The solutions to the linearized system near [u, v]T =10,0 ]T are close to the exact solutions for non-linear
deviations, so under the translation of coordinates u =x — x, , v=y — y, the phase portrait for the

linearized system looks like the phase portrait for the non-linear system.
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Theorem: Let [x,,y, ] be an equilibrium point for a first order autonomous system of differential
equations.

(1) If the linearized system of differential equations at [x,, y, | has real eigendata, and either of an
(asymptotically stable) nodal sink, an (unstable) nodal source, or an (unstable) saddle point, then the
equilibrium solution for the non-linear system inherits the same stability and geometric properties as the
linearized solutions.

(ii) If the linearized system has complex eigendata, and if R (A) # 0 , then the equilibrium solution for
the non-linear system is also either an (unstable) spiral source or a (stable) spiral sink. If the linearization
yields a (stable) center, then further work is needed to deduce stability properties for the nonlinear system.



Fun examples of borderline cases where the linearization at the origin has purely imaginary eigenvalues, so
the origin is a stable center for the linearization but all three flavors for the three nonlinear systems:

Ssr ab

La.v\h/\.,

x wlx' in(san(+y7)

c+ 1y sin(san(e+)

x'=y1 sinsart(c+:
- 1y sin(sanc- Vn
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6.3 Ecological models, continued
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There are many interesting two-species models. In class and in one of your homework problems we've
considered examples of the logistic competition model between two spgecies:

x'(t)=a x - blxz—clxy

’ 2
Yy (t):aly_bzy —szy

Here the constants a, a,, b, b,, c are all positive. It turns out that if the logistic inhibition, as

c
1’72 %10 %2
measured by the product b, b, is stronger than the competitive pressure as measured by ¢, ¢, , 1.e.

blb2 > /¢,

and if there is a first quadrant equilbrium solution (x,,y,) then it is always asymptotically stable. This is
what happened in our class example

x'(t)=14x— 25 — Xy
’ 2
y'(r)=16y—2y" —xy.
On the other hand, if
bb, <cc,

and if there is a first quadrant equilbrium solution (x,,y,) then it is always unstable! This is what
happened in your homework problem

x'(t)=14x— 5y —Xxy
, 2
y'()=1y-.5y —xy

pictures on next page...



 11.205,

X" = 14x-2x*-xy
y = 16y-2y*-xy
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Another model is the classical predator prey model, for prey x(¢) and predator y(¢). All constants are
positive:
x'(t)y=ax-pxy=x(a—py) = F(x, ) Sot A
y()=-by+qxy=y(-b+qx) .= G("'j% i

Exercise 1 /;V
a) Find the #equilibrium solutions
Lonstont F j) =0 = X (0‘ Pj)
SO X=O or o- r'j @)
=4
\@xo%/lnu\u]—of—?] \f"‘?‘?of'Jr
or _«\,&wlx— - l‘ﬂmS:'s)-{v\&' Hann \/ o - l»\wv\S\L-lQ«
M.SJ‘(IV\. 6¢ _L +1/x 0 X—‘_".
b) The most interesting equilibrium solution is the one in the first quadrant, 3/ 1
b a P
o)~ (g ) — |v

Show that the linearization at this equilibrium point always yields a stable center, which is the borderline
case. So, this equilibrium is indeterminant for the nonlinear system. It turns out that for the nonlinear
system, however, this first quadrant equilbrium solution is always a stable center. Y ou'll explore these
ideas further in homework...
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Here's a particular example which shows how the predator-prey system has solutions which oscillate in
time. Such behavior can be observed in nature. Depending on time we may do some computations related
to this example.

‘)VC‘S x'(t) =x-xy [{E'X R (/\
"(t)=-y+x B really i =
?%JN\ g r 3 ! Aﬁs*l-al,h Lo

x" = x-x*y
Y = yaxty
\Lv '}*. l & RORLORLOR
. \J Y . R RORL R
O fewr predabors JM’ e N
?veua )((*) fho\}.agz , X Yooy R R R R
‘3, l ‘L‘ i LR OROR F\‘
v VLol NG R R R
@ a bund ant pre % (t) L I . N\ o
Cangts [)v-ec\d-ovs ta(ﬂ L SN A
+o tnvvase, and yas ! bbb v\
Hen, Prey %) stact b B R ' ;
&.QNA 9‘ L [ j i i
[ ' ?
@ ‘>r¢ LQV(\S x({:} 5}:{' So L= J J j PR g ,7
Small Ht predafors 0 I |- T
die o £ IS DN A DS DS ¢ INN¢ ¢ R N
@ (.‘ k =0 LN S . L e e T e TN
Chycluve
3 P'LA i = RN " 4 * - o o e e e Tl TR TR TR Ay T e
-1 05 0 05 1 15 2 25 3 35 4

2.4035, 3.992 x




