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sequences and sets

Def Let B< C. z € C is a "limit point"” of B iff 3 {zk} S B st z, > z.

* Theorem B < C is closed iff B contains all of its limit points.
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Def Let B = C. The "closure of B" is the union of B with all of its limit points.

Theorem Let B = C. Then the closure of B is closed, and can also be characterized as the intersection of
all closed sets containing B.
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(i1) K is closed and bounded.
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(ii1) Every sequence {zk} € K has a convergent subsequence {zk } with {zk }_)Zo e K.
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proof: (i) = (ii) and (ii) = (iii) are reasonable to reconstruct in class. (iii) = (i) is somewhat
more intricate, so I'll include a proof on the next page which you can read or recall at your leisure, if you
wish.
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(iii) = (7). Weassume K = C has the property that every sequence {z } <€ K has a convergent

k
' } with {zk }_)Zo € K. We wish to show that every open cover of K has a finite

J J

subcover. We will use the fact that the rational points {p + iq|p, g € Q} are dense in C, specifically
the fact that C is separable:
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If we can find a finite subcover of K using these disks, then since each disk D (z el
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fact by contradiction:
If no finite subcover exists, then for each n € N pick
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By the assumption (iii) a subsequence {wn }—)WO € K. Butthis w) € D (zk, rk) for some fixed &

J
since the collection of all these disks is a cover of K. Thus by convergence, there exists J s.t.

j=J= wo € D(zk, rk). This violates how w_was chosen, as soon as n > k. This contradiction
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Math 4200-001

Friday August 30
Part 2 of section 1.4: Add functions to the mix of sets, sequences, in review of 3220 material we'll be

using in 4200.
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Warm-up exercise



