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Schrodinger’s Equation

-

fIn guantum mechanics, we begin with the assumption that
Schrodinger’s Equation is true.

H(Z,t) = thayy (%, 1)
h2

~2, A& )+ V(E V(T 8) = ity (3, 1)

H is called the Hamiltonian Operator. It can be shown that
H is self adjoint if V(Z,t) Is real.

h2
H=—— A, + VI(Z1
o + V(Z,t)

o |
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The Wave Function

-

The Schrddinger equation deals with solving something
called the Wave Function ¢ (z,t).

-

P(f7 t) — w(fv t)¢<fa t)

P(Z,t) Is called the probability density of whatever particle
that we are trying to model. Because of that

/P(f, t)ydv =1
]RN

We define our inner product in this space to be

L (V1,12) = /@11?2 dv J

RN
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Time Independant Equation

-

fIn most realistic situations, the potential energy does not
depend on time, but depends only on position. That means
that the potential function is V' (z). We can then separate
out time.

(2, t) = ¢(Z)T (1)
CREAGE) T
o o@ =g = F
hZ it
—— A ¢(T) + V(2)9(Z) = E¢(Z) T(t)=er

24
LThis IS called the Time Independant Schrodinger Equation J
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The Laplacian Operator

The Laplacian operator A, in spherical coordinates in R T
can be written

02 (N—-1)0 1
A, = L ~ Agns
Or? * r  Or + 25

Where Ag~v-1 Is called the Spherical Laplacian which is the
Laplacian on the coordinates of the unit sphere in RY.

If Y;(w) is an eigenfunction of Agv—: with w € S¥~1, such
that A, (r'Yy(w)) = 0, then

000 — D)r* 2 (w) + 6N — Dr*2Y(w) + r* 2 Agnv1 Yy (w) = 0
Agn-1Yp(w) = =0l + N — 2)Y(w)
|

|
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Eigenfunctions and Eigenvalues (1)

o N

For the time-independant Schrodinger equation, we have

Hop(T) = Epop(7)

Where Ej Is the eigenvalue of the eigenfunction ¢, (%). Ej
turns out to be the energy associated with ¢ (7).
Since H Is self-adjoint, there is an orthonormal collection of

eigenfunctions {¢x (%)} that span the space of all possible
wave functions.

Agv1Yy(w) = —0(f + N — 2)Y;(w)

We have already observed this eigenfunction-eigenvalue
pair for Agy-1. It IS also self adjoint so there Is an
Lorthonormal collection of {Yy(w)}.

|
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Eigenfunctions and Eigenvalues (2)

fIf ¢(¥) = R(r)Y (w), then can the hamiltonian H and the T
spherical laplacian Ag~-1 share the same orthonormal
eigenbasis?

Since H and Ag~-: are both self adjoint operators, then
they can share the same orthornormal basis if and only if

HAgn1 — Agv 1 H = 0

If we do the math, we see that this condition is met if our
potential V' in the hamiltonian H is only a function of r. To
continue, we will now use the potential V' (r) so that we can

use a common eigenbasis for H and Agn-1.

H =

B

1
Or? L or " T_2A5N1> Vi) J
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Separate Radial Component

W N

e have already made the assumption that

O1,0(T) = Ry o(r)Ye(w)

When we apply the Hamiltonian operator H on ¢y ¢(Z), we
get two differential equations to solve for.

N —1
0= %,5(7“)+( . ) ke(7)
2ukyp  2u ¢+ N —2
# (2t - Bve - =) R
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Possible Potentials
W

e have

(N_l) /

0= Ry (1) + . k.o(T)
2uk 2 0+ N —2
+ (2t - Bvi) - ) Rt

We notice that the solution of R ,(r) depends heavily on
V(r). Some common potentials are:

Vir)== Radial Electric Potential
V(r)=ar? 3D Harmonic Oscillator
Vir)=0 Vacuum
LWe will look at V (r) = —4;:0T to solve for Hydrogen. J
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Simplifying The ODE (1)
e | | o

Since we defined V' (r) in such a way that V(r) < 0 and

V(r) — 0 asr — oo, then if we want to study the bound
states of the electron in orbit about a proton (i.e. Hydrogen),
then the energy of the electron must be negative.

Fr; <0
First simplification is to say that we are working in three
dimensions so N = 3. Other simplifications include defining
I?, =205 and 8 = 22, Substituting V(r) = 7%, we
get

4,ue r?

B 0l +1)

L Z,e(T)JFQRM() (F%,e—;ﬂL 2 >Rk,£(""):0 J
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Simplifying The ODE (2)
-

We will perform a change of variable uy () = r Ry ¢(7)

-

, 1 1

k,ﬁ(r) = ;U%,e(r) — T_Quk,€<T)
%,5(7“) = %Ug,z(r) - %%,e@") + %Ul@,ﬁ(r)
— %Ug,z(r) — %R;@,g(r)
£+ 2R () = (T = 2 2 ) Rt =
L =y (r) — (Fi,e - g + E(é; 1)> ug(r) =0 J
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Asymptotic Behavior (1)
- -

() — <F%,e g, A D) uk,e(r) =0

r r2
We will now define u..(r) as the asymptotic behavior of
ug ¢(r) @S r — o0o. As r — oo, we get
g (r) = T gttoo (1) = 0
Uso(r) = Ae ke 4 Berlhe
We can set B = 0 because the ¢+ term is not

normalizable. We can set A = 1 because we are only
Interested in the asymptotic behavior.

\_ Uoo (1) = €1k J
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Simplifying The ODE (3)

fWe will attempt to remove the asymptotic behavior by
separating it out using another change of variable.

up,e(r) = e " g (1)
up, (1) = e "kt (&o(r) = Tore(r))
up o(r) = e (&L (1) = 2T 0&5, o (r) + T 4o (1))
Plugging in this change of variable, we get
1444
Eno(1) = 201 0&), (1) + (g _A : 1)> E(r) =

o |
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Solving The ODE (1)
-

Er.o(1) = 20% p&p, (1) + (é - é(é; 1)> Ek,e(r) =0

T

To solve this equation, we will guess ¢ , to be a power
series

oo

it = Z cri™?
q=0
oo

St = Z cq(q+ s)rats1
q=0
oo

| &= colg+s)(g+s—1)rats?



Solving The ODE (2)

0
Z%[Hs J(g+ s — 1)res72 — 2Ty g(q + s)rat7!

q=0

+BratsTh — (0 + 1)rq+5—2] =0
3 cqrtte- 2(<q+s><q+s—1>—€<f+ ))
q=0



Solving The ODE (3)
=

©.@)

Z c rits? ((q +3s)(qg+s—1)—L(L+ 1)>

q=0

o
£ 3ot (6= 2+ o)) =0
q=1
Consider ¢ = 0, we get

co(s(s—1)—£4(l+1))=0
= s={l+1,—/(}

LThe only answer that works is s = ¢ + 1.



Solving The ODE (4)
-

Cqq(q+2041)ra+t- 1+Zcq_ P (B—2(g+H0+1)Ty ) = 0
q=0 q=1

f
)
Consider ¢ > 0

cqq(q+20+1)+cq1(B—2(g+ L+ 1)Tke) =0

2(q + 14 + 1)Fk,g — ﬁ
q(q+20+1)

= Cq = Cqg—1



Asymptotic Behavior (2)
- . -

Consider the asymptotic behavior of as r — oo.

q_

Cq . QFk,g

Cqg—1 q

0. @)

QFk 2)?
= Gra(r) = ) rd = e?rle
q=0
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