Friday September 6

1.5: complex differentiation; basic properties of analytic functions.
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Warm-up exercise



Def Let f:4—C where 4 = Cisopen. Letz, € 4. We say that f is (complex) differentiable at z
iff

exists. Note: an equivalent way to express the limit above is as
f(zo + h) —f(zo)

h—0 h

Def Let f: A—C where A & C is open. If f is complex differentiable for all z € 4 then we say that f
is (complex) analytic or holomorphic on A.

Remark: So that you don't get complacent, here is some magic we'll be seeing within a few weeks:

(1) If f is analytic on 4 as above, then f* is too! And f"':= (f")’is too. And in fact, f has n™ order
derivatives of every order n on A as soon as its first derivative exists on all of 4. Automatically. (Nothing
like this was true in general for differentiable functions in regular Calculus! For example there are lots 0

differentiable functions that are not infinitely differentiable.) j
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(This is called Liouville's Theorem.) In fact, if f is analytic on all of C and if f* grows no faster than a 0 s

)

(ii) If f is analytic on all of C and if f is also a bounded function, then actually /" must be a constant. jt" (x)= Z

polynomial (|f(z)| < C|z|" for |z] = M some M), then actually f(z) is a polynomial of degree at

most n !! "“\QJ;'F:;A
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(iii) If £, g are both analytic on and open connected set 4 and if { n} < A is a sequence of distinct
neN
complex numbers, with { }—>z € A; and if [ ( ) g( ) V n € N, then actually
f(z)=g(z)VzeEe 4 ! ‘f(ﬂ:z?— ,].(i): héll\l {’H“’O w

2
(iv) If f; g are both analytic on and open connected set A and if the functlon values and all derivatives of
J/ and g agree at z, then actually f(z) =g(z) forallz € 4.



Until we get to the magic, let's proceed as we did in Calculus:

Theorem Let f be complex differentiable at z) € 4, 4 = C open. Then f is continuous at z,.
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Theorem Let 4 & C open, f, g: A—C analytic, c € C. Then cf, f+ g, fg are analyticon A. And the
f

quotient “— is analytic in A intersect the complement of the zero set for g. Furthermore, for z € 4,
g

@) (cf)'(z) =cf (2)
(i) (f+g)' (z)=f(2) +g'(2)
(i) (fg)'(2) =f (2)g(z) +f(2)g ()

- v ' _ S (z)g(z) —f(2)g’ (2)
) (g) (=) g(z)?

where g(z) # 0.

The proofs are just like in Calc 1. We can verify the product rule or the quotient rule, for example:
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Some more computations that go just like in Calculus:

(1) if f(z) is the constant function, its derivative is zero.
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(iv) every polynomial in z is analytic on C, with the expected formula for its derivative.

@) if 1) = 25

complement of the zero set for ¢.

1s a rational function, i.e. a quotient of two polynomials, then f(z) is analytic on the

JMS* ~\/L—‘? Smm-Q)'

The chain rule is also true - we'll probably postpone the precise proof until Monday along with a
discussion of the inverse function theorem, so that we have time for the rest of today's notes today. (The
proof proceeds just like the precise proof for the one real variables chain rule that you discussed in 3210).
In any case, if f is differentiable at z, and g is differentiable at f (zo) then g  f is differentiable at z ,

and
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Example: Writez=x+iy,y € R. Then f(z) =Re(z) =x is NOT complex differentiable at any point
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In fact, being complex differentiable is very rare, relatively speaking, even if Re(f) and Im( f al’ebhlce thy
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Theorem LetA4 & Copen, f:A—C,z, € A. Write f(z)=f(x +iy)=u(x,y) + iv(x,y), where
u(x,y) =Re(f(x+iy),v(x,y)=Im(f(x+iy). Thenif fis complex differentiable at z ) =x  + iy,
the following partial derivative equalities - known as the Cauchy-Riemann_equations - must hold there:
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As we checked, The Cauchy-Riemann equations are a consequence of complex differentiability.
Conversely, if u(x, y) and v(x, y) satisfy the Cauchy Riemann equations, that's almost sufficient to imply
complex differentiability. The precise conditions require a bit more, and are connected to your discussions
of real variables differentiability from Math 3220:

( 17 \ropjt M, Jv\o{d )
Theorem Let 4 & C open, f:4—C,z) & 4. Write ]%z) =f(x+iy)=u(x,y)+ iv(x,y), where
u(x,y)=Re(f(x+iy),v(x,y)=Im(f(x+ iy). Consider the associated F'(x, y) with image in R2,
given by

F(x,y) = (u(x,y),v(x,»)),
forx+iy € 4.
Then f(z) if complex differentiable at z, if and only if the Cauchy-Riemann equations hold for the partial
derivatives of u and v, at (xo, yo) AND F'(x, y)is real differentiable at (xo, yo) in the multivariable
sense. In particular, if the partial derivative functions Up Uy VsV, ATE continuous in a neighborhood of
(xo, Yo ) , and if the Cauchy Riemann conditions hold there, then the associated f is complex differentiable

at Zy-

Our proof will make use of the facts about differentiability (we'll verify the first one, and recall the second
one from Math 3220).

1 f (Zo) exists and has value ¢ if and only if we have the affine approximation formula with error

estimate:

f(zO +h) =f(zo) +ch+ he(h)
where €(h) —0 as h—0.

(i) F(x,y) = (u(x,y),v(x,»)) is real differentiable at (x , yo) and has Jacobian matrix A if and only if

0
we have the affine approximation formula with error estimate some matrix 4:
u(xo—l—hl,yo—l-hz) u(xo) h,
= + 4 + E(h)
v(xo +h,y, T hz) v(xo) h,
E(h
where % —0 as £#—0. A sufficient condition for real differentiability is that all partial

derivatives of u, v exist and are continuous, in a neighborhood of (xo, Yo ) .



Example: Show that f(z) = ¢ is analytic on C and find /" (z) by checking the Cauchy Riemann
eguations and verifying that the partial derivatives of u(x, y) = Re(f(z) ), v(x,y) = Im(f(z) ) are

continuous. (For fun, you could try to use the limit definition of derivative to compute the derivative of ¢
directly, but it's more work than you might expect.)
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Example Show that f(z) = sin(z) is analytic on C and find its derivative.



