Math 4200
Monday November 18
4.3-4.4 Integral applications of the residue theorem, including infinite series magic.

Announcements:

reminder: HW for Wednesday November 20

43:1,2,4,6,10, 14, 17, 20ab.

There are a lot of good worked examples in the text. In problem 6 you may use entry #5 on the Definite
integral table 4.3.1, page 296. The text explains why this table entry is true on pages 289-293 and
summarizes it as Proposition 4.3.16. It uses an interesting contour around a branch domain for the
logarithm. For problem 14, use the ideas and contours of Example 4.3.18. Comments on following

pages.

After finishing the example from Friday, and discussing 4.3.4, 4.3.16 a bit more, we'll move on to section
4.4 fun.



Example (Relates to homework problem 4.3.2). Show
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Note, this improper integral does not convergéavsolutely, but converges conditionally by the alternating
series test....and also, we use an interesting contour and "principal value" techniques to evaluate it.
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1s continuous at x = 0.

iz .

. . € . . sin(x

In the previous exercise has a singularity at z = 0 even though )
z X

There is a general class of integrals, called Principal Value (or PV) integrals, that one can compute, even
when the actual integral doesn't exist. These PV integrals are often important in e.g. physics, I think.

Def If 1 is continous on [a, b] exceptat x;, € (a, b) then
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Using principal value ideas one can often compute PVU f(x) dxj using contours like the one below.

This is Proposition 4.3.11 in the text, of which our worked example was an instance.




43.6 j SR O<x<?

1y T

So +(‘\A+ %\*l’ v ;\Ak ro...(
ot e
Cown s a} o) ‘Y-S
-1 -0 loq ?
= ._2_——- = e( % .
$o L+ 2 N

Good branc fon Iolw\,\'{'f».w\ 0K Mzu'ln (lim:k.j v 0% Mazs 2r)
& condons ‘6=‘(,+XR’+XI+*0’3

¥r.

K’)’ ?°;"J".‘J f(x1de + S $a)de
Ul

-UY ],
Kz TR | r - 'Z;
combing ralun Hiuan cance] becance
a-1 1§ (&) 3
:‘(2): lLi———M‘a

| + 2

ond M]’tf' O & ¥,
M}% =1In M Xz.

R



Using a contour like on the previous page wouldn't work for this problem - the real parts of the two key
contour integrals would cancel out for computing this integral on [0, o0 ]. But the following contour does
work:
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4.4: Infinite series magic and infinite partial fractions, via contour integration....we'll introduce this section
today and finish it on Wednesday.

Suppose we have an analytic f(z), f analytic on C \ {zl, Zyy wens zk}. Suppose we wish to compute

D)

n=1

1

Here's an approach that often works. For example, we'll see that it works in the cases of f(z) = —

z
where £ is an even number, and gives closed form expressions for

Consider the auxillary function g(z) =
because

Check: 7 cot(mz) has simple poles precisely at each n € Z, with residue 1, so f(z)7 cot(7 z) has
residue f(n) when f is analytic at z = n.

f(z)mcot(mz) = f(z) mcos(r ) :

sin(m z)




Now consider these special square contours 7, , as N— o . They are chosen so that | cot(m z)| is
uniformly bounded (by M = 2 , for example), as N— oo .
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Theorem 1 Suppose |f(z)| decays sufficiently rapidly so that
Jim_ J f(z)meot(nz) dz=0.
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Then
N
dim |2 ) | = -] 2 Res(fiz)
j =-N zksingular

analytic at j point of f
proof:



Theorem 1 Suppose |f(z)| decays sufficiently rapidly so that
Jim j f(z) meot(mz) dz=0.
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Then
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Example Find formulas for
SRR
25 2
n=1n n=1n
) 11 ) .
using f(z) = —, ——. What goes wrong if you try to find a closed form expression for
z
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Hint: Here's the beginning of the Laurent series for T cot(m z) at the origin:

> series(m-cot(n-z),z=0,12);
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:1"0 be continued...
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