Definition: Any first order system of differential equations which can be written in the form Cliodr 1
P

x' (1) + P()x=f(1) x /14 + plEIx(t) = gl

is called a first order linear system of DE's. (Here x(t) and f(¢) are functions from an interval in R, with
range lying in R”, and P(¢) is an n X n matrix whose entries are functions of #. For us P(¢) will almost
always be a constant matrix. If the system can be written in the form

x' (1) + P(t)x=0 x'[t) + Pz O
we say that the linear system of differential equations is homogeneous. Otherwise it is non-homogeneous
or inhomogeneous.

Notice that the operator on vector-valued functions x(#) defined by

e /
Llx(r)) = 27(0) + Pl £(1) L (?lt)'&%ltﬂ = (g

is linear, i.e.

L(x(t) +x(1)) =L(x(1)) + L(x(¢)) {4 2
L(cx(t)) =cL(x(1)). '*Fu\xm*?ﬂ
=2y 3/
SO! The space of solutions to the homogeneous first order system of differential equations = U‘S
x'(f) +P(1)x=0 (7

1D X)+Pl)
is a subspace. AND the general solution to the inhomogeneous system ké
x' (1) + P(t) x=£(1)
will be of the form
xX=x,tx,

where x, is any single particular solution and x,, is the general homogeneous solution.

In the case that P(¢) =-A is a constant matrix (i.e. entries don't depend on #) , we usually write the
homogeneous system as

In the case that 4 is a diagonalizable matrix it turns out we can always find a basis for the homogeneous

solution space made of vector-valued functions of the form

x(r)=¢""y,

where v an eigenvector of 4 and A is its eigenvalue, i.e.

Av=Ay.



System of DE's:

Candidate solution:

x(t)= eMv,

where v an eigenvector of 4 and A is its eigenvalue, i.e.
Av=Ay.

We can verify that such an x(¢) = e 'y solves the homogeneous DE system above by showing we get a
true identity when we substitute it in. We compute the left side of the differential equation:

v
LES x(t)y=¢'v =x'(1) kemz. I’C QMV = |2

And we compute the right side ALY
L
RIS s -ade sl

Same!



Exercise 3) Use the eigendata of the matrix in our running example solve the initial value problem of
Exercise 2!! Compare your solution x(¢) to the parametric curve drawn by pplane.
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5.1-5.2 Systems of differential equations and the vector Calculus we need to study them (5.1). Every

differential equation or system of differential equations can be converted into

differential equations (4.1). Selh. t\m } - [\ F Le
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On Wednesday, we began and maybe finished solving the two-tank IVP example analytically, using
eigenvalues and eigenvectors from the matrix A in that problem (!). That is typical of what we will do in
section 5.2, to solve the first order system of DE's

x'(t)=Ax
x(0) =x, .

At this point though, it's a good idea to review and extend some differentiation rules you probably learned
in multivariable Calculus, when you studied the calculus of parametric curves. This is related to material in
section 5.1 of the text, e.g. page 271. Most of the rest of section 5.1 is material you learned in Math 2270 -
you may wish to scan it to make sure it's still familiar.

1) If x(¢)=his aconstant vector, then x' (¢) = 0 for all ¢, and vise-verse. (Because all of the entries in

the vector b are constants, and their derivatives are zero. And if the derivatives of all entries of a vector are
identically zero, then the entries are constants.)

2) Sum rule for differentiation:

d
ur (x(¢) +x(t))=x'(t) +x'(t): Bothsides simplify to

3) Constant multiple rule for differentiation:

—(cx(t))=cx’'(1): Both sides simplify to ¢




4) Matrix-valued functions sometimes show up and sometimes need to be differentiated. This is done
with the limit definition, and amounts to differentiating each entry of the matrix. For example, if 4(7) is a

2 x 2 matrix, then
a“(t) alz(t)

azl(t) azz(t)

J all(t-i-At) a12<t+Al)

dt

ay| (1) ay(1) ‘
azl(t) azz(t)

aZI(t—l- At) a22<t+ At)

1

all(t-l— At) —a“(t) alz(t-l— At) —a12<t>
T Al At

aZI(t—l- At) —a21<t> azz(t—l- At) —a22<t>

At At

[ a“(t+At)—a“(t) alz(t+At)—a12(l) ] }

At—0 a21(t + At)—a21(t) azz(t + At)—azz(t)

At At

5) The constant rule (1), sum rule (2), and constant multiple rule (3) also hold for matrix derivatives.
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Universal product rule: Shortcut to take the derivatives of

f(#)x(t) (scalar function times vector function),
f(t)A(t) (scalar function times matrix function),
A(t)x(t) (matrix function times vector function),
x(t

Xx(t) * x(¢) (vector function dot product with vector function),
x(t) x y(t) (cross product of two vector functions),
A(t)B(t) (matrix function times matrix function).

As long as the "product” operation distributes over addition, and scalars times the product equal the
products where the scalar is paired with either one of the terms, there is a product rule. Since the product
operation is not assumed to be commutative you need to be careful about the order in which you write
down the terms in the product rule, though.

Theorem. Let A(¢), B(¢) be differentiable scalar, matrix or vector-valued functions of £, and let * be a
product operation as above. Then

d
g A *B(1)) = A7 (1) *B(1) + A(£)*B'(1).

The explanation just rewrites the limit definition explanation for the scalar function product rule that you
learned in Calculus, and assumes the product distributes over sums and that scalars can pass through the
product to either one of the terms, as is true for all the examples above. It also uses the fact that
differentiable functions are continuous, that you learned in Calculus. Here is one explanation that proves
all of those product rules at once:

d .1
— (A0 *B(1)) = A}@OZ(A(H At)*B(t+ At) — A(t)*B(t))

=A}ir30i(A(t+ At)#B(t+ At) — A(t+ At) *B(t) + A(t+ At) *B(t)-A(t) *B(t))

=A}ir_r)10i(A(t+At)*B(t+ At) — A(t+ At)*B(t)) + A}igloj(A(thAt)*B(t)—A(t)*B(t))

=A}ir30Ait(A(t+ A)x (B(t+ A) — B(t)) + A}@OA%(A(H A) — A(t)) *B(1)

= lim (A(t—%—At)*(i(B(t—l—At) —B(t))) + A}@O(i(A(hLAt) — A(t))) *B(t)

= A(t)*B' (t) + A’ (1)*B(1).



