40 Chapter 1 Analytic Functions

(d) sinh(z 4+ iy)
(e) cosh(z +iy) = coshzcosy + isinhzsiny R

sinhz cosy + icoshzsiny

17.° Use the equation sin z = sinz cosh y 4 sinh y cos z where z = z +1y to prove
that |sinhy| < |sinz| < |coshy|.

18. If b is real, prove that |a’| = |a|?.
19. Is it true that |a®] = |a|l®! for all a,b € C?
20. (a) For complex numbers a, b, ¢, prove that aba® = a’t, using a fixed branch
of log.
(b) Show that (ab)® = ab® if we choose branches so that log(ab) = loga +

log b (with no extra 2mns).

@ 21.° Using polar coordinates, show that z — z 4 1/z maps the circle |z| = 1 to
the interval [—2, 2] on the = axis.

22. (a) The map z — 2° maps the first quadrant onto what?
(b) Discuss the geometry of z — &z as was done in the text for VZ.

$23.° The map z +» 1/z takes the exterior of the unit circle to the interior (ex-
cluding zero) and vice versa. To what are lines arg z = constant mapped?

24. What are the images of vertical and horizontal lines under z — cos 2?

25. Under what conditions does loga® = bloga for complex numbers a,b? (Use
the branch of log with —7 <6 < 7.)

26. (a) Show that under the map z — 22, lines parallel to the real axis are
mapped to parabolas.
(b) Show that under (a branch of) z — +/Z, lines parallel to the real axis are
mapped to hyperbolas.

27. Show that the n nth roots of unity are 1,w,w?, w3, ..
.muﬂ.\z.

w™ ) where w =

28. Show that the trigonometric identities can be deduced if ei(11®2) - giz1 ; giza
is assumed.

29.° Show that sinz =0iff 2 = km, k= 0,41,42,....

30. Show that the sine and cosine are periodic with minimum period 27; that is,
that

(a) sin(z +27) = sin z for all z.
®(b) cos(z+ 27) = cos z for all z.

(c) sin(z 4+ w) = sinz for all z implies w = 27 for some integer n.
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(d) cos(z +w) = cos z for all z implies w = 27n for some integer 7.
31. Find the maximum of |cosz| on the square

0<Rez<2m,0<Imz < 27.

32. Show that log z = 0 iff z = 1, using the branch with —7r < argz < 7.

33. Compute the following quantities numerically to two significant figures:
(a) €218 (b) log(1.2 — 3.0i)  (c) sin(8.1i — 3.2)

34.° Show that the function sin z maps the strip —7/2 < Rez < /2 onto the set
C\{z|Imz=0and |Rez| >1}.

35.° Discuss the inverse functions sin™! 7 and cos~? z. For example, is sin z one-
to-one on the set defined by 0 < Rez < 277

1.4 Continuous Functions

In this section and the next, the fundamental notions of continuity and differen-
tiability for complex-valued functions of a complex variable will be analyzed. The
results are similar to those learned in the calculus of functions of real variables,
These sections will be concerned mostly with the underlying theory, which is ap-
plied to the elementary functions in §1.6.

Since C is R? with the extra structure of complex multiplication, many geometric
concepts can be translated from R? into complex notation. This has already been
done for the absolute value, |z|, which is the same as the norm, or length, of z
regarded as a vector in R2. Furthermore, we will use calculus for functions of two
variables in the study of functions of a complex variable.

Open Sets We will need the notion of an open set. A set A ¢ C = R? is called
open when, for each point 2z in A, there is a real number € > 0 such that z € 4
whenever |z — zg| < e. See Figure 1.4.1. The value of ¢ may depend on zg; as z
gets close to the “edge” of A, e gets smaller. Intuitively, a set is open if it does not
contain any of its “boundary” or “edge” points.

For a number r > 0, the r neighborhood or r disk around a point zg in C is
defined to be the set D(z;7) = {z € C| |z — ]| < r}. For practice, the student
should prove that for each wy € C and r > 0, the disk A = {z € C | |z —wp| < r}
is itself open. A deleted r neighborhood is an r neighborhood whose center point
has been removed. Thus a deleted r-neighborhood has the form D(zg;7)\{z},
which stands for the set D(zo;) minus the singleton set {2}. See Figure 1.4.2.

A neighborhood of a point z is, by definition, a set containing some r disk
around zy. Notice that a set A is open iff for each zg in A, there is an r neighborhood
of zyp wholly contained in A.

The basic properties of open sets are collected in the next proposition.
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Figure 1.4.2: (a) r-Neighborhood.  (b) Deleted r-neighborhood.

Proposition 1.4.1 (i) C s open.

(ii) The empty set @ is open.
(iif) The union of any collection of open subsets of C is open.

(iv) The intersection of any finite collection, of open subsets of C is open.

Proof The first two assertions hold almost by definition; the first because any
will work for any point zg, and the second because there are no points for which
we are required to find such an ¢. The reader is asked to supply proofs of the last
two in Exercises 19 and 20 at the end of this section. W

Mappings, Limits, and Continuity Let A be a subset of C. Recall that a
mapping f : A — C is an assignment of a specific point f(z) in C to each point
z in A. The set A is called the domain of f, and we say f is defined on A.
When the domain and the range (the set of values f assumes) are both subsets
of C, as here, we speak of f as a complez function of a complez variable.
Alternatively, we can think of f as a map f : A C R? - R? then f is called
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a vector-valued function of two real variables. For f : A ¢ C — C, we can let
z =z +1y = (z,y) and define u(z,y) = Re f(2) and v(z,y) = Im f(z). Then u and
v are the components of f thought of as a vector function. Hence we may uniquely
write f(x+iy) = u{z,y) +iv(z,y), where u and v are real-valued functions defined
on A.

Next we consider the idea of limit in the setting of complex numbers.

Definition 1.4.2 Let f be defined on a set containing some deleted r neighborhood
of zo. We say that f has the limit a as z — 2y and write

lim f(z) =a,

Z=20

when, for every € > 0, there is a § > 0 such that for all z € D(zq;7) satisfying
z# 2y and |z — 2| < &, we have |f(z) —a| <e.

The expression in this definition has the same intuitive meaning as it has in
calculus; namely, f(z) is close to a whenever z is close to zy. It is not necessary
to define f on a whole deleted neighborhood to have a valid theory of limits, but
deleted neighborhoods are used here for the sake of simplicity and also because such
usage will be appropriate later in the text.

Just as with real numbers and real-valued functions, a function can have no
more than one limit at a point, and limits behave well with respect to algebraic
operations. This is the content of the next two propositions.

Proposition 1.4.3 Limits are unique if they exist.

Proof Suppose that lim,_,,, f(z) = a and lim,_.,, f(2) = b with a # b. Let
2¢ = |a — b|, so that € > 0. There is a 6 > 0 such that 0 < |z — 2| < & implies

that |f(z) — a| < € and |f(z) — b < e. Choose such a point z # z (because
f is defined in a deleted neighborhood of zp). Then, by the triangle inequality,
la = b] <|a— f(2)| +|f(2) — b| <2, a contradiction. Thusa =5. W

Proposition 1.4.4 Iflim,_.,, f(z) = a and lim,_,,, g(z) = b, then
(1) lim,—,0[f(2) + g(z)] =a+b.
(ii) lim, . [f(2)g(2)] = ab.
(i) lim,—4,[f(2)/9(2)] =a/b if b# 0.
Proof Only assertion (ii) will be proved here. The proof of assertion (i) is easy,
and proof of assertion (iii) is slightly more challenging, but the reader can get the

necessary clues from the corresponding real-variable case. To prove assertion (ii),
we write

|f(2)g(2) —abl < |f(2)9(2) - f(2)b] + [f(2)b— abl (triangle inequality)
1/ (2)llg(2) — bl + | f(2) —allb] (factoring).
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To estimate each term, we choose §; > 0 so that 0 < |z — 2| < §; implies that
F(z) —al < 1, and thus (f(2)] < la| + 1, since |f(z) ~ of > |£(2)] — lal, by
Proposition 1.2.5(vi). Given € > 0, select positive numbers d> and &3 so that
0 < |z~ 2z, < & implies |f(z) —a| < €¢/2(Jb] + 1) and 0 < |z — 2,| < &3 implies
l9(z) — b] < €/2(|a] + 1). Let § be the smallest of d1, 82, §3. If 0 < |2 — 2,| < 6, we
have

|F(2)9(2) — abl < |F(2)] lg(2) — b + | £(2) — al |b]

€ €
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Thus lim,_,,, f(2)g(z) = ab as claimed. B

Definition 1.4.5 Let A C C be an open set and let f: A — C be a function. We
say [ is continuous at zy € A if and only if

lim f(z) = f(z)

zZ—2g
and that f is continuous on A if f is continuous ot each point zg in A.

This definition has the same intuitive meaning as it has in elementary calculus: If
z is close to zp, then (%) is close to f{zp). From Proposition 1.4.4 we deduce that
if f and g are continuous on A, then so are the sum f + g and the product fg, and
so is f/g if g(z) # O for all points zp in A. It is also true that a composition of
continuous functions is continuous.

Proposition 1.4.6 (i) If lim,_.,, f(2) = a and h is a function defined on a
neighborhood of a and is continuous at a, then lim,_,,, h(f(2)) = h(a).

(ii) If f is a continuous function on an open set A in C and h is continuous on
f(A), then the composite function (ho f)(z) = h(f(z)) is continuous on A.

Proof Given ¢ > 0, there is a 6; > 0 such that |h(w) — h(a)] < ¢ whenever
jw—al <& and a § > 0 such that |f(z) — a| < §; whenever 0 < |z — z| < 6.
Therefore we get |h(f(2)) — h(a)] < e whenever 0 < |z — 2| < §, which establishes
(i). A proof of (ii) follows from (i) and is requested in Exercise 22 at the end of
this section. MW

Sequences The concept of convergent sequences of complex numbers is analogous
to that for sequences of real numbers studied in calculus. A sequence z,,n =
1,2,3,... of points of C converges to z, if and only if for every e > 0, there is
an integer N such that n > N implies |z, — 20| < ¢. The limit of a sequence is
expressed as

lim z, =25 or z,— zg.
n—oo
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Limits of sequences have the same properties, obtained by the same proofs, as
limits of functions. For example, the limit is unique if it exists; and if z, — 29 and
wp, — Wp, then

(i) zn + wn — 20 + Wo-
(i) ZpWn — ZoWo-
(i) zn/wn — 20/ wo (if wo and wy, are not 0).

Also, z, — 2o iff Re z, — Rez and Im 2z, — Tm zo. A proof of this for functions
is requested in Exercise 2 at the end of this section.

A sequence z, is called a Cauchy sequence if for every € > 0 there is an integer
N such that |2, — zm| < € whenever both n > N and m > N. A basic property of
real numbers, which we will accept without proof, is that every Cauchy sequence
in R converges. More precisely, if {z,}32, is a Cauchy sequence of real numbers,
then there is a real number zy such that lim, . Zn, = %o. This is equivalent to
the completeness of the real number system.? From the fact that z, — zo iff
Re z, — Rezp and Im z, — Im zp, we can conclude that every Cauchy sequence in
C converges. This is a technical point, but is useful in convergence proofs, as we
shall see in Chapter 3.

Tt should be noted that a link exists between sequences and continuity; namely,
f:AC C— Cis continuous iff for every convergent sequence z, — 2o of points in
A (that is, z, € A and 2z € A), we have f(zn) — f(20). The student is requested
to prove this in Exercise 18 at the end of this section.

Closed Sets A subset F of C is said to be closed if its complement, C\F =
{z€C|z¢F}, is open. By taking complements and using Proposition 1.4.1, one
discovers the following properties of closed sets.

Proposition 1.4.7
(i) The empty set is closed.
C is closed.

(

ii)
(iii) The intersection of any collection of closed subsets of C is closed.
(iv)

The union of any finite collection of closed subsets of C is closed.

Closed and open sets are important for their relationships to continuous func-
tions and to sequences and for other constructions we will see later.

Proposition 1.4.8 A set F C C is closed iff whenever 2y, 23, 23, -- - 18 o sequence
of points in F such that w = limp, oo 2, exists, then w € F.

4Gee, for example, J. Marsden and M. Hoffman, Elementary Classical Analysis, Second Edition
(New York: W. H. Freeman and Company, 1993).
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Proof Suppose F is closed and z, is a sequence of points in F. If D(w;r) is
any disk around w, then by the definition of convergence, z, is in D{w;r) for large
enough n. Thus, D(w;r) cannot be contained in the complement of F. Since that
complement is open, w must not be in the complement of F. Therefore, it must be
in F.

If F is not closed, then the complement is not open. In other words, there is a
point w in C\F such that no neighborhood of w is contained in C\F. In particular,
we may pick points z, in F'N D{w;1/n); this yields a convergent sequence of points
of F whose limit is not in . H

Proposition 1.4.9 If f: C — C, the following are equivalent:
(1) f is continuous.
(ii) The inverse image of every closed set is closed.

(iii) The inverse image of every open set is open.

Proof To show that (i) implies (ii), suppose f is continuous and F' is closed. Let
21,22, 73,... be a sequence of points in f~'(F) and suppose that z, — w.® Since
f is continuous, f(z,) — f(w). But the points f(z,) are in the closed set F, and
5o f(w) is also in F'. That is, w is in f~'(F). Proposition 1.4.8 shows that f~1(F)
is closed.

To show that (ii) implies (iil), let U be open. Then F' = C\U is closed. If (ii)
holds, then f~1(F) is closed. Therefore, C\ f~}(F) = f~}(C\F) = f~}(U) is open.

To show that (iii) implies (i}, fix zo and let € > 0. Then 2z is a member of the
open set f~}(D(f(z0);¢)). Hence there is a § > 0 with

D(z0;8) C f~HD(f(z0);€))-

This says precisely that |f(z) — f(z0)] < € whenever |z — zg| < §. We thus get
exactly the inequality needed to establish continuity. M

To handle continuity on a subset of C, it is convenient to introduce the notion of
relatively open and closed sets. If A C C, a subset B of A is called open relative
to A if B= AnNU for some open set U, It is said to be closed relative to A if
B = AN F for some closed set F'. This leads to the following proposition, whose
proof is left to the reader.

Proposition 1.4.10 If f: A — C, the following are equivalent:
(i) f ts continuous.
(ii) The inverse image of every closed set is closed relative to A.

(iii) The inverse image of every open set is open relative to A.

5The set f~1(F), called the inverse image of F under the map f, is defined to be the collection
of all those z € C (or more generally, in the domain of f) such that f(z) € F.
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Connected Sets This subsection and the next study two important classes of
sets which occupy to some extent the place in the theory of complex variables held
by intervals and by closed bounded intervals in the theory of functions of a real
variable. These are the connected sets and the compact sets.

A connected set should be one that “consists of one piece”. This may be
approached from a positive point of view-—“Any point can be connected to any
other”—or from a negative point of view— “The set cannot be split into two parts”.
This leads to two possible definitions.

Definition 1.4.11 A set C C C is path-connected if for every pair of points a,b
in C there is a continuous map 7 : [0,1} — C with v(0) = a and y(1) =b. We call
4 a path joining a and b.

One can often easily tell if a set is path-connected, as is shown in Figure 1.4.3.
The negative point of view suggests a slightly different definition.
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Figure 1.4.3: Regions in (a) and (b) are connected while the region in (c) is not.

Definition 1.4.12 A set C € C is not connected (see Figure 1.4.4) if there are
open sets U and V' such that

i)y CcUUV
i) CNU#2 and CNV £ 0
i) CnU)n(CnNV)=2
If a set fails to be “not connected”, it is called connected.

The notions of relatively open and closed sets allow this to be rephrased in terms
of subsets of C. Since the intersection of C' with U is the same as its intersection
with the complement of V', the set CN U is both open and closed relative to C, as
is C N V. This proves the next result.

Proposition 1.4.13 A set C is connected if and only if the only subsets of C that
are both open and closed relative to C are the empty set and C itself.
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-

Figure 1.4.4: The set C is not connected.

The next two propositions give the relationship between the two definitions.
The two notions are not in general equivalent, but they are for open sets. The
proof of this last assertion (given below in Proposition 1.4.15) illustrates a fairly
typical way of using the notion of connectivity. One shows that a certain property
holds everywhere in €' by showing that the set of places where it holds is not empty
and is both relatively open and relatively closed.

Proposition 1.4.14 A path-connected set is connected.

Proof Suppose C is a path-connected set and D is a nonempty subset of C that
is both open and closed relative to C. If C' # D, there is a point z; in D and a
point 23 in C\D. Let v : [a,b] — C be a continuous path joining z; to zy. Let
B = ~71(D). Then B is a subset of the interval |a, b], since «y is continuous. (See
Proposition 1.4.10.) Since a is in B, B is not empty, and [a, 5]\ B is not empty since
it contains b.

This argument shows that it is sufficient to prove the theorem for the case of an
interval [a, b]. We thus need to establish that intervals on the real line are connected.
A proof uses the least upper bound property {or some other characterization of the
fact that the system of real numbers is complete). Let z = sup B (that is, the least
upper bound of B). We find that z is in B since B is closed. Since B is open there
Is a neighborhood of z contained in B (note that x # b, since b is in [a, b\B). Thus,
for some € > 0, the point = + € is in B. Thus z cannot be the least upper bound.
This contradiction shows that such a set B cannot exist. M

A connected set need not be path-connected,® but if it is open it must be. In
fact, more is true.

A standard example is given by letting C be the union of the graph of y = sinl/z, where
z > 0, and the line segment —1 < y < 1,2 = 0. This set is connected but not path-connected.

&
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Proposition 1.4.15 If C is an open connected set and a and b are in C, then
there is a differentiable path v : [0,1] — C with v(0) = a and ¥(1) = b.7

Proof Let abein C. If %, is in C, then since C is open, there is an ¢ > 0 such
that the disk D(zg;¢) is contained in C. By combining a path from a to z, with
one from zg to z that stays in this disk, we see that zy can be connected to a by a
differentiable path if and only if the same is true for every point z in D(zp;€). This
shows that both the sets

A ={z € C| zcan be connected to a by a differentiable path}
and
B = {z € C| z cannot be so connected to a}

are open. Since C is connected, either A or B must be empty. Obviously it must
be B. See Figure 1.4.5. W

Yy

Figure 1.4.5: An open connected set is path-connected.

Because of the importance of open connected sets, they are often designated by
a special term. Although the usage is not completely standard in the literature,
the words region and domain are often used. In this text these terms will be
used synonymously to mean an open connected subset of C. The reader should be
careful to check the meanings when these words are encountered in other texts.

The notion of connected sets will be of use to us several times. One observation
is that a continuous function cannot break apart a connected set.

Proposition 1.4.16 If f is a continuous function defined on a connected set C,
then the image set f(C) is also connected.

"Differentiability of v means that each component of v is differentiable in the usual sense of
one-variable calculus.
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Proof If U and V are open sets that disconnect f(C), then f=3(U) and f=%(V)
are open sets disconnecting C. W

Be careful. This proposition works in the opposite direction from the one about
open and closed sets. For continuous functions, the inverse images of open sets are
open and the inverse images of closed sets are closed. But it is the direct images
that are guaranteed to be connected and not the inverse images of connected sets.
(Can you think of an example?) The same sort of thing will happen with the class
of sets studied in the next subsection, the compact sets.

Compact Sets The next special class of sets we introduce is that of the compact
sets. These will turn out to be those subsets K of C that are bounded in the sense
that there is a number M such that |z| < M for every z in K and that are closed.
One of the nice properties of such sets is that every sequence of points in the set
must have a subsequence which converges to some point in the set. For example, the
sequence 1, W, w, .W, wv m“ mv w. mq ... of points in )0, 2] has the subsequence 1, wv wq Boo
which converges to the point 0, which is not in the open interval ]0,2[ but is in the
closed interval [0,2]. Note that in the claimed property, the sequence itself is not
asserted to converge. All that is claimed is that some subsequence does; the example
shows that this is necessary.
As often happens in mathematics, the study consists of three parts:

(1) An easily recognized characterization: closed and bounded
(ii) A property we want: the existence of convergent subsequences
(iii) A technical definition useful in proofs and problems

In the case at hand, the technical definition involves the relationship between
compactness and open sets. A collection of open sets U, for o in some index set A
is called a cover (or an open cover) of a set K if K is contained in their union:
K C UgeaU,. For example, the collection of all open disks of radius 2 is an open
cover of C:

U, =D(2;2) CCU,ecD(22).

It may be, as here, that the covering process has been wasteful, using more sets
than needed. In that case we may use only some of the sets and talk of a subcover,
for example, C C Up mezD(n + mi; 2), where Z denotes the set of integers.

Definition 1.4.17 A set K is compact if every open cover of K has a finite
subcover.

That is, if U, is any collection of open sets whose union contains K, then there
is a finite subcollection Uy, , Us,, ... , Uy, such that K C Uy, UU,, U...UU,,.

Proposition 1.4.18 The following conditions are equivalent for a subset K of C

(or of R):
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(i) K s closed and bounded.

(ii) Bvery sequence of points in K has a subsequence which converges to some
point in K.

(iit) K is compact.

This proposition requires a deeper study of the completeness properties of the
real numbers than it is necessary for us to go into here, so the proof is omitted.
It may be found in most advanced calculus or analysis texts.® It is easy to see
why (i) is necessary for (i) and (iii). If K is not bounded we can select z, in
K and then successively choose zp with {zo] > |21] + 1 and, in general, z, with
|2n] > |2n—1]+ 1. This gives a sequence with no convergent subsequence. The open
disks D(0;n),n =1,2,3,..., would be an open cover with no finite subcover.

If K is a set in C that is not closed, then there is a point w in C\K and a sequence
71, %, ... of points in K that converges to w. Since the sequence converges, w is
the only possible limit of a subsequence, so no subsequence can converge to a point
of K. The sets {# such that [z — w| > 1/n} for n = 1,2,3,... form an open cover
of K with no finite subcover.

The utility of the technical Definition 1.4.17 is illustrated in the following results.

Proposition 1.4.19 If K is a compact set and f is a continuous function defined
on K, then the image set f(K) is also compact.

Proof 1f U, is an open cover of f(K), then the sets f~1(U,) form an open cover
of K. Selection of a finite subcover gives

KcCfiU)u. . U YU,
sothat f(K) CUg U...UU,,. B

Theorem 1.4.20 (Extreme Value Theorem) If K is a compact set and f :
K — R is continuous, then f attains finite maximum and minimum values.

Proof Theimage f(K) is compact, hence closed and bounded. Since it is bounded,
the numbers M = sup{f(z) | z € K} and m = inf{f(z) | = € K} are finite. Since
f(K) is closed, m and M are included in f(K). B

Another illustration of the use of compactness is given by the following lemma,
which asserts that the distance from a compact set to a closed set is positive. That
is, there must be a definite gap between the two sets.

Lemma 1.4.21 (Distance Lemma) Suppose K is compact, C' is closed, and KN
C = @. Then the distance d(K,C) from K to C is greater than 0. That is, there
is a number p > 0 such that |z — w| > p whenever z is in K and w is in C.

8See, for example, J. Marsden and M. Hoffman, Elementary Classical Analysis, Second Edition
(New York: W. H. Freeman and Company, 1993).
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Proof The complement of C, namely the set U = C\C, is an open set and K C U,
so that each point z in K is the center of some disk D(z; p(z)) C U. The collection
of smaller disks D(z; p(z)/2) also covers K, and by compactness there is a finite
number of disks, which we denote by Di = D(2k; p(2x)/2),k = 1,2,3,... N that
cover K. (See Figure 1.4.6.) Let px = p(2zx)/2 and p = min(py; p2; ... o). I
2 is in K and w is in C, then z is in Dy for some k, and so |z — z¢| < px. But
lw — 2z > p(zx) = 2pk. Thus, |z —w|>pr>p. W

Figure 1.4.6: The distance between a closed set C and a compact set K is greater
than zero.

Uniform Continuity Remember that a function is said to be continuous on a
set K if it is continuous at each point of K. This is called a local property since
it is defined in terms of the behavior of the function at or near each point and can
be determined for each point by looking only near the point and not at the whole
set at once. This is in contrast to global properties of a function, which depend
on its behavior on the whole set.

An example of a global property is boundedness. Saying that a function f is
bounded by some number M on a set K is an assertion that depends on the whole
set at once. If the function is continuous it is certainly bounded near each point,
but that would not automatically say that it is bounded on the whole set. For
example, the function f(z) = 1/z is continuous on the open interval ]0,1[ but is
certainly not bounded there. We have seen that if a function f is continuous on
a compact set K, then it is bounded on K and in fact the bounds are attained.
Thus, compactness of K allowed us to carry the local boundedness near each point
given by continuity over to the whole set. Compactness often can be used to make
such a shift from a local property to a global one. The following is a global version
of the notion of continuity.

Definition 1.4.22 4 function f : A — C (or R) is uniformly continuous on A
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if for every choice of € > 0 there is a § > 0 such that |f(s) — f(t)| < € whenever s
and t are in A and |s — t| < 6.

Notice that the difference between this and the definition of ordinary continuity
is that now the choice of § can be made so that the same § will work everywhere in
the set A. Obviously, uniformly continuous functions are continuous. On a compact
set the opposite is true as well.

Proposition 1.4.23 A continuous function on a compact set is uniformly contin-
LBOUS.

Proof Suppose f is a continuous function on a compact set X, and let ¢ > 0. For
each point ¢ in K, there is a number §(t) such that |f(s) — f(£)| < ¢/2 whenever
|s —t| < 6(t). The open sets D(t;4(t)/2) cover K, so by compactness there are a
finite number of points ty,2,... ,ty such that the sets Dy = D(ty; §(tx)/2) cover
K. Let 8 = 6(tx)/2 and set 6 equal to the minimum of 8y, 8a,... ,6y. If [s—t| < 4§
then ¢ is in Dy, for some k, and so |t —tx| < §. Thus |f(t) — f(tx)| < e/2. But w_uo”

s —trl = s —t+t—ti| <|s—t|+ |t —tu] <6+ 0 < 6(ts)
and so |f(s) — f(tx)] < ¢/2. Thus
|f(s) = f(£)] |f(s) = f(tx) + fltr) — F(B)]
LF(s) = f(tR)l +1f(te) — f) < e/2+€/2 =

We have produced a single ¢ that works everywhere in K, and so f is uniformly
continuous. M

IA

Path-Covering Lemma The notion of uniform continuity is a very powerful
one that will be useful to us several times. We use it first in conjunction with the
Distance Lemma and some of the properties of compact sets to establish a useful
geometric lemma about curves in open subsets of the complex plane. This lemma,
will be useful later in the text, particularly for studying integrals along such curves.
It says that the curve can be covered by a finite number of disks centered along the
curve in such a way that each disk is contained in the open set and each contains
the centers of both the preceding and the succeeding disks along the curve. (See
Figure 1.4.7.)

Lemma 1.4.24 (Path-Covering Lemma) Suppose v : [a,b] — G is a contin-
uous path from the interval [a,b] into an open subset G of C. Then there are a
number p > 0 and a subdivision of the interval a = tg < t; <ty < ... < t, =
such that

() D(v(te)ip) € G forallk
(i) v(t) € D(v(to);p) forto <t <t

v(t) € D(v(tr);p)  fortg_1 <t <tpqa
V() € D(v(tn);p)  fortn_1 <t <ty

(

)
)
(iv)

i
iv
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Figure 1.4.7: A continuous path in an open set can be covered by a finite number
of well-overlapping disks.

Proof Since v is continuous and the closed interval [a,b] is compact, the image
curve K = ~([a,b]) is compact. By the Distance Lemma 1.4.21 there is a number
p such that each point on the curve is a distance at least p from the complement
of G. Therefore, D(7(t); p) C G for every t in [a, b]. Also, since 7 is continuous on
the compact set [a,b], it is uniformly continuous, and there is a number 4 > 0 such
that |y(t) — ¥(s)| < p whenever |s — t| < 6. Thus if the subdivision is chosen fine
enough so that tp —tk—1 <d forall k=1,2, 3,..., N, then the conclusions of the

theorem hold. M

Riemann Sphere and Point at Infinity For some purposes it is convenient to
introduce a point oo in addition to the points z € C. One must be careful in doing
so, since it can lead to confusion and abuse of the symbol co. But with care it can
be useful, and we certainly want to be able to talk intelligently about infinite limits
and limits at infinity.

In contrast to the real line, to which 400 and —oo can be added, we have only
one oo for C. The reason is that € has no natural ordering as R does. Formally
we add a symbol oo to € to obtain the estended complez plane, C, and define
operations with co by the rules

z4+00 =

z-00 = provided z # 0

oo+ =

xX - =
z

co

© 88838

for z € C. Notice that some things are not defined: co0/00,0 - 00,00 — o0, and so
forth are indeterminate forms for essentially the same reasons that they are in
the calculus of real numbers. We also define appropriate limit concepts:
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lim, o0 f(2) = zp means: For any € > 0, there is an R > 0 such that |f(z) —
70| < € whenever |z| > R.

lim,—, ., f(2) = 0o means: For any R >0, there is a § > 0 such that |f(2)| > R
whenever |z — zp| < 6.

For sequences:

lim, o0 2n = 00 means: For any R > 0, there is an N > 0 such that |z,] > R
whenever n > N.

Thus a point z € C is “close to 00” when it lies outside a large circle. This type
of closeness can be pictured geometrically by means of the Riemann sphere shown
in Figure 1.4.8. By the method of stereographic projection illustrated in this figure
a point 2’ on the sphere is associated with each point z in C. Exactly one point om
the sphere S has been omitted—the “north” pole. We assign oo in € to the north
pole of S. We see geometrically that z is close to oo if and only if the corresponding
points are close on the Riemann sphere in the usual sense of closeness in R%. Proof
of this is requested in Exercise 24.

Figure 1.4.8: Riemann sphere.

The Riemann sphere S represents a convenient geometric picture of the extended
plane C = C U {co}. The sphere does point up one fact about the extended plane
that is sometimes useful in further theory. Since S is a closed bounded subset of
R3, it is compact. Therefore every sequence in it has a convergent subsequence.
Since stereographic projection makes convergence on S coincide with convergence
of the sequence of corresponding points in C, the same is true there. That is, C
is compact. Every sequence of points in € must have a subsequence convergent in
C. Caution: Since the convergence is in the extended plane, the limit might be
00, in that case we would normally say that the limit does not exist. Basically we
have thrown in the point at infinity as another available limit so that sequences
that did not formerly have a limit now have one. The sphere can be used both to
help visualize and to make precise some notions about the behavior of functions
“at infinity” that we will meet in future chapters.
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Worked Examples
Example 1.4.25 Where is the function

242241
2 +1

f(z)=
continuous?

Solution Since sums, products, and quotients of continuous functions are contin-
uous except where the denominator is 0, this function is continuous on the whole
plane except at the cube roots of —1. In other words, this function is continuous

on the set C\{e™/3,e"/3, —1}.
Example 1.4.26 Show that the set {z |Rez > 0} is open.
Solution A proof can be based on the following properties of complex numbers
(see Exercise 1): If w € C, then
(i) |Rew| < |
(i) |Imw| < |w|
(iii) |w| < |Rew| + |Imw)|

Let U = {2z | Rez > 0} and let z be in U. We claim that the disk D(z0; Rezg)
lies in U. To see this, let z be in this disk. Then |Rez —Rezo| = |Re(z — z0) | <
|z— 20| < Rezo, and soRez >0 and zisin U. Thus, D(zo; Re 2o) is a neighborhood
of 7 that is contained in U. Since this can be done for any point zp which is in U,
the set U is open. See Figure 1.4.9.

#
o

w

ﬁ

I“”ll.rpwl_.-.l.u.. .\.I....- f.l......l.-lL...l.......ll _TH
¥

Figure 1.4.9: Open right half-plane.
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Example 1.4.27 Prove the following statement: Let A C C be an open set and
20 € A, and suppose that D, = {z such that |z — 20| < r} C A. Then there is a
number p > r such that D(z; p) C A.

Solution We know from the Extreme Value Theorem 1.4.20 that a continuous
...o&é&ﬁ& function on a closed bounded set in C attains its maximum and min-
imum at some point of the set. For z in D, let f(z) = inf{|z — w| such that
w € C\A}. (Here “inf” means the greatest lower bound.) In other words, f(z) is
_&.o distance from z to the complement of A. Since A is open, f(z) > 0 ,mg each
z in D,. We can also verify that f is continuous. Thus f assumes its minimum

at some point 2; in D,. Let p = f(z1) + r, and check that this p h i
properties. See Figure 1.4.10. 1o has the desied

Figure 1.4.10: A closed disk in an open set may be enlarged.

T |

Ex le 1.4.28 Find li
ample 8 Find lim,_, 7 S

Solution

lim 3244222 — 241 - lim 34022 —27% 421 3
Z—00 Nhn_lu. Z—00 “_.l_leuh -

using lim;_,, 2~} = 0 and the basic properties of limits.

Exercises
@ Show that if w € C, then
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2.

10.

11.

12

13
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(a) |Rew| < |w|
(b) [Imw| < fw]
(c) |lw| < |Rew|+ |Imw|
* (a) Show that
|Rez; — Reza| < |21 — 22| < |Rez; —Rezg| +|Imz — Im 2y
for any two complex numbers z; and 2.
(b) If f(2) = u(z,y) + iv(z,y), show that

lim f(z) = lim u(z,y)+4¢ lim v(z,y)
z—2z0 T—Xg I—ZI
y—% y—yo

exists if both limits on the right of the equation exist. Conversely, if the limit
on the left exists, show that both limits on the right exist as well and equality
holds. Show that f(z) is continuous iff u and v are.

. Prove: If f is continuous and f(zq) # 0, there is a neighborhood of z on

which f is £ 0.

. If g € C, show that the set {2} is closed.
. Prove: The complement of a finite number of points is an open set.

. Use the fact that a function is continuous if and only if the inverse image of

every open set is open to show that a composition of two continuous functions
is continuous.

. Show that f(z) = Z is continuous.

. Show that f(z) = |z| is continuous.

. What is the largest set on which the function f(z) = 1/(1—e?) is continuous?

Prove or find a counterexample if false: If lim;,.,,, f(z) = a, h is defined at the
points f(z), and lim,_q h(w) = ¢, then lim,_,,, A(f(2)) = ¢. [Hiné: Could
we have h(a) # ¢7]

For what z does the sequence z, = nz" converge?

.* Define f : C — C by setting £(0) = 0 and by setting f(r[cos §+isin §]) = sin 6
if 7 > 0. Show that f is discontinuous at 0 but is continuous everywhere else.

. For each of the following sets, state (i) whether or not it is open and (ii)
whether or not it is closed.

(2) {z such that |z| < 1}
(b) {z]0< |z <1}
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(c) {z]1<Rez <2}

14. For each of the following sets, state (i) whether or not it is open and (ii)

15

16

17.
18.

19.

20.

21.

' 22

23.

24.

whether or not it is closed.
(a) {z|Imz> 2}

(b) {z|1< 2] <2}

(¢) {z] -1 <Rez< 2}

For each of the following sets, state (i) whether or not it is connected and (ii)
whether or not it is compact.

(a) {z]1<|z[ <2}

(b) {# such that |z} <3 and |Rez| > 1}
(c) {# such that |[Rez| <1}

(d) {zsuch that |Rez| > 1}

For each of the following sets, state (i) whether or not it is connected and (ii)
whether or not it is compact.

(a) {#z|{1<Rez<2}

(b) {z12< 2] <3}

{¢) {zsuch that |z| <5 and |Imz| > 1}
If ACCand f:C — C, show that C\f~1(4) = f~}(C\A4).

Show that f : A C C — C is continuous if and only if 2, — 2 in A implies
that f(z,) — f(20)-

Show that the union of any collection of open subsets of C is open.
Show that the intersection of any finite collection of open subsets of C is open.

Give an example to show that the statement in Exercise 20 is false if the word
“finite” is omitted.

Prove part (ii) of Proposition 1.4.6 by using part (i).
Show that if |z| > 1, then lim,_,o, (2" /n) = co.
Introduce the chordal metric p on C by setting p(z1, 22) = d(2}, 25) where

2} and z} are the corresponding points on the Riemann sphere and d is the
usual distance between points in R3.

(a) Show that z, — 2 in C if and only if p(z,,z) — 0.
(b) Show that z, — oo if and only if p(z,,00) — 0.

(c) If f(2) = (az + b)/(cz + d) and ad — bc # 0, show that f is continuous
at oo.



