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Solving the Frenet System,
for prescribed curvature and torsion functions
Math 4530 Spring 05
[ » restart:
‘> with(DEtocls) :with(plots):
| #need DEtocls to sclve differential eguations
i Warning, the name changecoords has been redefined

Here's a pretty self-explanatory procedure which solves the Frenet system, taken more or less from the
text.
| » recreate3dview:=proc(kap,ta,a,b,c,d,e,£,9,h)

fkap=curvature, ta=torsion

#arclength parameter from a to b

#c..d, e.. £, g..h are x-y-z ranges for plot

local
gve, #the Frenet system
o . #dummy for ODE solution to Frenet syvstem
ics, #initial conditions
pl; #name for ODEplet of p

sys:=
diff(alphl(s),s)=Ti(s),
Aiff (alph2{s).s)=T2(s8),
diff(alph3($),s) =T3{s),
diff (Tl (s),s)=kapi(s)*Nl(s),
dlLffTE( y.si=kap({s)*N2 (s},
diff(T3(s),s)=kap(s)*N3 (s},
diff (N1 (s),s)=-kap(s)*Tl{s)+ta(s)*Bl{s),
Giff{N2(s),s)=-kap(s)*T2(s)+ta(s)*B2Z{s),
Aiff(N3(s),s)=-kap(s)*T3(s)+ta(s)*B3 (s},
d¢ff(Bl(s),s)-wta(s)*Nl(s},
dAiff(BZ(g),s)=—-ta{s) *N2 (s},
diff(B3{g},s)=-ta{s) *N3{s);

ica:=

alphl (0)=0,alph2 (0)=0,alph3 (0)=0
TL(0)=1,T2(0)=0,T3{0)=0,
N1(0)=0,N2(0)=1,N3(0)=0,

B1{0)=0,B2(0)=0,B3(0}=1;
pi=dsolve((sys, ics), (alphl (s),alph2 (s} alphi (s,
1i{s),T2{s}, T3( ), N1{(s) ,N2(s),N2{s)

Bl\s;gaé{s},BB J 1. typesnumerict ;
pl:=odeplot{p ,[alphi(s;,alphé(S;,alphB(s)],a..b,
numpoints=200, thickness=1, axes=boxed, color=black) :
display(pl,scaling=constrained,view={c..d,e..f,g..hl);
end:

Here are some examples:
Example 1: A helix, with constant curvature and torsion
‘> kapl:=s->2;

torli=s->.5;

kapl =



tor{ :==0.5
3 "113.'014);

~ !

;: > recreatelddview(kapl, torl,§,20,-1,

Example 2:

> kapl:=g->.2%s;
torl:=s->.5;

kapl =5-502s

! torl :=0.5
> recreateidview{kapl,tori,0,20,0,10,-5,5,-5,5);
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Plane Curves, with prescribed planar curvature
Math 4530-1
Wednesday January 20

For plane curves we can define the normal vector globally as the rotation by +P1/2 of the unit tangent
vector, and now there 1s no restriction that the curvature never be zero. This leads to a simpler Frenet
system than for space curves, and you can recreate interesting curves:

P> restart:
> with(DEtools) :withiplots):
! Warning, the name changecoords has been redefined

i > kap:=t->t: #planar curvature function
a:=-5:b:=5: #s-range
ci=-2:4:=2: #x-range
f:=-2:qg:=2: $#vy-range
f» sys:=
diff(thetal(s),s)=kap(s),
diff{bl{s),s)=cos{thetais)),
diff{b2(s),s)=gin{thetal(s)):
#trhig is the plane-curve Frenet system

ics:=
theta{(0} =0, #start flat
b1 {0)=0, #start at origin
b2{0})=0:

pr=dsolve({sys,ics}, {thetais) bli{s),b2(s)},
type=snumeric} :

pl:=odeploti{p, (bl{s),b2(s}},a..b, numpcints=400,
thickness=1, axes=framed, color=black) :

> display(pl.view=[c,.d,f..gl,title="kappai{s)=g*);

kappa(s)=s
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> kap:=t->t*gini{t): #planar curvature function
a:=-8:b:=8: #s-range
c:=-2:d:=2: #x-range
f:=0:g:=4: #y-range
> sys:D=
diff {theta{s),s)=kap(s),
diff{bl(s),s)=cos(thetalg}},
diff(bZ(s),si=sin{thetals)):

ics:=
theta{(0)=0, #start flat
1 (0)=0, #start at origin
2{(0)=0:

p:=dsclve{{sys,lcg}, {theta(s),bl(s),b2(s)},
typesnumeric) :

pl:=odeplot(p, [bl(s) ,bZi{s)i,a..b, nunpoints=40GC,
thickness=1, axes=framed, color=black):

s display(pl,view=[c..d,f..gl,vitle="kappal(si=s*sin(s});

kappails)=ssin{s}




