Math 4200
Maple play, November 21
Work for the Poisson integral formulafor harmonic functions on the unit disk

> wth(plots):
F> g:=(X,y)->(1-x"2-y"2)/ (1-2*x*cos(t heta)-2*y*si n(theta)
+XN2+y"N2)
._( ) 1_X2_y2
AR 1-2xcogB) —2ysin(0) +x* +y*
> di FF(g(x,y), X, x)+di fE(g(x,y),y,y);
4 4 x (-2 cog0) +2x)

- +
1-2xcog8) -2ysin(8) +x* +y’ (1-2xcogB) —2ysin(B) +x° +y2)2
2 (1 -x*-y?) (-2 cogB) +2 x)? 4(1-x*-y?)

(1 -2xcogB) -2 ysin(6) +x° +y2)3 (1 -2xcogB) -2 ysin(B) +x° +y2)2
4y(2sin(8) +2y) 20X —y") (2sin(8) +2y)°

+
(1-2xco90) - 2ysm(e)+x +y) (1-2xco90) - 2ysm(e)+x +y)
C> s mplify(%; #gettin zero here shows the sense in which
#t he Poi sson integral formula represents
#a harnonic function as an integral superposition
#of harnoni c functi ons.
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Here' s an example where the boundary values are 1 on a quarter circle, and zero on the

rest of the circle: (Could you write this function using the imaginary part of some complex logarithm
expression?)

> u:=(rho, phi)->1/(2*Pi)*eval f (int ((1-rho”2)/(1-2*rho*cos(theta-phi)
+rho”2),theta=0..Pi/2));

1
u:m@~§

T > pl ot 3d([ rho*cos(phi), rho*si n(phi), u(rho, phi)], rho=0.01..(.99), phi=
0..2.05*Pi, grid=[40, 40], axes=boxed, styl e=wi r ef rane,
col or=bl ack,title="equilibriumheat distribution on the disk');
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éo, without any work, what is the value of this harmonic function at the origin - precisely?



Understanding the Poison integral as an integral superposition of source functions:

> plot3d([rho*cos(phi), rho*sin(phi), (1/2*Pi)*
(1-rho”2)/ (1-2*rho*cos(phi)+rho”2)],rho=0..(.95),
phi =0.. 2. 05*Pi , gri d=[ 40, 40] , axes=boxed, styl e=wi r ef r ane,
col or=bl ack,title="delta function heat source‘);

delta function heat source

Illustrating the approximate identity nature of the function g:
> g:=(rho,theta)->1/(2*Pi)*(1-rho”2)/ (1-2*rho*cos(t heta)+rho”2);

.0 i
I 9= = S (1 -2 pcog0) +p7)
> plot({g(.5 theta),g(.8,theta),g(.9,theta)},theta=-Pi..Pi,
col or=bl ack, titl e="approximate identity');

approximate identity
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