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2. Letgrbe aninteger greater than | and x a real number, 0 < x < |
Show that there is u sequence (o, of integers with 0 < @, < p such that
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and that this sequence is unigue except when x is of the form g/p®, in
which case there are exactly two such sequences. Show that, conversely,
i {u,, ) is any sequence of integers with 0 < a, < p, the series
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converges to a real number x with 0 < x < |,

If p = 10, this sequence is called the decimal expansion of x. For
p = 2itis called the binary expansion: and for p = 3, the tesnary expan-
sion.

36. The Cantor ternary set C consists of all those real numbers in {0, []
which have ternary expansion (cf, Problem 21) (a,) for which a, is
never L {IF x has two ternary expansions, we put x in the Cantor set if
one of the expansions has no term equal o L) Show that C is » closed set,
and that C s obtuned by frst removing the middle thisd (%, 2) from {0, 1},
then removing the middle thirds (4. §) und 2, §) of the remaining intervals,
and 50 on,

37, Show that the Cantor set can be put into a one-to-one correspond-
epce with the interval {0011

46. Let x be a real number in [G, I with the ternary expansion {(a,}
(ef. Problem 21). Let ¥ =+« if none of the g, are |, and otherwise jet &V

be the smallest value of o such thata, = 1. Let b, = du, forn < Nund
by = L. Show that
by

o &

i3 independent of the ternary expansion of x (if x has two expansions) and
that the fusction f defined by setiing
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15 & continuous, monotone function on the interval [0, 13 Show that fis
constant on each interval contuined in the complement of the Cuntor
tarnary set (Problem 30), und that / maps the Cumtor ternary set safo the
mierval [0, 1], {This function 5 calied the Canror rernary funetion)

Show that if £ i5 measurable and E C P, ther mE = Q. [Hint:
Let E; = E 4 ry. Then (E.} is a disjoint sequence of measurable sets and
mE, = mE. Thus TmE, = m L} E; < mi0, 11]

€16, Show that, if A is any set with m*4 > 0, then there is a non-
measurable set £ ¢ A. [Hint: [f 4 C (0, 1}, let £; = 4 P, The measuc-
ability of E, implies mE, = 0, while Em*E; = m*4 > 0.]

@ tet fbe measurable and 8 a Borel set. Then £~ '[B]is 2 measurabie
set. [Hint: The class of sets for which /7' [£] is measurable is 2 o-algebra

@ Show that if £is a meaurable real-valued function and g a continuous
fuilction defned on (=6, =), then g = f is measarable.

26. Borel measurability. A Tunction [ is said to be Borel measurable if
for each o the set {x: f{x} > a} is a Borel set. Verify that Propositions 18
and 19 and Theorem 20 remain valid il we replace “measurable set™ by
“Borel set” and ““(Lebesgue) measurable™ by “Boret measurable.” Every
Borel measurable function is Lebesgue measurable. i f is Borel measur-
able, and B is a Borel set, then £ {8} s a Borel sq;,.ﬁff and g are Borel
imeasurble 30157 o g, 11/ is Borel measuiahle and g is Lebesgue measur-
&b_{gi_then F o g is Lebesgue measurable.

27. How much of the preceding problem can be carried out if we
replace the class & of Borel sets by an arbitrary o-algebra G of sets?

@ Let /3 be the Cantor ternary function {cf. Problem 2.46}, and
defitte /by f{x) = filx) + x.

a. Show that £ is a homeomorphism of [0, 1] oato [0, 2].

b. Show that f maps the Cantor set onto a set F of measure 1.

c. Let g = /7' Show that there is a measurable set £ such that
27 '[4] is not measurabie.

d. Give an example of a continuous function g and a measurable
function 4 such that # < g is not measurable. Compare with Problems 25
and 26.

e. Show that there is a measurable set which is not a Borel set.
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