Math 4530
Monday March 28
Computations related to the shape operator

Hereisalist of procedures to calculate the matrix of the shape operator, the principle curvatures, the
mean curvature and the Gauss curvature, using a given patch X. The procedures areillustrated with
computations and pictures for the helicoid and the torus.

> restart:
wi th(linalg):
wi th(plots):
Warni ng, the protected nanes norm and trace have been redefined and unprotected

War ni ng, the nanme changecoords has been redefined

> assume(u,real); #this gets rid of that annoying "csgn" fcn
assume(v, real);
> #dot product
dp: =proc(X,Y)
X 1] *Y[ 1] +X[ 2] * Y[ 2] +X[ 3] * Y[ 3] ;
end:
> #2-norm i.e. magnitude.
nr m =pr oc( X)
sqrt (dp(X, X)) ;
end:
> f#cross product:
xp: =proc(X,Y)
| ocal a, b, c;
a:=X[2]*Y[3]-X[3]*Y][2];
b: =X[ 3] *Y[ 1] - X[ 1] * Y[ 3];
c:=X[1]*Y[2]-X[2]*Y[1];
[a, b, c];
end:
> #Derivative matrix for mapping X
DXq: =pr oc( X)
| ocal Xu, Xv;
Xu:=matrix(3, 1, [diff(X[1],u),diff(X2],u),diff(X[3],u)]);
Xv:=matrix(3,1,[diff(X1],v),diff(X2],v),diff(X3],v)]);
si npl i fy(augnent ( Xu, Xv), radi cal , synbolic,trig);
end:

> #Matrix of first fundanental form
gij:=proc(X)
| ocal gl1,9l2,9g22,Y,;
Y: =eval m(DXq( X)) ;
sinplify(eval n(transpose(Y)&Y)
radi cal ,synbolic,trig);
. end:
> #unit normal




U: =pr oc( X)
| ocal Y, Z s;
Y: =DXq( X) ;
Z: =xp(col (Y,1),col (Y, 2));
s:=nrm(2);
sinmplify(eval m((1/s)*Z), radical,synbolic,trig);
end:
#matri x of second fundanmental form
hi j:=proc(X)
| ocal Y, Xu, Xv, Xuu, Xuv, Xvv, UL, hll, hl12, h22;
Y: =DXq( X) ;
Ul: =U( X) ;
Xu: =col (Y, 1);
Xv: =col (Y, 2);
Xuu: =[di ff(Xu[1],u),diff(Xu[2],u),diff(Xu[3],u)];
Xuv: =[di ff(Xu[1],v),diff(Xu[2],v),diff(Xu[3],V)];
Xvv: =[di ff(Xv[1l],v),diff(Xv[2],v),diff(Xv[3],V)];
h11l: =dp( Xuu, U1);
h12: =dp( Xuv, Ul1);
h22: =dp( Xvv, Ul);
sinmplify(matrix(2,2,[hl1, h12, h12, h22]),
radi cal ,synmbolic,trig);
end:

#matri x of shape operator wt basis {Xu, Xv}:
aij:=proc(X
local Y, H G
H =hij (X);
G =gij (X); _
sinmplify(eval m(i nverse(GQ & H),
radi cal ,synbolic,trig);
end:
#Gauss curvature
&K =proc(X)
| ocal A;
A =aij (X);
sinplify(det(A),radical,synbolic,trig);
end:
#Mean curvature
MK: =pr oc( X)
| ocal A;
A =aij(X);
sinmplify(l/2*trace(A), radical,synbolic,trig);
end:
#Princi ple curvatures and directions:
PK: =pr oc( X)
| ocal Y;
Y:=aij (X);

ei genvects(Y);



end:
test:=[u, v, ur2-vr2];

DXq(test);
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u~ —2v+

gij(test);

hij(test);
subs({u=0,v=0},aij(test));
subs({u=0, v=0}, K(test));
subs({u=0, v=0}, MK(test));
subs({u=0,v=0},aij(test));
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torus: =[(2+cos(u))*cos(v), (2+cos(u))*sin(v),sin(u)];
torus:=[(2 + coqu~)) cogv~), (2 + coqu~)) sin(v~), sin(u~)]
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gij(torus);
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hij(torus);
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aij(torus);
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r> GK(torus);
coqu~)
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> MK(torus);
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> aij(torus);
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> plot3d(torus,u=0..2*Pi,v=0..2*Pi, col or=GK(torus));

"> hel : =[ v*cos(u), v*sin(u), u];

L hel := [v~coqu~), v~sin(u~), u~]
"> gij(hel);

hij (hel);

aij(hel);

PK(hel);




MK( hel ) ;
&K(hel);
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> pl ot 3d( hel,u=0..2*Pi,v=-3..3, color=CK(hel));







