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Introduction

Outline

© Helmholtz Equation

e In 2D, models the propagation of TE and TM waves
e In 3D, models the propagation of acoustic waves
@ C(loaking for the 2D Helmholtz Equation
Boundary Measurements Map
Definition of Cloaking
Main Idea Behind Transformation-Based Cloaking
Dissipation and Results
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Introduction

Wave Equation

Maxwell's Equations imply that the electric field satisfies the wave
equation, namely

d’E

o2

Assuming the waves are traveling in the y—direction, the solution
is of the following form:

V2E = poéo

E(y,t) =Re [Eoe"(k)’—wt)}
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Introduction

Helmholtz Equation

V- [AX)Vu(x)] + w?q(x)u(x) =0

@ When derived from Maxwell's Equations, A(x) and g(x) are
related to p(x) and €(x).

@ u represents the longitudinal component of the electric field
(TM waves) or the magnetic field (TE waves).

© In 2D, it models the propagation of monochromatic
electromagnetic transverse plane waves.

@ In 3D, it models the propagation of acoustic waves.
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Cloaking for Helmholtz

What is Cloaking?

cloaking material

EM plane waves

™~

A Q.

© Assume radial symmetry
@ Cloak against plane waves
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Cloaking for Helmholtz

Boundary Measurements Map

V- [A(X)Vu(x)] + w?q(x)u(x) = 0

@ We consider B;.
@ Maps field to flux for the Helmholtz equation.
© We used the inverse of this map (more stable numerically).

Definition (Boundary Measurements Map)

The boundary measurements map associated with the Helmholtz
equation is defined by:

Aag(u) = (AVW) v, (1)
where v is the outward normal vector of By, and v(x) = g for

X € 0Bo. )
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Cloaking for Helmholtz

Invariance Principle

Vi - [AX)Vu(x)] + w?q(x)u(x) = 0

F : B2 — B2, smooth enough, F(x) = x on 0B,.
Changing variables with y = F(x) gives

Vy - [FA)Vyv(y)] + w’q(y)v(y) =0,

where v(y) = u[F~(y)].

Also,
Aa,q = NF.A,q.
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Cloaking for Helmholtz

Invariance Principle
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Cloaking for Helmholtz

Transformation-Based Cloaking Proposed by Pendry

_ 4 2\ y
Fl(y)= <_ sl — _> 2
) =\3lvl-3 vl

cloak material

Ara1, =N

F.l,1. in By\ By
arbitrary real in By,

Ate). ) = {
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Cloaking for Helmholtz

Transformation-Based Approximate Cloaking Scheme

cloak material

AA,q = /\Ap’qp

1
2py for |y| < 3

FIW=0 1, 42 200 1y 10,

- 3 3 Mm OVE_M_~
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Cloaking for Helmholtz

Transformation-Based Approximate Cloaking Scheme

cloak material

Nag=Na,q, # N1

1
2py for |y| < 3

FIW=0 1, 42 200 1y 10,

- 3 3 Mm OVE_M_~
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Cloaking for Helmholtz

Kohn, Onofrei, Vogelius, and Weinstein

For (), (1),

1

| log(p)|
@ In 3D, error ~ p.

@ In 2D, error ~
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Introduction to Dissipation

Dissipation

1, 4p*(1 +ip)

Foe (1), (1+i6),.
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Introduction to Dissipation

Effect of Dissipation

E(y.0)

0.

0.

0.

0.

©

[

=

N

Decaying Electric Field Oscillations

/

\ A

IVIRVARY,

y (Penetrallon of Electrlc Fleld

y Thaler

The Effect of Dissipation on the

nsformation-Based Approxi



Introduction to Dissipation

Effect of Dissipation

Decaying Electric Field Oscillations
T

T T T

E(y.0)

L | |
8 10 12 14 16 18
y (Penetration of Electric Field)
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Solution

Step 1-Mapping

1, 4p*(1 +ip)

Foe (1), (1+i6),.
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Solution

Step 2-Setup
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Solution

Step 2-Setup

[ (a) V2u1(x) +w2@u1(x) =0 in B,
AP
(b) V2up(x) + w?(1 + iB)up(x) =0 in By, \ B,
(c) V2u3(x) + w?(1+id)uz(x) =0 in B>\ By,
(@) 0a(.0) = 20, 0); A, (p,0) = P2 (p.0)  on 9B,
(e) us(2p,0) = u3(2p, 0); 88”2(2 ,0) = 6”3(2p,9) on 9By,
| () 86“3(2 0) = ¢ on 9B,

Andy Thaler The Effect of Dissipation on the Transformation-Based Approxi



Solution

Step 2-Setup

where

zeJo(wp) [Jé(wzep) (H(gl))/ (2wze) — Jy(2wze) (Hél))/ (wzep)}

AT [Jo(wzem (H§2) (2wze) - Ja<2wze>Hé”(wzep)]

A, =qpl
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Solution

Step 2-Setup

where

zeJo(wp) [Jé(wzep) (H(gl))/ (2wze) — Jy(2wze) (Hél))/ (wzep)}

AT [Jo(wzem (H§2) (2wze) - Ja<2wze>Hé”(wzep)]
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Solution

Step 2-Setup

where

zeJo(wp) [Jé(wzep) (H(gl))/ (2wze) — Jy(2wze) (Hél))/ (wzep)}

AT [Jo(wzem (H§2) (2wze) - Ja<2wze>Hé”(wzep)]

A, =qpl

@ ze=1+4+1i6

@ ¢ > 0 denotes the dissipation level in the annulus B, \ By,
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Solution

Step 2-Setup

where

zeJo(wp) [J(’J(wzep) (H(gl))/ (2wze) — Jy(2wze) (H(gl))/ (wzep)}

AT [Jo(wzem (H§2) (2wze) - Jé(zwzewé”(wzep)]

A, =qpl

@ ze=1+4+1i6
@ ¢ > 0 denotes the dissipation level in the annulus B, \ By,

@ 1 is the normal derivative of the incoming plane wave on 0B,
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Solution

Separation of Variables for u;

Let u1(r,0) = R(r)©(0). Then we have

V2u1 —i—wzﬂul =0
Ap
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Solution

Separation of Variables for u;

Let u1(r,0) = R(r)©(0). Then we have

V2u1 —i—wz%ul =0

p
(92U1 18U1 1 62U1 24p
Sz t-F+ 3 2 u=0
or? + r Or + r2 062 tw Apu1
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Solution

Separation of Variables for u;

Let u1(r,0) = R(r)©(0). Then we have

V2u1 —i—wz%ul =0

p
(92U1 18U1 1 62U1 24p
Sz t-F+ 3 2 u=0
or? + r Or + r2 062 tw Apu1

1 1
& R0+ RO+ SRO" +w* 2RO = 0
r r A,
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Solution

Separation of Variables for u;

Let u1(r,0) = R(r)©(0). Then we have

V2u1 —i—wz%ul =0

P
(92 uy 1 8U1 1 62U1 24p
S Trar T T,
1" 1. 1 " 29p
& R @+7R@+—2R@ 4+ w-~R© =0
r r A,
/! R/ " q
2 A 29 2 _
<:>rR+rR+e+wApr 0
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Solution

Separation of Variables for u;

Let u1(r,0) = R(r)©(0). Then we have

V2u1 —i—wz%ul =0

P
(92 uy 1 8U1 1 62U1 24p
S Trar T T,
1" 1. 1 " 29p
& R @+7R@+—2R@ 4+ w-~R© =0
r r A,
/! R/ " q
2 A 29 2 _
<:>rR+rR+e+wApr 0

RI/ R/ el/
sr—+tro —|—w2@r2 = Qa5 =

K.
R 'R A, R
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Solution

3 Cases

o K<0eg K= —p?
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Solution

3 Cases

o K<0eg K= —p?
o @ — 20 =0.
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Solution

3 Cases

o K<0eg K= —p?
o ©" — 1?0 =0.
o O(f) = Aet? 4 Be H0,
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Solution

3 Cases

o K<0eg K=—pu2
o ©" — 1?0 =0.
o O(f) = Aet? 4 Be 1.
o NOT 27—periodic
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Solution

3 Cases

o K<0eg K= —p?
o ©" — 1?0 =0.
o O(f) = Aet? 4 Be 1.
o NOT 27—periodic

e K=0.
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Solution

3 Cases

o K<0eg K= —p?
o ©" — 1?0 =0.
o O(f) = Aet? 4 Be 1.
o NOT 27—periodic
e K=0.
0 @ =0.
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Solution

3 Cases

o K<0eg K= —p?
o @ — 20 =0.
o O(f) = Aet? 4 Be H0,
o NOT 27—periodic
e K=0.
° 9” =
o(0) = C+ Deé.
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Solution

3 Cases

o K<0eg K= —p?
o ©" — 1?0 =0.
o O(f) = Aet? 4 Be 1.
o NOT 27—periodic
e K=0.
e ©"=0.
e O(0) = C+ D6.
e 27w —periodic iff D =0
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Solution

3 Cases

o K<0eg K= —p?
o ©" — 1?0 =0.
o O(f) = Aet? 4 Be 1.
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e K=0.
0 @ =0.
e O(0) = C+ D6.
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e K>0eg K=_p?
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Solution

3 Cases

o K<0eg K= —p?
o ©" — 1?0 =0.
o O(f) = Aet? 4 Be 1.
o NOT 27—periodic
e K=0.
e ©"=0.
e O(0) = C+ D6.
e 27w —periodic iff D =0
e K>0eg K=_p?
o O+ ,uze =0.
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Solution

3 Cases

o K<0eg K= —p?
o ©" — 1?0 =0.
o O(f) = Aet? 4 Be 1.
o NOT 27—periodic
e K=0.
e ©"=0.
e O(0) = C+ D6.
e 27w —periodic iff D =0
e K>0eg K=_p?
o O+ ,uze =0.
o O(0) = Ee¥ 4 Fe=n0,
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Solution

3 Cases

o K<0eg K= —p?
o ©" — 1?0 =0.
o O(f) = Aet? 4 Be 1.
o NOT 27—periodic
e K=0.
e ©"=0.
e O(0) = C+ D6.
e 27w —periodic iff D =0
e K>0eg K=_p?
o O+ ,uze =0.
o O(0) = Ee¥ 4 Fe=n0,
o 2w —periodic iff ;4 = k, where k is a non-negative integer
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Solution

Bessel's Equation

The equation for R becomes

r’R + rR; + (wzzpﬂ - k2> R=0.
Y

(The boundary conditions will be dealt with momentarily). The
solution to Bessel's Equation of order k is

Ri(r) = PrJk (w\/;’T’;r> + QeHW (w\/j\»ir>
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Solution

Superposition

Thus

ul’k(r, 0) = Rk(r)ek(e)

_ 9 (1) 9 k6 —ike
= [Pka <w‘/Apr> + QeH! <w‘/Apr>} (Ee™ + Fe=?)
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Solution

Superposition

Thus

ul’k(r, 0) = Rk(r)ek(e)

Superposing these solutions gives

ui(r,0) = Z [aka (w‘ /Zpr> + ka,EI) (w Z’)rﬂ (eike + e‘”‘e)
k=0 P 4
_ - [ 9p. 1) [9p ik0
= k_z_:oo [aka <w A, r> + b H,, (w A, r)] e,
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Solution

Solution

( oo
(a) ur(r,0) = Z Ep (1 /prr> ekt in B,
Z P

Cka (wzbr) + dkHl((l) (wzbr)} eik9 in ng \ Bp

—
o
~
<
N
—
\'\
>
~
Il
™
—

(c) us(r,0) = Z [eka (wzer) + fx H,((l) (wzer)} e in By\ By,

k=—00
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Results

Error

The error we measured was the following normalized error:
1

(faBz ’U3 — U0‘2> 2

1

(o, 1022

or, equivalently,

—

57 43 (2,0) = w0 (2,0) 2 d6) 2

1
il (2.6) [2d0 2
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Results

Dependence on p and ¢

AwIIA,

AAwIIA,

o

i

p = 0.1, minimumerror = 0.821798
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dy Thaler

p =0.01, minimumerror = 0.318119
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Results

Dependence on p and ¢

p = 0.1, minimumerror = 0.821798 p =0.01, minimumerror = 0.318119
1
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3 3
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Results

Electromagnetic Wave

3D Plot of a Plane Wave

~~
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Results

Contour Plot of Electromagnetic Wave

Contour Plot of a Plane Wave
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Results

Cloaking
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Results

=001,5=001, (MIwll'lIA 7l = 0108438

x
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Results

Bessel's Equation of Order 0

R'(r) + %R’(r) +R(F) =0

We assume a series solution of the form

R(r) = i car”
n=0

Assuming we can differentiate term-by-term, we have

o
R'(r) = Z nc,r™ !
n=1
[e.9]
R'(r)=> n(n—1)c,r"2
n=2
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Results

Bessel's Equation of Order 0

Inserting the series into Bessel's equation gives

(e.¢]
g n(n—1)cor" % +cr t + E ncar" % + g Crar"™ 2 =0
n=2 n=2 n=2

o
C—rl + Z (nch+cpa) r"?=0
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Results

Bessel's Equation of Order 0

This implies that

Using induction, we find that the solution to the above recurrence
relation is

0 for n odd

Ccp = (_l)k %

5 for n even, where k = n
22k (k1) 2
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Results

Bessel's Equation of Order 0

Thus our solution is

_ CO 2k
R(r) = Z 22k kl
k

—1) @ 2k
=+ Y ———r
gzzk(k!)

The ratio test shows that the above series converges for all r.

We thus define - .
=S (_71)2 2k
o 22k (k1)
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Results

Bessel's Equation of Orders 0, 1, 2,

Bessel Functions of Order 0, 1, and 2

1 - - ‘ :
—— 3,0
—J,
— 0
05 .
=
0 /
05 , s ‘ ‘ ‘
) 2 4 6 8 10 12
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Results

Thank you!!!
Also, thank you to Professor Daniel Onoftrei.
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