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4.4: Infinite series magic and infinite partial fractions, via contour integration....we'll introduce this section
today and finish it on Wednesday.

Suppose we have an analytic f(z), f analyticon C\ {z,,z,, ..., zk}. Suppose we wish to compute
[
Xfm). )k T
=1
" W= 1
Here's an approach that often works. For example, we'll see that it works in the cases of f(z) = —
4

where £ is an even number, and gives closed form expressions for

because

Check: 7 cot(mz) has simple poles precisely at each n € Z, with residue 1, so f(z)7 cot(7 z) has
residue f(n) when f is analytic at z = n.

f(z)mcot(nz) =

sin(7 z)

f(z) meos(mz) ‘J
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Now consider these special square contours 7, , as N— o

. They are chosen so that | cot(m z)| is
uniformly bounded (by M = 2 , for example), as N— oo .
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Theorem 1 Suppose |f(z)| decays sufficiently rapidly so that
Jim J f(z) meot(nz) dz=0

Ty /
Then

N Ros (4 Glrwtnr; 2,)
ngnwL > f(j)] —[ D Resttz,) |-

j=-N z singular
analytic at j point of f
proof:

st\;lm( o o \6[\]

(‘j‘JH%)A% = 27t ( Z vesdng ineedy ¥ )
+al(lgw . LR = 2nl ( Z 3((3) Z Res ({2 mwine; e )

assuina_ =~N
NES rest o the
f owlg“ ey P f(2)R et na
o a fw$a'da ‘?SL)
St
Iw LAM\— jc:J has a,ﬁkh#lfwaﬂu



Theorem 1 Suppose |f(z)| decays sufficiently rapidly so that
Jim J f(z)meot(nz)dz=0.
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j =-N zksingular
analytic at j point of f

Then

Example Find formulas for

What goes wrong if you try to find a closed form expression for (Nu

1
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Hint: Here's the beginning of the Laurent series cot(m z) at the origin: [
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Math 4200
Wednesday November 20
4.4 Infinite series and infinite partial fractions

Announcements: The section 4.4 introduction is in Monday's notes. We'll start there with infinite series,
and continue here with infinite partial fraction expansions.

436 wea culpa: [ wade_ w_.ﬁ dr  caladedip. handen
— [+ «* Hoam ~LSS an
° (1 £f b Ha dobli enfy

e et IO “S%thwf" oo Lt x +)

s af snd 3 no ks,



Theorem 2 If f(z) is analytic on C \ {zl, Zyy vee s zk} and if for large |z| there is an M for which

J@)|= |z| 4 s walV\A'S\"'\j
then
im Jf(z)ncot(nz) dz=0
Ty
Thus, from Theorem 1,
N
lim 2 S| = | 2 Res(f(z)meot(nz).z,)
N = j=-N zkszngular
analytic at j point of f

proof. Let R be large enough so that all of the singularities of f have modulus less than R. Then f has a
Laurent series in the complement of this disk, and because of the decay estimate it only has negative

0 Llhl\'k“
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powers of z (because f ( — ) has a removable singularity at z = 0),
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The integrand in the first integral is even because it's a product of two odd functions but the contour
differential d z is odd for this square contour, so the first integral evaluates to zero! And because

|t cot(m z)| < 2 on the contours Yy and g(z) decays, the second integral's modulus can be estimated by

2
Jg(z)ncot(nz) dz| < N—S4-(2N+ 1)>0 as N— .

Ty
-2 y= N{";
2.0
x=-N-3 x=Nts
Y 2 - g 1 2 3
LS
=-N-1 &
Y 3 %
7 o
dz



© 2) Forzy, € C\2Z f(z) =

for reference, if for large z we have a decay estimate

M
)< —
NOIE
then
N
lim z fj) | = - z Res(f(z)ncot(nz),zk>
N—ow j=—N z singular
analytic at j I[;Ointoff

1 . ) . .
Examples 1) f(z)= —5;,as wediscussed in Monday's notes. Magic summation formulas for
z

Sl . . -
Z — Dbased soley on coefficients of the Laurent series for 1 cot(m z) at the origin.
n=1n

, which has a simple pole at z,. So

z—z 0 3@
z—z

i 1 WG
lim T = - Res[
n= 0 0

ncot(mz), ZO] =-7 cot(n Zo) :
So, replacing z, with z, multiplying the equation by@ and arranging the sum on the left as a sum of

two series that converge uniformly on compact subsets that avoid the integers:

neot(mz) = Am z

N N@_n
ncot(nz)=%+ lim [Z _,.l 4 J

Nowl| = z—n n n,12+n
Because
1 1 z 1 1 z
+ —= , -— =
z—n n (z—mn)n z+n n (z+n)n

each of the modified subseries converges uniformly on compact subsets that avoid the integers (by the
Weirerstrass M test with comparison series the tail of

SE
nzN? ),

SO

N N
1 1 1 1 1
neot(nz) =— + lim Z[ +;)+Nlim Z( —;)

z N—oow = \z—n z+n

This is like an infinite partial fractions decomposition for 7t cot(7 z) !



3) In your homework you'll prove another infinite partial fractions expansion,
2
i _ Z 1 °
) 2
sin"(nz) npez (z—n)
Notice that the pole locations and orders agree on both sides of the equation, so there would be some hope
for the identity being true. There is a very quick proof of this identity if you can see it, based on doing
something to the last identity on the previous page.

These last two examples illstrate a general theory for infinite sum partial fraction expansions for
meromorphic functions, i.e. functions which are analytic on C except for an at most countable set {z k} of

isolated pole-type singularities (as opposed to essential singularities).

The Mittag-Leffler Theorem says you can basically create an infinite sum analytic function with prescribed
isolated poles, and with prescribed negative power Laurent series at those poles. (There's a short page at
Wikipedia that contains the two identities we've written down, as well as some others.)

Related to infinite sum formulas for Meromorphic functions, there are infinite product functions as well for
analytic functions, involving the zeroes of the analytic function. (The connection between the two theories
is the logarithm, which takes products to sums.) In Chapter 7 of our text there are infinite product
identities related to the Riemann-Zeta function, for example.



Appendix: Uniform bound estimates of cot(7 z) on the half-integer contours Yy - These estimates hold:

|cot(m z)| < 1 on the vertical paths
|cot(m z)| < 2 on the vertical paths (the bound limits to 1 as N— o )

7=N+‘;

<-N-i _
X ° X.Ni’t

yeoN-d

One efficient way to make these estimates is to use the various trig identities we discussed in Chapter 1

Foru,v € R,
cos(u +iv)=cos(u)cos(iv) — sin(u)sin(iv)

cos(u + iv) =cos(u)cosh(v) — sin(u )i sinh(v)

sin(u + iv) = cos(u)sin(i v) + sin(u)cos (i v)
sin(u + iv) = cos(u)isinh(v) + sin(u)cosh(v).

So,
cos(u+iv)  cos(u)cosh(v) — isin(u)sinh(v)
sin(u + iv) - sin(u)cosh(v) + icos(u) sinh(v)

cos(u+iv) ‘2 cosz(u)coshz(v) + sinz(u)sinhz(v)

- 2.2)'

sin(u + iv) sinz(u)coshz(v) + cos” (u)sinh™ (v

So along the vertical contours, using
1 1
cosz( iﬂ:(N—I- 5)) =0, sinz[ in(N+ Ejj =

2: sinh®( 7 y) <1

cos(mx+imy)
coshz(ny)

sin(tx+ imy)

1
And along the horizontal contours, and for v= + 1t (N + 5 ) , and using
cosh? (v) — sinhz(v) =1,
2 _ cosz( )coshz(v) + sinz(u)(coshz(v) —1)

cos(u—+iv) u
B u)(sinhz(v) +1) + cosz(u)sinhz(v)
)
)

sin(u + iv) (
_ coshz(v) — sin’ (u
u

B sinhz(v) + sin’ (

< cosh? (v)

—1 as N— x,

sinh? (v)
claim verified.



Math 4200-001
Week 13 concepts and homework
4.4
Due Wednesday November 27 at start of class.

44: 2,3,4,5,8,9
5.1: 10,11, 12.



