Math 4200
Monday October 14

2.4 Consequences of Cauchy's integral formula: infinite differentiability of analytic functions; Liouville's
Theorem and the fundamental theorem of algebra.

Announcements:



2.4 Recall that the Friday before break we talked about winding number (index) of a closed curve about a
point, and saw that it could be computed with a contour integral:

Theorem If v is a piecewise C' closed contour and z, does not lie on (the image of) vy, then the index of

Y with respect to z, can be computed with a contour integral:
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I(Y;ZO)= 27”{( S dz.

0

g

T(s;2)= |
I (3; «~,) = 2
We used the contour integral formula for index to prove the Cauchy Integral Formula :

)

Let A = C be open

f:A—C analytic

v: [a, b]—C apiecewise C ! closed contour in A4 that is homotopic (as closed curves in 4) to a point.
Letz, & y([a,D]).

Then

1 Jf(Z)

2T1i z—Z
"y

dZ:f(ZO)]('Y;ZO).

0

(So, if z,, is inside Y then f (Zo) is determined and computable just from the values of f along y !!!)



Note: Actually, as I stated the C.I.F. before break, I assumed that A was simply connected. This is not
necessary as long as you assume that y is homotopic to a point in 4. Here's a review/sketch of the proof

in this slightly more general case:

proof: Let
oS
g(z) = 7%
f (zo) z=z,

1) g is analyticin 4 \ {Zo} and continuous at z,,.
2) So the modified rectangle lemma holds (as we discussed before break).
3) So the local antiderivative theorem holds for g(z).

4) Therefore the homotopy lemma holds for g(z) and the homotopy H (s, ¢) of Y to a pointin 4,
through closed curves:

P
s 3,
4
OZJg(Z)dZ + Jg(z)dz—Jg(z)dz—Jg(z)dz
o Z, o Y
=>Jg(z)dz—0

OZJMdZ ZJf(—Z)dz—f(zo)J;odZZ Jf(—z)dz—f(zopnil(y;zo)

Z—Z0

Q.ED.



First application of C.LLF. : f analytic implies f is infinitely differentiable, with estimates for the moduli
of the derivatives. Rewrite the CIF as

reurz) = 5[ L5 ag
¥

(we replaced z, by z, and the contour integral variable z by C)

Theorem 1 Let f be analytic in the openset 4 & C, yap.w. C ! contour homotopic to a point in 4.
Then for z inside vy, every derivative of f exists and may be computed by the contour integral formulas

7t = L) g
T Y (E—2)
M) Ay 5) = f(¢)
() I(y;z2) 2“iL TERGE d¢
notice, these are the formulas we get by induction and "differentiating thru the integral sign" :
iﬂ: -1 _ -2 -1) = f(t.»)
&gy TEEDE=D TN =P
i& -n—1 f(z;)

. —=f(8)(-n)(L—2) (-1)=n—""""—7.
“ (8—2) ({—2)

So, when can you justify this operation of differentiating thru the integral sign? That's an analysis
question!



Analysis answer! General setup: Let y as usual and

G(z) = | g(z.0) dt.

Y
(For our current needs we will be using the special cases
glz0) =L
(€ —2)
By linearity of integration,
G(z+h) —G(z) :J glz+hn8) —g(z0¢) i
h h '

We wish to know general conditions under which these contour integrals of difference quotients converge
to

0
J 55 8(z6) d¢
¥
as h—0. We certainly need that g(z, {) be complex differentiable in the z variable. Then the following

suffices: Suppose the difference quotients converge uniformly (with respectto { € y[a, b]) to

Eg(z, ). In other words,

Ve>036>0 suchthat V { € y[a, b]

| A <8=}‘g(z+h,ci—g(z,§) - aazg(z,c)‘ <e.

If this uniformity condition holds, then

G(z+h)—G(z) _J 0

<
A <= I 3z

g(z. ) dc‘

Y

SL‘g(Z—Fh,CI)/l_g(Z,C) . aazg(Z’C) ‘ |dé’| <8'length(y),

which implies



So, when can we verify the uniformity condition from the previous page?
Ve>033>0 suchthat V { € y[a, b]

g(Z+h, Cgl_g(zv‘;) _ aaz g(Z;C) <e.

|h| < & =

estimate, assuming g (z, {) is analytic in the z - variable and using e.g. line segment contours from z to
z+ h:

g(z +h, ci—g(z,?;) :LJ aiwg(w,g)dw
z—z+h

st g (a0 - g0 i

ow

4
Regarding the second term as the error term: If for sufficiently small p > 0, ™ g(w, {) is continuous
w

for (w,{) € D(z;p) x y([a, b]), then it is uniformly continuous, so

Ve>030<d<p suchthat V { € y[a, b],|w —z|] < 3§,
0

Lg(wt) ~ ~—elz )| <

And in this case, for |4]| < §, the error term is bounded uniformly for € y[a, b], by
1 0

i (w9 - gre0) Jal < [

In our applications for the Cauchy integral formulas for derivatives,

__f(9)

E=E.

IR
W (E—w)

is continuous for (w,{) € D(z;p) % y([a, b]) as soon as p is small enough so that
D(z;p) x y([a,b]) =3 . (Positive distance lemma).

This finishes the analysis explanation for why the Cauchy integral formulas for derivatives hold.



Liouville's Theorem Let f: C— C be entire and bounded. Then f is constant!
proof: Use the Cauchy integral formula for f” (z) on disks or radius R centered at z, as R— % , to show
f(z)=0 VzeC.



Fundamental Theorem of Algebra Let

0 n—1
p(z)=z +ta,_z + .. +az+a,

be a polynomial of degree n (scaled so that the coefficient of z" is 1), with a, € C. Then p(z) factors

into a product of linear factors,

proof:

It suffices to prove there exists a single linear factor when n > 1 since the general case then follows
by induction:
(1) The FTA is truewhen n=1.
(i) If FTA is true for n — 1, and if

then FTA is true for p (z).

*  Toshow that p (z) has a linear factor, it suffices to show that p (z) has aroot, p, (zn) =0. This
follows from the division algorithm:
p,(z) R
g, GOt
where R is the remainder. This can be rewritten as
p,(z2)=(z—a)g, _,(z) +R.
So p, (a)=0ifand only if (z — a) is a factor of p (z).

zZ—a

Then the proof proceeds by contradiction: If p (z) has no roots, then is entire, and

p,(z)
I 1 1 1
p (z) n n—1 n a _ a a
n z ta, |z t+ .. +az+ta, z |4+ " 1+...+ 1 +_o
z S 1 S
Show that must be bounded, so by Liouville's Theorem it must be constant. This is a

p,(z)
contradiction!



