2P replaced by e'~2P.
Proof. The proof is analogous to the proof of Lemma 5.8. |
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