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Representation theory is a tool to study and classify groups, Lie algebras, and many other
objects of the same flavor. The original idea is to reduce everything to groups of matrices as
they allow explicit calculations. Matrix groups have been widely studied in linear algebra,
leading to the development of powerful yet simple enough methods to understand their
structure. To realize a representation of a group, one chooses a vector space, and maps each
element of the group to a linear transformation of this space, which can be written as a
matrix. The representation is defined by the mapping together with the vector space.

Nevertheless, representation theory is a field on its own and not just a tool for algebraists to
understand group structures. Because of the developments in representation theory, matrix
groups themselves are also of common interest.

For the classification of representations, analyzing the building blocks is fundamental.
These are irreducible representations, which are the indecomposable representations in char-
acteristic zero. One can recover any other representation from direct sums of these irre-
ducibles. Starting from a group G and a representation ρ, one considers a subgroup H of G.
A classical problem is to analyze how ρ restricts to H. The description of the irreducibles
appearing in this restriction is called a branching rule, which is a crucial tool.

A refinement of branching problems occurs when studying dual pairs. Instead of consider-
ing only one subgroup of G, one chooses two subgroups H and H ′. They form a dual pair if
H and H ′ centralize each other in G, which is denoted by (H,H ′). Because of this property,
the action of H can be used to understand restrictions to H ′, and vice-versa. Kudla [Kud84]
also introduced the notion of a seesaw dual pair, consisting of two dual pairs (J, J ′) and
(H,H ′) with (J ⊃ H,H ′ ⊃ J ′).

My work takes place in the context of the Theta correspondence, which started with the
study of a specific representation: The oscillator representation is a unitary representation
of a metaplectic group, and was first highlighted in the work of Segal, Shale and Weil [Seg63],
[Sha62], [Wei64]. It can also be studied as an algebraic representation of a symplectic group,
since the metaplectic group is a double cover of the symplectic group. In this algebraic
setting, one calls it the Fock model and denotes it by ω. It is important to note that the
oscillator representation is related to the harmonic oscillator, which is as a generalization of
the spring model. Therefore, this setting is one notable application of representation theory
in quantum mechanics using harmonic analysis.

The Theta correspondence originally studies the decomposition of ω when restricted to a
dual pair (G,G′) [KV78]. For an irreducible representation ρ of G, there is a representation
θ(ρ) of G′ such that ρ ⊗ θ(ρ) is a quotient of ω. The main idea is to analyze this θ(ρ),
classifying when it is non-zero, for example. The Theta correspondence was then extended,
as one can study dual pairs in other groups than the symplectic group. To get an analogue
of ω, the key observation is that the oscillator representation is in some sense the “smallest”
infinite-dimensional representation of the metaplectic group [Gan14], called the minimal
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representation. Similar representations have been constructed for other groups [GS05], and
their restriction to dual pairs are also studied.

My work focused on the following projects:
(1) I restricted the oscillator representation to dual pairs of type I. I established a con-

dition on the sizes of the subgroups to get a projective restriction in the category of
(g, K)-modules.

(2) I studied the Theta correspondence for real exceptional groups containing a pair with
a group of type A2, for the spherical case. I also considered the non-spherical case
when the pair contains a group of type G2.

(3) The Theta correspondence can be extended to complex groups. In exceptional groups,
I considered again pairs with one member of typer G2. I calculated the dimension of
the space of G2-fixed vectors for K-types of the minimal representation of a group of
type E6, which proves one direction of the strong duality.

(4) In the context of complex groups, I also studied pairs arising naturally from the
extended Dynkin diagram of simple Lie algebra, and gave branching rules for the
K-types of the minimal representation in each case.

Oscillator representation. The study of the oscillator representation belongs to the theory
of real reductive groups. One says that a matrix group is reductive if it is stable under
conjugate transpose. For such a group G, K denotes a maximal compact subgroup.

The setting here is the category of (g, K)-modules. A complex vector space V with actions
of g and K is a (g, K)-module if: (1) the actions of g on V , of K on V and of K on g are
compatible; (2) V is K-finite; (3) the action of k on V is the same when considering k as a
Lie subalgebra of g or as the complexified Lie algebra of K.

Dual pairs in a symplectic group can be of type I or type II, depending on their structure.
My work focuses on the restriction to G′ for dual pairs (G,G′) of type I with G′ is the smaller
member of the pair. I followed an approach used by Howe: First, I decomposed the oscillator
representation under the action of a compact group K. This group appears in a dual pair
(K,M ′), forming a seesaw pair (K ⊂ G,G′ ⊂ M ′). Then I used the Theta correspondence
to get an explicit description of the restriction of ω to M ′. Finally, the restriction from M ′

to G′ is computed.
In conclusion, the projectivity criterion almost corresponds to the stable range. Under-

standing when these restricted (g, K)-modules are projective is a very powerful tool, as this
implies that all the Ext-functors vanish. This work has been submitted to the Pacific Journal
of Mathematics and is being revised.

Theorem 1 ([Lan19]). For (G,G′) a dual pair of type I with G′ the smaller member, if
(G,G′) is in the stable range (or if the size difference is one more than for the stable range),
then the restriction of the oscillator representation to G′ is a projective (g′, K ′)-module.

Exceptional real groups. Loke and Savin [LS19] studied the Theta correspondence for
a real group H of type En restricted to a dual pair (G,G′) with one member of type G2.
Here KH (resp. K, K ′) is a maximal compact subgroup of H (resp. G, G′). As for the
oscillator representation, one considers an algebraic version V of the minimal representation
of H: The Harish-Chandra module, which is the set of KH-finite smooth vectors of the
minimal representations. With the notation introduced earlier, the representations ρ and
θ(ρ) correspond in the weak duality if ρ ⊗ θ(ρ) is a quotient of V with correspondence of
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infinitesimal characters. The strong duality states that θ(ρ) is a finite length (g′, K ′)-module
with a unique irreducible quotient ρ′ and conversely by switching the role of ρ and ρ′.

In their paper, Loke and Savin worked with spherical representations of G (resp. G′), i.e.
representations that have vectors fixed under K (resp. K ′). They proved that the strong
duality holds for spherical representations in E6 and E7 when one member of the dual pair
is of type G2. They achieve this by showing that for a non-zero spherical vector v0 in V, the
following identities hold:

U(g) · v0 = VK′ and U(g′) · v0 = VK .

In the case of E8, they proved one of these two identities only.
A natural question is to ask if this result can be extended to other pairs in the exceptional

groups, as well as in the non-spherical cases. I first focused on extending these results to
pairs with the member G′ of type A2, which follows naturally, as the long roots of G2 form
a group of type A2. For V = ⊕∞m=0VEn(mω) the KH-type decomposition of the minimal
representation of H, I proved that for all m,

dim(VEn(mω)K) = dim(Sm(p′)),
where Sm(p′) is the space of homogeneous polynomials on p′ of degree m and g′ = h′ + p′ is
the Cartan decomposition of g′. A consequence of this computation is the following, which
holds for E6, E7 and E8:

Proposition 2. For a spherical vector v0, there is a bijection between U(g′) · v0 and VK.

The next step is to determine if there is also a bijection between these the spaces U(g) · v0
and VK′ , as this would establish the strong duality when G′ is of type A2. This is still work
in progress.

From the original setting where G′ is a group of type G2, I also explored this duality for
non-spherical representations. The compact subgroup K of G plays here a crucial role: The
standard representation of K appears in the minimal representation of H, as the minimal
type of the non-spherical principal series. Using classical branching rules [GW09], I calculated
the multiplicity of the standard representation of K when H is of type E6 and E7, which is
a first step towards the duality in non-spherical cases.

Proposition 3. The standard representation of K appears in VEn(mω) with multiplicity
equal to 3 dim(Sm−1(p′)) or 3 dim(Sm−2(p′)) under some parity conditions, for n = 6, 7.

In the original paper, Loke and Savin encountered difficulties when H is a group of type
E8. Similarly here, calculating the multiplicity of the standard representation of K in this
case has not been achieved yet, because of the more complicated structure of E8.

Theta correspondence for complex groups. For exceptional groups, the case of a dual
pair with a member of type G2 with real groups has been studied [LS19] and explained
earlier. Another way to extend these results is to study the similar setting but with complex
groups. Hence, understanding G2-fixed vectors is crucial.

For a complex group G, the representations with highest weight given by a multiple of the
highest root β form the K-types of the minimal representation of G, where K is the compact
form of G. Therefore, the minimal representation of G can be written as V = ⊕∞m=0VG(mβ).
Because of this relationship to the minimal representation, each V (mβ) is of interest in the
context of the Theta correspondence.
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When G is of type F4, the computation of the space of G2-fixed vectors in each K-type
was done using paths, as introduced By Littelman [Lit94], and an intermediate restriction
to B3. I proved that the dimension of the space of G2-fixed vectors in VF4(mβ) is (m+1)(m+2)

2 .
Finally, I studied the case of a group of type E6, again for the same highest weight

representations. To achieve a description of the space of G2-fixed vector, I used restrictions
to D5, B4 and finally D4. Some of these steps were achieved with the assistance of the LiE
software [vL94], and the computations to obtain the dimension involves a few combinatorial
steps. The following proposition proves one direction of the strong duality:

Proposition 4. For β the highest root of E6 and m ∈ N, the dimension of the space of G2-
fixed vector in VE6(mβ) is equal to the dimension of the space of homogeneous polynomials
of degree m in 8 variables.

My last project focuses on a pair in a complex simple Lie algebras g. The setting in this
part is inspired by the work of Gross and Wallach [GW96]. One can define the parabolic
subalgebra corresponding to the highest co-root β̌ in g. This parabolic decomposes as a
direct sum of a Levi subalgebra l and an algebra of Heisenberg type. Then l decomposes
further into a reductive algebra m and a one-dimensional algebra Cβ. Denoting by M the
complex connected Lie group corresponding to m, I studied restrictions from G to the pair
M × SL2(C). Another way to see this restriction is to extend the Dynkin diagram of G by
adding the lowest root −β and then remove the vertices connected to this lowest root. The
Dynkin diagram of M is left, together with an isolated dot corresponding to the SL2(C)-
component.

The techniques used in this work range from classical branching rules to computer-assisted
computations using the LiE software [vL94], or combinatorial methods with Littlewood-
Richardson coefficients. I obtained an explicit branching rule from G to M × SL2(C) when
the highest weight of G is given mβ, m ∈ N for G of type An, Cn, Dn or G exceptional of
type E6, E7, E8 and F4. When G is of type Bn, this is still work in progress.

Future directions. My results for the oscillator representation for real groups open new
possibilities for further exploration. First, I hope to generalize my results to the p-adic case.
The structural differences between p-adic groups and real groups would force me to use
new tools to study the oscillator representation, as well as the p-adic version of the Theta
correspondence. Another direction is to analyze how the projectivity behaves differently for
dual pairs of type II compared to pairs of type I.

For the spherical case of exceptional real groups, I want to focus on pairs containing a
group of type A2 and analyze if there is a bijection between U(g) · v0 and VK′ . If this is
true, it would prove the strong duality in this case too. In the nonspherical case, exploring
the case of E8 is the natural next step. Similarly, for complex groups, the restriction of
VBn(mβ) to a pair containing SL2(C) has not been concluded for G of type Bn. This should
be studied in order to have general results.

Finally, the study of G2-fixed vectors led me to use branching rules described by paths
[Lit94]. This technique requires careful and detailed calculations, but can be used for general
cases and is extremely powerful. Combined with the LiE software, these two tools could open
new doors for branching rules: the software can produce branching in enough cases to make
conjectures on the corresponding rules, and Littlemann’s path could be crucial to proving
them.
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Some of these computations could become projects for undergraduate students. Indeed,
studying one specific branching rule is an approachable first step to representation theory,
without having to learn too much of the general setting upfront. It also includes combina-
torial aspects and calculations, which help to balance the abstract theory.
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