y"(x)+4*y'(x)-5*y(x)=2*cos(3*x)

Y'(x)+4 y'(x)-5 y(x) = 2 cos(3 x)

second-order linear ordinary differential equation

Y'(x)=-4y'(x)+5 y(x) + 2 cos(3 x)

5 y(x)+2cos3x) = y'(x) +4 y'(x)

Y +4y x-Sy ="+

. 6 7
¢ +—sin(3x)- — cos(3x)

5x
Yx)=«¢Ce +C2
85

All of the previous exercises rely on:

Method of undetermined coefficients (base case): Let L : V'— V' be a linear transformation, with J a finite
dimensional vector space, and letf &€ V. Then 3! y, € V'with L ( yP) =f ifand only if theonly y € V'

for which L (y) =01is y=0.

why: You definitely learned this fact in Math 2270, for the special case of matrix transformations
L:R"—R"givenby L(x) =4, x. (Eachnon-homogeneous matrix equation 4 x = b has a unique

solution x if and only if 4 reduces to the identity matrix 7, if and only if the only solution to the
homogeneous equation 4 x = 0 is x = 0.) The theorem above is-a-generalization-Qf this fact to general
linear transformations L : V— V. In fact, if we pick a is [y for V, Yhis base case of

undetermined coefficients follows from the fact that the (sq %M
is invertible if and only if Nul 4= {0}. n (5” basts

L‘% has UM'T,..Q.S:-NW\ i»\\/(z.
& [Lljf)] = L&] (,l‘% coovds oﬂvu)
A [‘3"1[5 - U]F has wwae Sl

ith respect to this basis



Wed Feb 20:
3.5: Finding y,, for non-homogeneous linear differential equations, continued,

Ly)=f

(so that you can use the general solution y =y, + y,, to solve initial value problems).

Announcements:

* ‘PI.CI< wp jowr e Lang

* Qua2 'f-ook«:) o~ tg}.sl—a\abez’s & —l-whj's M\-WJ

Warm-up Exercise: Pick Ha Arrm‘rh'a\—f ‘F’“"W 'F"' un de frmained %C(—K‘u%‘}s 'alp(x’ 'jui.s{"

DJ 3”-\- ()3/+ o]j = 4_e_‘27<
\\/h> = cle—?x \/ = Sfm«{ e.-zx} (~ dainf sped
[ V>V
7 _ L (Jcﬂzx) = 4 L™
b) 3 kQB’-l- 0[3 - l%OOS’BX :452,([4—]2".‘1]
= 4 wedIx + o\zsiu\%x = A V\{_’
(a" ‘ 3 V:QPQM{Ws%x'Sl'h&.}uoﬂv}e g i LA 7
16y tAy = 2”7 2-diw = Ge  pickds
C) 3 3 ‘3 o X on~
NONL LSS = de " UAP(ﬂ = Sindx

e _
[_(3?\-“((‘“) =4 (A-1949) = 0
ol ol .
N ‘( : rr ’
’ BH j 'l-(-lj +qj‘:o
Y(r)f riy bri 9 —-'(\r’rg)'L =0 =3
L=k g

reharn —E; Huig in clagg --- a%tbq <@

L= D+6D+1
= (p+31)e(D*37) N
L (d2e¥) = aL(ze™) = 4 (001)e (a1}

— "‘%X er—‘g{
=2de \/-?e/-’m\/



On Tuesday we discussed the base case of undetermined coefficients:

Method of undetermined coefficients (base case): If you wish to find a particular solution y,, , i.c.
L ( yP) = fand if the non-homogeneous term fis in a finite dimensional subspace V' with the properties that

(1) L:V—V,ie. L transforms functions in V into functions which are also in V; and
(i1) The only function g € V for which L (g) =01is g=0.

Then there is always a unique y, € V'with L ( yp) =f.

Exercise 1) Use the method of undetermined coefficients to guess the form for a particular solution y,(x)
for a constant coefficient differential equation
L(y) ==y(")—|—an_1y toota y tay=r

(assuming the only such solution in your specified subspace that would solve the homogeneous DE is the
zero solution):

(n—1)

la) L(y)=x +6x—5
)’Y'= d, < ¥ Azxta- dgx + dy
\/=5?““31*3: *‘mﬁx L V=V
1b) L(y) =4 ¢"*sin(3 x)
e = o\l ¢ sindx A Azgxw53%
\/:5(,”5[ ¢ sind %, ¢ ws'ﬁx}

lc) L(y)=xcos(2x)
Ubv—_ A‘ xSl + "\LXS“P\'LX i+ A} Lsly + AWSMI*

\] = \st\%j w§2X, ?ks\v\bc‘ wszx,sklxj

[SAVAA



QD—VT) :"(x\ ew p— jcl(x)ew
- S’I(%\CW"'M 'aH: j//+ "fj/" §\3 — O

BUT LOOK OUT _ X
Exercise 2a) Find a particular solution to " (r) = rs Y- S

U\}):y”+4y’—5y=4ex. < (r+5)(r_,)

a guess of y, = a ¢" will not work (and span{e*} does not satisfy the

. . -5
Hint: sincdy,=c e +ce ™"

"base case" condifions for undefermined coefficients). Instead try

Case L dres ot °~|>|>|3

y,=dxeé
P Siwar} wz.y v"f (0

and factor L =D” + 4D — 5[= [D + 5[] [D — 1J].

hodvt @*5””
~S(‘6\’:A"J ) (D+ST)de”

vy (= e rdxd ) = 4+ Sde’

+ L ( a‘,”: 24¢" + dxe );)O = (de*

L) = »e (-sapied] Sams |
l’ re (4-0\4—*143
= Lder = et

0\__2/} ?: 37\

2b) check work with technology

Y'(x)+4"Y'(x)-5"y(x)=4"e"x =]

By @ e

Input

Y'(xX)+4y'(x)-5 yx) =4 ¢
Open code (=
Q kA L A ]

second-order linear ordinary differential equation

Alternate forms
Y'x) = -4y x)+5yx)+ 4

Sy +4e’ =y'x)+4y'x)

Diferential equation solution Approximate form
5x x



Linear algebra to the rescue...just extend our previous discussion:
Theorem: Let
L: VoW

be a linear transformation between vector spaces, where dim V' = dim W = n. Then for each f € W there
exists unique y € V' solving

Ly)=f

if and only if the only solution y € V'to L (y) = 0 is the trivial solution y = 0.

Proof: Let3 = {yl,yz, ...,yn} be a basis for V. Let C= {fl,fz, ,fn} be a basis for W. Let 4 be the

matrix for L with respect to these two bases. Specfically, 4 is the matrix which converts B coordinates of
input vectors into C coordinates of the outputs of L:

Then the equation L (y) =" has a unique solution if and only if [L(y)].= [f].does, i.e. if and only if

the matrix equation

has a unique solution. And this holds if and only if 4 reduces to the identity, i.e. if and only if
Nul A= {0}, if and only if the only solution y € V'to L(y) = 0 is the trivial solution y = 0.
QED



Method of undetermined coefficients ("Rule 2" page 190 text): Finding y,, for non-homogeneous linear

differential equations

Ly)=f

If L has a factor (D — » )* and € " is also associated with (a portion of) the right hand side f(x) then the
corresponding guesses you would have made in the "base case" need to be multiplied by x* , as in Exercise
2. (There's also a current homework problem related to this case.) You may also need to use
superposition, as in our Tuesday exercises, if different portions of /' (x) are associated with different

exponential functions.

Extended case of undetermined coefficients

(bo +b + .+ bmx’”)e”

f(x) Vp s > 0 when p(r)
has these roots:
P (x)=b,+b + ..+ bmxm xs<co +ocx+ czx2 + ...+ cmxm) r=0
b, cos(wx) + b, sin(wx) X’ (¢ cos(0x) + ¢ sin(wx) ) r=tio
e”(b1 cos(@x) + b, sin(wx) ) x'e"* (¢ cos(wx) + ¢, sin(wx)) r=atio
ax N a x =
b,e X'¢y€ r=a
r=a

2
(e, +ex+ex + ...+ cxX")e
0 1 2 i




