Math 4200
Friday September 13

1.5: harmonic functions, harmonic conjugates; 1.6 differentiation and mapping of elementary functions
and branches of their inverses.
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Harmonic functions and harmonic conjugates.

Let f(z)=f(x+ iy)=u(x,y) +iv(x,y) be analytic in an open domain 4, and assume u, v have

continuous first and second partial derivatives. (The shorthand for this is u, v € c? (A).) Then from

Cauchy Riemann
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(Recall from 3220 or multivariable calculus that Vor = Ve when all second partial derivatives are

continuous.)

Def Let U(x,y) bea C? function in a domain 4 < R2.
differential equation

U +U
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Then U is harmonic in A if it satisfies the partial

0.

Def The partial differential equation above is called Laplace's equation.

(Harmonic functions are important in pure and applied math, as well as in physics. Also harmonic
functions of three or more variables. If you've taken any class on partial differential equations or electro-

magnetism, you've seen harmonic functions before.)

Exercise: Let f(z) =f(x+ iy) =u(x,y) + iv(x,y) be analytic in an open domain 4, with

C2(A). Is v(x, y) harmonic as well?
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from the Wikipedia page on harmonic functions...
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A harmonic function defined on an annulus. @ More details



Def Let 4 = C open, and let u € c’ (A) be a harmonic function. A function v(x, y) such that

f)=f(x+iy)=u(xy) +iv(x,y)

is analytic in 4 is called a harmonic conjugate to u(x, y).

Theorem If u(x,y) € c? (A) where 4 is an open simply connected domain. (A domain is called simply
connected if its connected and "has no holes". We'll discuss this concept more carefully in the next
chapter.) Then there exists a harmonic conjugate v(x, y) to u(x, ), unique up to an additive constant.

proof: u € o (A),u_+ u,, = 0 is given. The system for finding v(x, ) has to be consistent with the

Cauchy-Riemann equations for f:
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When you studied conservative vector fields and Green's Theorem in multivariable calculus you learned
that a vector field [P, O ]T is actually the gradient of a function v(x, y) locally if and only if the necessary
condition that v__ would equal v__ holds:
Xy yx
Py =0
In our case, since P, Q are partials of u(x, y) this integrability condition reads as

U =u
X
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which holds since u is harmonic!

Example Let u(x,y) =xy. Show u is harmonic. Then find its harmonic conjugate v(x, y) and identify
the analytic function f(z) =u(x,y) +iv(x,y).
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Example u(x,y) =Iny &+ y2 is harmonic in C \ {0} (we could check directly but already know that
u(x,y) =Re(log(z)). Use the Cauchy-Riemann equations in polar coordinates to (re)find its harmonic

conjugate. This illustrates why domains which are not simply connected may not have globally-defined
harmonic conjugates. ( C \ {0} has a pin-prick hole at the origin.) CR:
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1.6 The zoo of basic analytic functions, their derivatives, and branches for their inverses.

Def If f: C—C is analytic on all of C, then f is called entire.

Examples:
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And one can add, multiply, and compose entire functions to create quite a zoo. The inverse function
possibilities are also interesting:

Branches of analytic functions overview: If f is entire then it turns out (Picard's Theorem) that if f is not
a constant function, then the range of f* cannot omit more than two points in C. Furthermore, it turns out
that the zeroes of f” (z) are isolated (i.e. if f’ (zo) = 0 then there exists » > 0 such that

f(z)#0Vwe D(zo, r) N {Zo}') So f has alocal inverse function except at possibly a countable
setof z € C.
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In most cases this means one can’tonstruct a partial "inverse" function g on a very large subdomain of C.
It will satisfy half of the inverse function condition, namely

f(gz)) =z

And the domain of g can usually be chosen to be a connected open domain 4 & C with a just finite
number of curves removed from C to get 4. These omitted curves are called branch cuts, and the choice
of (partial) inverse function is called a branch of the inverse function. Branch cuts always terminate either
at o (which means | z | — o), or at finite points, and these are called branch points.



Examples (revisited). We'll explore more complicated examples on Monday, but these two are a good way
to get acquainted with the terminology.

Example 1) f(z) = 2, g(w) =y w (for some branch choice). Note for any branch choice of g,
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Describe the range of the branch of the square root function defined below. Write down two other branch
choices - one using the same branch cut, and another one using a different cut.
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Example2) f(z)=¢" =¢"¢'?. Find and illustrate the branch of g(w) = log(w) where we choose

-1t < arg(w) < m. Note that for any branch choice,
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